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PREFACE 

In the preparation of this text the author acknowledges 
joint-authorship with Robert L. Short. 

This book meets the demand that the pupil be given an 
elementary algebra containing no more than can be accom- 
plished in the time allotted to the subject. It is not intended 
for a complete course, but gives the student a good working 
knowledge of the subject through simultaneous quadratics. 
It should be followed by a second course by those intending 
to pursue the study of higher mathematical subjects. This 
book is sufficient preparation for geometry, and the frequent 
introduction of geometric ideas and geometric problems not 
only prepares for geometry but also makes that subject at- 
tractive to the learner. 

This text is as brief as the algebra of years ago, and yet 
contains all that is good in modern mathematical thought. 
Attention is called to the introduction of graphical methods 
through simple horizontal and vertical measurements (Exer- 
cise 4, Exercise 41, problems 28-30). This procedure makes 
the transition to Cartesian coordinates a natural one. Teach- 
ers will find that the color scheme recommended in graphs 
will greatly aid the student in connecting related data. Peda- 
gogical advantage is gained through the combining of related 
and reverse processes. (Chapters III, VII, Xj XII, XIII.) 

The use of the fractional exponent in operations involving 
surds is recommended, thereby avoiding confusion, since the 
four fundamental laws and the exponential laws of Multipli- 
cation, Division, Involution, and Evolution, are the only ones 
involved. The complete index will be found helpful to both 
pupil and teacher. No attempt is made toward technical 



iv PREFACE 

definition. Definitions for the beginner must be explanatory 
and descriptive. The lists of queries will aid in fixing both 
definitions and principles. 

The authors thank the many teachers of mathematics who 
have made this book better and have brought it close to 
actual class-room conditions by their timely** criticism and 
suggestion. 

Webster Wells. 
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ALGEBRA 



L DEFINITIONS AND NOTATION 
SYMBOIiS BEFKBSENTINa NUMBBBS 

1. In Algebra the symbols usually employed to represent 
numbers are the Arabic numerals and the letters of the 
alphabet* 

The numerals represent known numbers. 
The letters represent numbers which may have any values 
whatever, or numbers whose values are to be found. 

EQUATIONS 

2. The Sign of Equality, =, is read " equals'^ 
Thus, a =6 signifies that the number a equals the number h, 

3. An Equation is an expression of equality. 

The^rs^ member of an equation is the number to the left 
of the sign of equality, and the second member is the num- 
ber to the right of that sign ; thus, in the equation 2 a?— 3 = 5, 
the first member is 2 a; — 3, and the second member 5. 

AXIOMS 

4. An Axiom is a statement which is assumed as self- 
evident. Algebraic operations of finite numbers are based 
in part on the following axioms : 

1. Any number equals itself. 

2. Any number equals the sum of all its parts. 

3. Any number is greater than any of its parts. 

4. Two numbers which axe equal to the same number, 
or to equal numbers, are equal. 
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6. If the same number, or equal numbers, be added 
to equal numbers, the resulting nimibers will be equal. 

6. If the same number, or equal nimibers, be sub- 
tracted from equal nimibers, the resulting nimibers will 
be equal. 

7. If equal nimibers be multiplied by the same nimiber, 
or equal numbers, the resulting numbers will be equal. 

8. If equal numbers be divided by the sajne number, 
or equal numbers, the resulting nimibers will be equal. 
Numbers cannot be divided by the nimiber 0* 

SOIiUTION OF FBOBLEMS BY AIiGBBBAIO MISTHODS 

5. The following examples illustrate some uses of alge- 
braic symbols : 

I. The sum of two numbers is 30, and the greater exceeds 
the less by 4 ; what are the numbers ? 

We will represent the less number by x. 
Then the greater will be represented by a; +4. 
By the conditions of the problem, the sum of the less number and the 
greater is 30; this is stated in algebraic language as follows: 

x+x+4 = S0. (1) 

x+x = 2x. 
Therefore, 2 a; + 4 = 30. 

The members of this equation, 2 a; +4 and 30, are equal numbers; if 
from each of them we subtract the number 4, the resulting numbers will 
be equal (Ax. 6, § 4). 

Therefore, 2 a; = 30 - 4, or 2 a; = 26. 

Dividing the equal numbers 2 x and 26 by 2 (Ax. 8, § 4), we have 

a; = 13. 

Hence, the less number is 13, and the greater is 13+4, or 17. 
The written work will stand as follows: 

Let X = the less number. 

Then, a; + 4 = the greater number. 

By the conditions, a;+a;+ 4 = 30, or 2 x+ 4 = 30. 
Whence, 2 a; = 26. 

Dividing by 2, a; = 13, the less number. 

Whence, a; + 4 = 1 7, the greater number. 
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a. The sam of the ages of A and B is 109 years, and A 
is 13 years younger than B ; find their ages. 

Let n represent the number of years in B's age. 
Then, n— 13 will represent the number of years in A's age. 
By the conditions of the problem, the sum of the ages of A and B is 
109 years. 
Whence, n-13+n=109, or 2 n-13 = 109. 

Adding 13 to both members (Ax. 5, J 4), 

2n = 122. 
Dividing by 2, n = 61, the number of years in B's age. 

And, n — 13 ss 48, the number of years in A's age. 

The written work wiU stand as foUows: 

Let n = the number of years in B's age. 

Then, n— 13 » the number of years in A's age. 

By the conditions, n-13+n = 109, or 2 n-13 = 100. 

Whence, 2n=122. 

Dividing by 2, ns 61, the number of years in B's age. 

Therefore, n— 13 = 48, the number of years in A's age. 

In Ex. 2, we do not say ** let n represent B's age" but " let n represent 
the number of years in B's age." 

3. A, B, and C together earn $66. A's. share is one-half 
as much as B's, and C's is 3 times as much as A's. How 
much has each ? 

Let X = the number of dollars A has. 

Then, 2 a; =the number of dollars B has, 

and 3 X = the number of dollars C has. 

By the conditions, x+2x+3x=66. 

But the sum of x, twice x, and 3 times a; is 6 times a;, or 6 x. 

Whence, 6 a; =66. 

Dividing by 6, a; = 11, the number of dollars A has. 

Whence, 2 x =22, the number of dollars B has, 

and 3 x =33, the number of dollars C has. 

(By letting x represent the number of dollars A has, in Ex. 3, we avoid 
fractions.) 
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EXEBOISB 1 

Write the following in algebraic symbols : 

1. One number is 4 more than another. What is their 
sum ? (Hint : Let a?= the smaller number.) 

2. There are three numbers such that the second is twice 
the first, and the third thrice the first. What is their siun ? 

3. The sum of two numbers is 20 and one of the numbers 
is X. What is the other number ? 

4. If one number is 4 times another, what is their differ- 
ence? 

5. Write: the sum of 5 times a certain number and 3 
times the nimiber, divided by 3. 

6. The sum of two numbers is a and one of the numbers 
is b. What is the other ? 

7. The greater of two numbers is 8 times the less, and 
exceeds it by 49 ; find the numbers. 

8. The sum of the ages of A and B is 119 years, and A is 
17 years older than B ; find their ages. 

9. Divide $74 between A and B so that A may receive 
148 more than B.' 

10. Divide $108 between A and B so that A may receive 

5 times as much as B. 

11. Divide 91 into two parts such that the smaller shall 
be one-sixth of the greater. 

12. A' man travels 112 miles by train and steamer; he 
goes by train 54 miles farther than by steamer. How many 
miles does he travel in each way ? 

13. The sum of three numbers is 69 ; the first is 14 greater 
than the second, and 28 greater than the third. Find the 
numbers. 

14. The area of a trapezoid is equal to the product of one- 
half the sum of the parallel sides and the altitude. In the 
trapezoid ABCD^ AD is 8 more than J5C, EB is 6, and the 
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area of the trapezoid is 54. Find the length b 

of BC and of AD. Is the drawing cor- y/^ \ 




rect? ^ '' r 

15. The sum of two angles a and b is 180°. The angle b 
is three times as great as the angle a. Find the 
number of degrees in each angle. L 

16. Divide $6.75 between A and B so that A may receive 
one-fourth as much as B. 

17. A man has $2. After losing a certain sum, he finds 
that he has left 20 cents more than 3 times the sum which 
he lost. How much did he lose ? 

18. A, B, and C in partnership gain $140 ; A is to have 4 
times as much as B, and C as much as A and B together. 
Find the share of each. 

19. One side of a rectangle is thrice the side adjacent to 
it. The opposite sides are equal, and the 
sum of the sides is 24 inches; find the 
length and breadth. 

20. At an election two candidates, A and B, had together 
653 votes, and A was beaten by 395 votes. How many did 
each receive ? 

21. A field is 7 times as long as it is wide, and the dis- 
tance around it is 240 feet. Find its dimensions. 

22. My horse, carriage, and harness are worth together 
$325. The horse is worth 6 times as much as the harness, 
and the carriage is worth $65 more than the horse. How 
much is each worth ? 

23. The sum of three numbers is 87 ; the third number is 
one-eighth of the first, and the second number 15 less than 
the first. Find the numbers. 

24. The sum of the three angles of a 
triangle is always 180°. In a triangle ABC, 
angle B is 30° larger than angle A, and a- 
angle C is 30° larger than angle B, Find the number of 
degrees in each angle. 
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25. The sum of the ages of A, B, and C is 110 years ; B's 
age exceeds twice C's by 12 years, and A is 9 years younger 
than B. Find their ages. 

26. A pole 77 feet long is painted red, white, and black ; 
the red is one-fifth of the white, and the black 21 feet more 
than the red. How many feet are there of each color? 

27. Divide 70 into three parts such that the third part 
shall be one-fifth of the first, and one-fourth of the second. 

28. In an algebra class of 27 pupils there are twice as 
many girls as boys. How many girls in the class ? 

29. A, B, and C have together $22.50; B has S1.50 more 
than A, and C has $8 less than twice the amount that A has. 
How much has each ? 

30. In a triangle, ABC, angle C is 90^, 
angle B is twice angle A. The sum of 
the three angles is 180°. Find the angles 
A and B. 

31. The sum of the three sides of a triangle, ABC, is 35 
^ feet. Side AB is 4 feet more than side 

BC and side AC is 7 feet more than side 
.c BC. Find the length of AB and AC. 

32. Three straight lines are drawn from a point O forming 
the angles a, b, and c. b is 30^ larger than a ; c is 
30^ larger than b. The sum of the three angles 
is 360°. Find the number of degrees in each angle. 

DEFINITIONS 

6. The continued product of a number by itself any num- 
ber of times is called a Power of that number. 

An Exponent is a number written at the right of, and 
above another number called the Base, to indicate what power 
of the latter is to be taken ; thus, 
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« 

• a^ read "a sjware/'or "a second power j^^ denotes aXa; 

a', read "a cuhe^^^ or "a ^Aire? power,''^ denotes aXaXa; 

a*, read " a fourth^'* " o fourth power^^^ or " a escponen^ 
4," denotes aXaXaXa, etc. 

The meaning of exponent will be extended in Chap. XIII, 
If no exponent is expressed, the^rs^ power is understood. 
Thus, a is the same as a^. 

7. Symbols of Aggregation. 

The parentheses ( ), the brackets [ ], the hraces {}, and 

the vinculum , indicate that the numbers enclosed by 

them are to be taken collectively ; thus, 



{a+b)y.c, [a+h\ysC, {a+b}Xc, and a-\-by.c 

all indicate that the result obtained by adding & to a is to 
be multiplied by c. 

If an expression involves parentheses^ the operations indi- 
cated within the parentheses must be performed first. 

EXEBCISE 2 

Write the following in symbols : 

1. The result of subtracting 6 times n from 5 times m. 

2. Three times the product of the eighth power of m and 
the ninth power of n. 

3. The quotient of the sum of a and b divided by the sum 
of c and d. 

What operations are signified by the following ? 

4. 2a;y. .8. 3-(y+2). /arH-gV, 

5. mix-y). 9. (m-ny. "* ^^"^^ 

^ ex ^ ^ 12. (2a+b)(4c-5d). 

7. 3+(y-z). \x y) 
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Write the following in symbols : 

14. The product of Sx + y and z\ 

1 5. The result of subtracting y — z from x. 

1 6. The product of a — 6 and c — d. 

17. The result of adding the quotient of m by n, and the 
quotient of xhy y. 

18. The square oi m + n. 

19. The cube of a — 6 + c. 

20. Translate into English ^±^; -^i^. 

21. In the above example is a a number? What value has 
it? If a were 5 and h were 3, what would be the value of 
the fraction ? 

22. Translate into English ^ — ^« 

x-y 

23. In example 22, if x is 7 and y is 5, find the fraction. 

AIiQEBRAIC EXFBESSIONS 

8. An Algebraic Expression, or simply an Expression, is a 
number expressed in algebraic symbols ; as, 

2, a, or 2 a;2 — 3 afe+5. 

9. The Numerical Value of an expression is the result 
obtained by substituting particular numerical values for the 
letters involved in it, and performing the operations indi^ 
cated. 

1. Find the numerical value of the expression 

6 
when a=4, 6=3, c=5, and d=2. 

Wehave, 4a+^^-d'=4X4+^^-2' = 16+10-8=18. 

2. Find the numerical value, when a = 9, 6 = 7, and c = 4, of 

a+6 



(a-6)(6+c)- 



6-c 
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First perform the operations indicated in parentheses. 
We have, a-b =2, b + c =11, a+b =16, and b-c =3. 
Then the numerical value of the expression is 

2xll-i^=22-i^=^. 
EXEBCISE 3 

Find the numerical values of the following when 0^=6^ 6=3, 
0=4, d=5, w=3, and n=2: 

X. a^b—cd^. 2. 2 abed. 3« 3a6+4 6c— 5cd. 

4. a'^fc". ?_^ . f. 

5. a^ + lf. bed 

^ a c 1,1 1 1 

be ad . a o e a 

111 bcH cd^ 

7. 7H ;• "• 



'^ 2 



bed • a» 26» 

^ 15 c^ 6» c' d" 

28 (f* a^ 6^ c» 

Find the numerical values of the following when a=5, 6=2, 
' c=3, and d=4: 

'2a+d\2 15. 5 a2(a-6) -2 fe«(c+d). 

17. (a-6)H(2a-3 6)'-(6+c)^ 
i8. (2a-6-c+d)(2a+6+c-d). 

8a+3 6— 6c a— 6 , a— c , a—d 
ig. • 20. -H 1 . 

9 a— 4 6 — 3 c a+6 a+c a-\-d 

Find the numerical values of the following when a=f, 

a+c a—c 8a4-6 6 — 15 c 

21. 22. — ; . 

a—c a-\-e 16a4-10o+9c 

23. a:'+(2a+3 fe)a;2 — (.5 a — 4c)a:4-f a6c. 
3 2^3 2,6 5,^4 13 
a b a b c abc 
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n. POSITIVE AND NEGATIVE NUMBERS 

10. Iq financial transactions, we may have assets or lia- 
hilities^ and gains or losses ; we may have motion along a 
straight line in a certain direction, or in the opposite direc- 
tion ; etc. Taken in pairs, these ideas have opposite mean- 
ings or opposite sense. 

In each of these cases, the effect of combining with a mag- 
nitude of a certain kind another of the opposite kind is to 
diminish the former, destroy it, or reverse its state. 

Thus, if to a certain amount of asset we add a certain amount of 
liability, the asset is diminished, destroyed, or changed into liability. 

1 1 • The signs + and — , besides denoting addition and 
subtraction, are also used, in' Algebra, to distinguish between 
the opposite states of magnitudes like those of § 10. 

Thus, we may indicate dsaeta by the sign +, and liabilities by the 
sign — ; for example, the statement that a man's possessions are 
— $100 means that he has liabilities to the amount of $100. 

EXSBCISE 4 

1. If a man has assets of $400, and liabilities of $600, 
how much is he worth ? 

2. If gains be taken aa positive, and losses as negative, 
what does —f 100 mean? 

3. In what position is a man who is —50 feet east of a 
certain point P ? See figure. r T^ *? 



West East 

4* In what position is a man who is — 3 miles north of a 
certain place ? Draw the figure showing this. 

5. How many miles north of a certain place is a man who 
goes 5 miles north, and then 9 miles south ? Draw figure. 

12. Positive and Negative Numbers. 

If the positive and negative states of any concrete magni- 
tude be expressed without reference to the unit, the results 
are called positive and negative numbers, respectively. 



POSITIVE AND NEGATIVE NUMBERS 18 

MITIiTIFIiICATION OF POSITIVE AND NEOATIYll ITUMBSBS 

17. If one algebraic expression is multiplied by another, 
the first is called the Multiplicand, and the second the Mul- 
tiplier. 

18. We shall iretain for multiplication, in Algebra, its 
arithmetical meaning, so long as the multiplieT is a positive 
integer or a positive fraction. That is, to multiply a num- 
ber by a positive integer is to add the multiplicand aa many 
times as there are units in the multiplier. . 

For example, to multiply —4 by 3, we add —4 three times. 
Thus, (-4)X( + 3) = (-4) + (-4) + (-4) = -12. 

19. In Arithmetic, the product of two numbers is the 
same in whichever order they are multiplied, that is, which- 
ever is taken as the multiplier. 

Thus, 3X4 and 4X3 are each equal to 12. 
If we could assume this law to * hold for the product of a 
positive number by a negative, we should have 

(+3)X(-4)= (-4)X(+3)=-12 (§ 18)= -(3X4). 

Then, if the above law is to hold, we must give the follow- 
ing meaning to multiplication by a negative number: 

To multiply a number by a negative niunber is to mul- 
tiply it by the absolute value (§ 13) of the multiplier, 
BJid change the sign of the result. 

Thus, to multiply +4 by —3, we multiply +4 by +3, giving +12, 
and change the sign of the result. 

That is, (+4)X(-3) = -12. 

Again, to multiply —4 by —3, we multiply —4 by +3, giving —12 
(§ 18), and change the sign of the result. 

That is. (-4)X(-3) = -M2. 

20. From §§ IS and 19 we derive the following rule : 

To multiply one number by another, multiply togel^er 
their absolute values. 

Make the product plus when the multiplicand and 
multiplier are of like sign, and minus when they are of 
unlike sign. 
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21. Examples. 

1. Multiply -1-8 by -5. 

By the rule, (+8)X(-6)= -(8X6) == -40. 

2. Multiply -7 by -9. 

By the rule, (-7)X(-9)= + (7X9) =-f-63. 

3. Find the numerical value when a=4 and 6= —7, of 

(a+by. 

. We have, (a+6)»=(4-7)(4-7)(4-7) 

= (-3)(-3)(-3)=-27. 

EXEBCISE 6 

Find the values of the following : 

-h5)x(-4). 6. (-24)x(-5). 

-ll)x(+3). 7. (-14)x(-hl5). 

-8)x(-7). 8. (-f27)x(-19). 

-12)x(+9). V 8/ V 5/ 

m. ADDITION AND SUBTRACTION OF ALGEBRAIC 
EXPRESSIONS. PARENTHESES 

22. A Monomial, or Term, is an expression (§ 8) whose 
parts are not separated by the sign -1- or — ; as 2 a:^, — 3 oft, 
or 5. 

2 x^, —Sab, and -h 5 are called the terms of the expression 
2x^-3 ab + 5. 

A Positive Term is one preceded by a -h sign ; as -f 5 a. If 
no sign is expressed, the term is understood to be positive. 

A Negative Term is one preceded by a — sign ; as — 3 oft. 
The — sign must never be omitted before a negative term. 

23. If two or more numbers are multiplied together, each 
of them, or the product of any number of them, is called a 
Factor of the product. 

Thus, a, 6, c, afc, ac^ and be are factors of the product abc. 



I. 

2. 

3. 
4. 
5. 
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24. Any factor of a product is called the Coefficient of 
the product of the remaining factors. 

Thus, in 2 a&, 2 is the coefficient of a6, 2 a of 6, a of 2 6, etc. 

25. If one factor of a product is expressed in Arabic 
numercUs, and the other in letters^ the former is called the 
numerical coefficient of the latter. 

Thus, in 2 a&, 2 is the numerical coefficient of ab. 
If no numerical coefficient is expressed, the coefficient 1 is 
understood ; thus, a is the same as 1 a. 

26. By § 20, (-3)Xa=-(3Xa)==-3a. 
That is, —3a is the product of — 3 and a. 

Then, — 3 is the numerical coefficient of a in — 3 a. 
Thus, in a negative term as in a positive^ the numerical 
coefficient includes the sign, 

27. Similar or Like Terms are those which either do not 
differ at all, or differ only in their numerical coefficients; as 

Dissimilar or Unlike Terms are those which are not sim- 
ilar ; as 3 ar^y and 3 xy^, 

ADDITION OF MONOMIAIiS 

28. The result of addition is called the Sum. 

29. The adding of 6 to a is expressed a + b. The sum is 
(a + 6). But where no ambiguity is to be feared, parentheses 
may be omitted: 

30. The addition of monomials is effected by iinitinfir 
them with their respective signs. 

Thus, the sum of a, —6, c, —d, and — e is 

a—h + c — d—e. 

31. We assume that the terms can be united in any order, 

provided each has its proper sign. 

Hence, the result of § 30 can also be expressed 

€+a— c— d— 6, —d—b + c—e+a, etc. 
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32. To multiply 5 + 3 by 4, we multiply 5 by 4, and then 
3 by 4, and add the second result to the first. 

Thus, (6 + 3)4=5X4 + 3X4. 

We then assume that to multiply a + 6 by c, we multiply 
a by c, and b by c, and add the second result to the first. 

Thus, (a+b)c=<ic+hc. 

33. Addition of Similar Terms (§ 27). 

I. Required the sum of 6 a and 3 a. 

We have, 6a+3a= (6+3)a (§ 32) 

= 8a. 
That is, we do not add the a'e but the coefficients of the a's. 

3. Required the sum of — 5 a and — 3 a. 

We have, ^(-5a) + (-3a)=(-5)Xa+(~3)Xa (§26) 

=[(-5) + (-3)]Xa (§32) 

= (-8)Xa (§15) 

= -8a. (§26) 

3. Required the sum of 5 a and —3 a. 

We have, 5 a+(-3)a =[5+(--3)]Xa (§32) 

=2 a. (§15) 

4. Required the sum of — 5 a and 3 a. 

We have, (-•5)a+3a=[(-5)+3]Xa (§ 32) 

«(-2)Xa(§15)=-2a. 

Therefore, to add two similar terme, find the sum of 
their humerical coefficients (§§ 15, 25, 26), and affix to 
the result the common letters. 

5. Find the sum of 2 a, —a, 3 a, — 12 a, and 6 a. 

Since the additions may be performed in any order, we may add the 
positive terms first, and then the negative terms, and finally combine 
these two results. 

The sum of 2 a, 3 a, and 6 a is 1 1 a. 

The sum of — a and — 12 a is — 13 a. 

Hence, the required sum is 11 a + ( — 13 a), or —2 a. 

6. Add 3(a-6), -2(a-6), 6(a-6), and -4(a-6). 
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O- CM. CK. 

The sum of 3(a-6) and 6(a--6) is 9(a-6)> 

The sum of — 2(a— 6) and — 4(a— 6) is — 6(a— 6). 

Then, the result is [9 + (-6)](a-6), or 3(a-6). 

If the terms are not all similar, we may combine the simi- 
lar terms, and unite the others with their respective signs 
(§30). 

7. Required the sum of 12 a> — 5 x, — 3 y', —5 a, 8 Xy and 

-3 a;. 

The siun of 12a and —5a is 7a. 

The siun of —5 x, 8 x, and —3 x is 0. 

Then, the required sum is 7 a— 3 y*. ^ 

VHSSRCISEl 7 

Add the following : 

1. 8 w and 4 w^. 8. 31 c^(P and -31 c^cP. l (, 

2. 12 a and —5 a. g- — 6(c+cQ and — 4(c4-d). 

3. 12 a and —16 a. lo. — 5(a:^-fy*) and — 9(a;*+y'). 

4. — 12 a and —5 a. ii. 7 a?, 4 a:, and —3 a?. 

5. — 8y* andj— 20y^ 12. 16a, —5a, —3a, and a. 

6. —15 cd afSa 13 cd. 13. 2 a, —5 a, and —11 a. 

7. 24 a^6 and —23 a'6. 14. 3 a;y2, 6 ocyn, and —9 a;y«. 

15. 8(a:+y), — 14(a:+y), and 3(a?+y). 

16. 8n^ — n^ 14 n^ — 4n^ and 77i^ 

17. 3a^', -5^a*62^ a*6^ -9a*6S and 20a*6^ 
-18. 3 oa?, —4 6a?, 6 aa?, and —2 fea?. 

:g. 3(aH-fe), 4(ajft), -2(aj:6), and 6(a--fe). 
- 30. ^A, 3r^, —6 a, 2 A?, —A, and 2 o.^ 

ADDITION OF FOIiYKOMIAIiS 

34. A Polynomial is an algebraic expression consisting of 
more than one term ; as a + 6, or 2 a?*— a?y— 3 y*. 
A polynomial is also called a multinomial, 
A Binomial is a polynomial of two terms ; as a + 6. 
A Trittomial is a polynomial of three terms ; as a + 6 — c. 



X 
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35. A polynomial is said to be arranged according to the 
descending powers of any letter, when the term containing 
the highest power of that letter is placed first, that having 
the next lower immediately after, and so on. 

Thus, a;*+3 x^y-2 a:y +3 ary' -4 y* 

is arranged according to the descending powers of x. 

The term —4 y*, which does not involve x at all, is regarded as con- 
taining the lowest power of a; in the above expression. 

A polynomial is said to be arranged according to the 
ascending powers of any letter, when the term containing 
the lowest power of that letter is placed first, that having 
the next higher immediately after, and so on. 

Thus, a:*+3 x^y-2 ^y-f 3 xy^-^y* 

is arranged according to the ascending powers of y, 

36. Addition of Polynomials. 

Let it be required to add 6 + c to a. 
Since 6 + c is the sum of b and c (§ 29), we may add 6+c to 
a by adding h and c separately to a. 

Then, . a4-(64-c)=a4-fe+c. 

(To indicate the addition of 6-hc, we write it in parenthesis.) 
The above assumes that, to add the sum of a set of terms, we add the 
terms separately. 

37. From § 36 we have the following rule : 

To add a polynomial to a quantity, add its terms with 
their signs unchanged. 

^^ I. Add 6 a— 7a;^ 3 a?*— 2 a+3 y^ and 2 x'^—a—mn. 

We set the expressions down one underneath the other, similar terms 
being in the same vertical column. 

We then find the sum of the terms in each column, and write the 
results with their respective signs ; thus, 

6a-7a;2 
-2 a+3 0:^ + 3 2/» 
— g-f 2a^ —mn 
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2. Add 4a:-3a;2-ll+5a;3, 12a?2-7-8a;'-154:, and 

m 

It is coAYenient to arrange each expression in descending powers of x 
(§35); thus, 50^-3x^+4x^11 

-S 3^ + 12 3^ -15 x- 7 
6^'- 9x^ + 10x+14: 
3a^ - x- 4 

3. Add 9(a+fe)-8(6+c), -3(fe+c)-7(c+a), and 

4(c-fa)-5(a+fe). 

9{a+h)- 8(6+c) 

- 3(6+c)-7(c+a) 

-5(oH-6) +4(c+o) 

4(a+6)-ll(6+c)-3(c+a) 

4. Add |a-f f 6— ^c and ^a— |^feH-f c. 

* 

EXEBCISE 8 
Add the following : (Results may be checked as in Chap. XVII.) 
I. . 2. 3, 

2a-6 6 - 4x^+3y^ Sxy+2st 

-7a+6fe x^-^y^ +2xy-7st 

9a- b -llx^+Sy^ -3xy+5st 

4!/ rf-4 r-6 n and 3 rf+9 r+2 n. 

5. 5 a2-4 ab+b\ 4 0^+4 a6+5 6^, and -9 a^+G fe^. 

6. 2 m— 3 a;+/, m+x—f, and m4-/. 

7. 3few+2pA;-g^, 5bu-7pk+2qt. 

8. 6-2+3 6^-8 6«, 6+6-6^+7 6», and 6 + 2 6^-4 6». 

9. 3(a+6)-7(6+c), 5(a+6)+5(6+c), and 

-2(a+6)~3(6+c). 
ID. i a- J 6+f c and -f a+4 6-^ c. 

11. 4 /+3 ti— 5 c, —2 t—a+S c, 2 a— 9 c+2 u, and 

5/+3a— 4u. 

12. ^ic+ly+J^^zand^x-iy-iz. 



{ 
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1 3 . Add these equations (Ax. 5, § 4) ^ then find the value of a;: 

a?-y = 7. 
After X is known can you find y ? 

14. Find y by adding these equations : 

5x + 2y=- 16, 

-5a?+3y=«-l. 
What value has x ? 

15. Find X and y in these equations: 

2a:+3y=ll, 

a:-3y= 1. 
Add the following : 

16. U(x+y)-17(y-\-z), ^y+z)-9(z-\-x), and 

-3(a:+i/)-7(a-fa;). 

17. 6 c+2 a-3 6, 4 d~7 c-f 12 a, 8 6-5 d+c, and 

-10a-ll6+9d. 

18. -7(a-6)*+8(a-fe)H-2, 4 (a- 6) 2- 5 (a- 6), and 

3(a-6)*-9. 

EXEBCISE 9 

1st No. 2nd No. Sum. 1st No. 2nd No. Sum. 

1. -f8-f? = 5 6. X ■\- ? =x+y 

2. -10 + ? =-7 7. o + ? =a-b 

3. +10 + ? =-7 8. a + ? =b 

4. + 6 + ? = 11 9. -6 H- ? =a 

5. - 3 + ? ="-9 10. c + ? =& 

38. In the above examples we have given the sum of two 
numbers and one of the numbers to find the other number. 

SUBTBACTION OF MONOMIAIfi 

39. Subtraction is the process of finding one of two num- 
bers when their sum and one of them is given. 

The Minuend is the sum of the numbers. 
The Subtrahend is the given number. 
The Difference is the required number. 
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40. Therefore, to subtract one number from another ia to 
find a number, which added to the subtrahend will produce 
the minuend. 

For example, to subtract 3 from 10, we find the number, which, added 
to 3, will produce 10. By remembering the tesult in addition such num- 
ber is seen to be 7. Thus 7 is our difference. 

To subtract ~4 from 9, find the nimiber which, added to —4, will 
produce 9. By inspection this number is evidently 13. 

Subtract —6 from —8. 

—6 plus —2 gives —8, 
hence our difference is —2. 

Subtract +3 from -9. 

3 + (-12)--9, 
hence — 12 is our difference, 

EXXnaCISE 10 
Subtract the following : 

1. 7 from 2. 4.-3 from 8. 7. 6 from 13. 

2. 3 from —8. g. —6 from —11. 8. —9 from 3. 

3. -11 from -10. 6. 36 from 12. 

9. 10. iz. lb. 
9 a: 4 a -4 a 13^ 
3 a? —6a —7a — i 

41. Notice that in each of the above examples the result 
is the same as if we had changed the sign of the subtrahend 
and proceeded as if adding the subtrahend to the minuend. 

42. Similarly, from § 41 this rule follows : 

To subtract one number from another, change the 
sign of the subtrahend and proceed as in addition. (The 
sign of the subtrahend must be changed mentally.^ 

SXXBCIBS] 11 
Subtract the f ollo¥ring : 

(The accuracy of all results may be checked by adding the difference 
to the subtrahend.) 

z. 5 aa; from ax, 3. 14 a^h^ from 11 a'6^. 

2. 3a6cfrom — 9aftc. 4. 15(a— 6) from 19(a— 6). 
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5. i my from \ my. 8. From 8 a take 3 h, 

6. —11 ch from —6 ch. 9. From 7 a; take — 2 y. 

7. — 21 cy from 13 cy. 10. From —3a take 4 6^. 

SUBTBAOnON OP FOLYITOMLAXS 

43. Since a polynomial may be regarded as the sum of its 
separate terms (§ 30), we have the following rule: 

To subtract a polsmomial, change the sign of each of 
its terms, and add the result to the minuend. 

1 . Subtract 7ab^-9 a^b + 8 6^ from 5 a» - 2 a^b 4- 4 ab\ 

It is convenient to place the subtrahend under the minuend, so that 
similar terms shall be in the same vertical colunm. 

We then mentally change the sign of each term of the subtrahend, and 
add the result to the minuend ; thus, 

5a»-2a26 + 4a62 

5 a» + 7 0*6-3 06^-8 &8 

2. Subtract the sum of 9 o;^ — 8 a; + a:' and B — x^ + x from 
6ar»-7a:-4. 

We change the sign of each expression which is to be subtracted, and 

add the results. 

6a:' -7a;-4 

+ x^— g;— 5 
5rc»-8x2 _9 

FiXEBOISE 12 

Subtract the following : 

I. 2. 3. 

a;^+13a;— 11 — 2m^— 4mn+ 9n^ ab+bc+ca 

— 3a?^+ 6 a;— 5 8m^— 7 mn+ 14 n'^ ab—bc+ca 



4. From 9 a+4 h—5 h take 9 a— 4 A+5 k. 

5. From 6 0:^-5 a:?+4 a;- 3 take x^-Z x^'-2 x^-l. 

6. From 11 a- 9 6+2 z subtract -3 2+2 a- 14 6. 
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7. Take -8(h+k)+S{h-k) from (h+k)-4(h~k). 

8. Subtract 74 2^-47 2*:+ 30 k^ from 24 A2-30 zAr-f 10 2^ 

9. From 7 1;-8 5+75 «' take - 16 v-i-19 s, 

10. What must be added to 4 gr+18 z^—x to give ? 

11. By how much does 8 a;'— 7 a;^ 4-5 a:— 1 exceed 

a;»+14a;'-3a:+7? 

12. From a:'— 11 a:+4 subtract 8a;^— 3 a;— 1. 

13. From a^+2 ab+b^ take a^-2abi-V, 

14. Find the sum of a' 4-2 064-6' and a'— 2a64-6'. 

15. From the sum of ar'+4 a;'4-4 x and 2 a;'4-8 a;4-8 take 
6a;H12a;. 

16. From the sum of a'— 2a'64-a6' and — a'6-f2a6'— 6' 
take the sum of a^+2 a^b+ab^ and a^bi-2 ab^+b\ 

17. From |. «— I a4-§ 6 take ^54-ia— ^6. 

18. From I gt^+v-i t take gt^-^ vi-6 L 

19. Take a*- 6 a»- 15 a^-S a+4 

from 7 a*4-3 a'- 5 a'- 11 a- 9. 

20. From i m— J n4-f p take f m— f n4- J p. 

21. From n*— 10 n'a;— nV4-8 na;'4-3 x* 

take 5 n*4-4 n'a;- 9 n V4-2 nx^- 12 a:*. 

22. Take 18a:*-8a:4-6arH12-8a;« 

from -10ar'4-2-15a;Hlla;'^-4a:. 

23. Take a""- 10 a»6H13 a26'-7 at*- 5 b^ 

from 9 aH3 a*6+6 a'b'-a'b'- 16 6^ 

24. From the sum of 2 a;'— 5 xy—y^ and 7 a;'— 3 a:y4-9 y' 

subtract 4 a:'— 6 a:y4-8 y'. 

25. From subtract the sum of 4 a' and 3 a— 5 a'— 1. 

Add the following pairs of equations to find a;, subtract 
them (Ax. 6, § 4) to find y. Verify results by substituting 
the values of x and y in the given equations : 

5y4-a;=9, 

> 



^ fa;4-y=5, r2a;4-5y=: 16, 

1 a:— y=l. 12a:— 5y= — 4. 
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44. Removal of Parentheses. 

By § 30, a-f (6 — o)«a + 6 — c. Henoe, 

Parentheses preceded by a + sisrn may be removed 
without ohanging the sigrns of the terms enclosed. 

Again, by § 43, a—(b — c)=^a—b + c. Hence, 

Parentheses preceded, by a — sisrn may be removed if 
the sign of each term enclosed be changed. 

The above rules apply equally to the removal of the 

brackets^ braces^ or vinculum (§ 7). 

It should be noticed in the case of the latter that the sign apparently 
prefixed to the first term underneath is in reality prefixed to the vin- 
culum; thus, +a— 6 means the same as + (a—b), and —a— 6 the same 
as —(a— 6). 

45. I. Remove the parentheses from 

2 a-3 6- (5 a~4 6)+(4 a~6). 
By the rules of § 44, the expression becomes 

2 a-3 6-5 a+4 6+4 a-6»a. 

Parentheses sometimes enclose others ; in this case they 
may be removed in succession by the rules of § 44. 

Beginners should remove one at a time, commencing with 
the innermost pair ; after a little practhse, they should be able 
to remove several signs of aggregation at one operation, in 
which case they should commence with the outermost pair. 

2. Simplify 4 x— {3 ar-f (—2 a;— a:— a)}. 

We remove the vinculum first, then the parentheses, and finally the 

braces. 

Thus, 4 X- {3 x+{-2 x-x-a)] 

= 4 X- {3 x-\-(-2 x-x+a)\ 

=4 X— {3 a; — 2 re— x+a} 

=4a; — 3a;+2a;+a; — a=4 x^a. 

EXBBCISID 13 

1. What is the sign of 2 a? in 3 a?»-4c-(2 a?+l)? 

2. What is the sign of a in 4a' — a — 4c^-f9a:^? What is 
the coefficient of a after the vinculum is removed? 
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Simplify by removing the signg of aggregation and then 
uniting similar terms : 

3. 11 a-(-6m+5c)-(3a-f4c). 

5. a;H[-3a;2-(2y2_2a:')+2y*]. 

6. 7«-fw-{6<-w+7-3}. 

7. (aH2a6+62)-(a*-2a6+fe2). 

Compare Ex. 13, £xerciae 12. 

8. a:»-(-3a?'y-3xy')4-y»-(a?'-[3a:'y-3»yHy']). 

Compare Ex. 16, Exercise 12. 

9. 7a:-{-8y~10a;-lly}. 

10. a«-(-6a2-12a + 8)-(a»+12a). 

Compare Ex. 16, Exercise 12. 

46. Insertion of Parentheses. — To write terms in paren- 
thesis, we take the converse of the rules of § 44. 

Any number of terms jxxby be written in parenthesis 
preceded by a + siffn, without chanflring their signs. 

Any number of terms may be written in parenthesis 
preceded by a — sign, if the sign of each term be 
changed. 

JEx. Write the last three terms of a~6 + c — d+^in pa- 
renthesis preceded by a - sign. 

Result, a— 6— (— c+d— c). 

SXBBOISE 14 

In each of the following expressions, write the last three 
terms in parenthesis preceded by a - sign : 

1. a-f6+c— d. 5. Sx^—y^—y+z. 

2. m^+3m-2+h. 6. a^^b^+c^^d^, 

3. a?*— 3a;^+3a:— 1. 7. a?*— 2a?y— y'— 2^2— z'. 

4. 4a*-3a^-2a2-a. 8. 2 a'-lO a*-8 a'+5 a'-6 a+9. 
9. In each of the above results, write the last two terms in 

parenthesis in brackets preceded by a — sign. 
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47. Addition and Subtraction of Terms having Literal 
Coefficients. — To add two or more terms involving the 
same power of a certain letter, with literal, or numerical 
and literal, coefficients, it is convenient to put the coefficient 
of this letter in parenthesis. 

X. Add ax and 2 x. 

By § 32, ax+2x^{a+2)x. 

2. Add {2m+n)y and (m— 3n)y. 

(2m+n)t/+(w— 3n)y=[(2m+n) + (m— 3n)]t/ 

= (2 m+n+m— 3 n)y = (3 m— 2 n)y. 

(The pupil should endeavor to put down the result in one operation.) 

3. Subtract (b—c)x^ from ax^. 

By §§ 32, 42, 44, ax'-{b-c)x'=[a-'{h-c)]x' 

= {a — b + c)a^. 

EXEBGISE 15 

Add the following: 

1. ax and bx. 5. ab, be and --m^b. 

2. Sab^ and — 4 6^ 6. c^x^ and (a— 3d)a;'. 

3. — a^6 and 5a^y. 7. (7 a+4 b)x^ and (3 m+n)a:^ 

4. 3 a^bc and —8 cd. 8. (4 x—y)z* and (3 x-i-c)z*. 
Subtract the following : 

9. 3 ex from dx. 11. —exy from —dxy. 

ID. —4 my from 3 cy. 12. {e+d)x from ox. 
13. (3 c-4 d)a;2 from (6 c+9 d)x^. 

QUEBIES 

1. What is the difference between 4 a; and 3 y ? 

2. Express the sum of three times a certain number and four times 
the same number. 

3. Do you make any distinction between a factor and a coefficient f 

4. Regarding 3 mxy and 5 cdx as the coefficients of the expressions 
3 amxy and 5 acdx^ find the sum. Regard ax as the common part and 
find the sum. 

5. Does the sum of a and h, (a +6), have the same significance to you 
as the sum of 5 and 2, (5 + 2)? 



MULTIPLICATION 27 

6. Express algebraically : the sum of 6 times the sum of a and h, and 
9 times the sum of the same two numbers. 

7. What must you add to a polynomial to produce 0? Give an 
example. 

8. Did you work problem 7 by addition or subtraction? Is there any 
difference between the two processes as here used? 

9. Have you noticed which forms of the signs of aggregation are 
used most? Does the vinculum appear often? 

10. Subtract 3 m{a-\-h) from 6 m{fl—h), 

11 If your difference is a^—^x+l and your subtrahend is 
3 x* + 4 a; — 9, what is your minuend? 

IV. MULTIPLICATION OF ALGEBRAIC EXPRESSIONS 

48. The Rule of Signs. 

If a and h are any two positive numbers, we have by § 20, 

(•fa)x(+6) = -f-a6, (+a)x(-6) = -a6, 

(-a)x(-f6) = -a6, (~a)x(-6)=+a6. 

From these results we may state what is called the Rule 
of Signs in multiplication, as follows : 

The product of two terms of like sigrn is positive ; the 
product of two terms of unlike sign is negative. 

49. We have by § 48, 

(-a)x(-6)x(-c) = (a6)x(-c) 

= —ahc\ (1) 

(«a)x(-6)x(-c)x(-d) = (^a6c)x(-d), by (1), 

=abcd ; etc. 

That is, the product of three negative terms is negative ; 
the product of four negative terms is positive ; and so on. 

In general, the product of any number of terms is posi- 
tive or negative according as the number of negative 
terms is even or odd. 

50. The Law of Exponents. 

Let it be required to multiply a' by a\ 
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By §6, a^^axaxa, 

and a^=aXa, 

Whence, a' Xa^=a XaXaXa Xa=a^» 

The general case. — Let it be required to multiply o"* by 
a**, where m and n are any positive integers. 

We have a^^axax*** to m factors, 

and a^^aXaX*** to n factors. 

Then, a'^xa^'^aXaX''^ to m+n factors=a"*"*"". 

(The Sign of ContinucUion, •••, is read " and so on") 

Hence, the exponent of a letter in the product is eaual 
to its exponent in the inultiplicajid plus its exponent in 
the multiplier. 

, This is called the Law of Exponents for Multiplication. 
A similar result holds for the product of three or more 
powers of the same letter. 

Thus, a''Xa'Xa^=a''-^'-^'-=a^\ 

MUIiTIFLICATION OF MONOMIAIJ3 

51. X. Let it be required to multiply 7 a by — 2&. 

By §26, -2 6 = (-2)X6. 

Then, 7oX(-26)=7 oX(-2)X6 

='7X(-2)XaX&=-14a6. (§48) 

In the above solution, we assume that the factors of a prodtict can be 
written in any order. 

2. Required the product of —2 a*6*, 6 ai*, and —7 a*c. 

(-2a»&»)X6a65X(~7a*c) 

:== ( - 2)a»6» X 6 at*^ X ( - 7)a*c 

= (-2)X6X(-7)Xa*XaXa*X6'Xb»Xc 

=84 0*1% by §§ 49 and 50. 

We then have the following rule for the product of any 

number of monomials : 

To the product of the numerical ooefficients (§§ 25, 
26, 49, 50) annex the letters; griving to each an ex- 
ponent equal to the sum of its exponents in the factors. 
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3. Multiply — 5 a'6 by — 8 aft'. 

(-5 a^b)X{-S ab^) =40 a»+i6*+»«40 a*b\ 

4. Find the product of 4 n^ —3 n®, and 2 n*. 

4 n'X(-3 n^) X2 n*= -24 n»+'^+*= -24 n". 

5. Multiply —a:"* by 7 a:*. 

6. Multiply 6(m+n)* by 7(m+n)». 

6(w+n)*X7(w+n)»x=42(m+ny. 

EXBBCISE 16 

Multiply the following : 

1. 4 a* by 7 a\ 5. - 12 a;'y by 9 xy^. 

2. 6 m*d by 9 md^. 6. 4 ar^y^z by — 11 x^y^z^. 

3. 11 oa: by -8 aft. 7. 3 (a;4-y)^ by 16 (x+yy. 

4. -7ca: by -10 rs. 8. -4 (a-ft) by 6 (a-ft)^ 
Find the product of : 

9. (a?-y)^ 4(a:-y)S and -7 (a;-y). 

10. 3m^ii2', — 5mn'2, and —Qmnz*, 

11. aV, — 2aV, — 5ac^ and Ga'^ftc. 

12. a^ft^', 4 0*6, and --lla^^i 



MULTIPLICATION OF POLYNOMIALS BY MONOMIALS 

52. In § 32, we assumed that the product of a + ft by c 
was ttc + bc. We thfen have the following rule for the product 
of a polynomial by a monomial : 

Miiltiply each term of the multiplicand by the multi- 
plier, and add the partial products. 

Ex. Multiply 2 a;2-5 a:+7 by -8 x^. 

= (2a:*)X(-8aJ») + (-5a;)X(-8««)-f(7)X(-8a*) 

= -16»»+40a^-66aj». 

2x»- 5a; + 7 
The written work should stand as follows: — Sx* 
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EXEBCISE 17 

Multiply the following : 

1. 12 a— 3 by 5 a. 

2. da^b+Tab^hj -9a^b\ 

3. x^—Sx^y^+Sxy^ by —x^y^, 

4. 4 m*— 3 n^— 4 by 7 w?. 

5. 6z^by8 25*-3 2H13. 

6. -9 cd» by 5 c'- 10 cH'\-2 d». 

7. 8a5-4aH9a^ by -8 a*. 

8. 8ar"-3a:»»by 15a:«". 

9. -15 a'6+7 6^-4 a* by -8 a'^ft'. 
:o. 4a?y by a;'+6a:'y— 6a;y^+8y'. 
I. 12a2ft-6a62-8 6»4-a«by -8 aft. 

:2. 6 a»-8 a'c+T ac'-ll c' by 14 aV. 

3. a»-9a26+27a6'-27 63 by -3 6. 

4. la^-Jab+^b^by -J 6. 

MUliTIFUCATION OF FOLYITOMIAIA BY FOIiYNOMIALB 

53. Let it be required to multiply a + 6 by c + d. 

As in § 32, we multiply a-\-b by c, and then a + 6 by d, 
and add the second result to the first ; that is, 

(a+6)(c+d) = (a+6)c+(a+6)d 
=ac+6c+ad+6d. 

Rule : — Miiltiply each term of the miiltiplioand by 
each term of the multiplier, and add the partial products. 

54. I. Multiply 3 a-4 6 by 2 a- 5 6. 

In accordance with the rule, we multiply 3 a — 4 6 by 2 a, and then by 
— 5 6, and add the partial products. 

A convenient arrangement of the work is shown below, similar terms 
of the partial products being in the same vertical column. 
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3a -46 
2o -56 
6 a'- 8a6 

-15a6 + 20 6» 
6a»-23a6+20 6» 

The work may be checked by solving the example with the multipli- 
cand and multiplier interchanged. 

2. Multiply 4 oar'-f a'— 8 a:'— 2 o?x by 2 a;-f-a. 

It is convenient to arrange the multiplicand and multiplier in the 
same order of powers of some common letter (§ 35), and write the par- 
tial products in the same order. 

Arranging the expressions according to the descending powers of a, we 

^^® a»-2a»a;+4 00:^-8 a^ 

o +2a; 

a*-2 a"a;+4 aV-8 ax" 

2 a"a;-4 oV+8 ax*- 16 x* 
a*. -16x* 

SXEBCIBID 18 

Multiply the following : 

1. 3 a:— 4 by 8a:+5. 5. a'-a-f-l by a+1. 

2. 4a-f-6 by 4a+6. 6. P-A:-I2 by h-1. 

3. li-^u by lU-3tA. 7. 2a?+3 by 2a;-3. 

4. 6 a6+6' by 3 aft-5 6^ 8. 3 a:4-7 by 3 a:-7. 

9. ic+ld by Jc-Jd. 

ID. J c-f 1 d by J c-f 1 c?. 

II. \c—\d by Jc— id. 
(Note carefully in what way examples 9 to 11, and 12 to 14 differ.) 
12. a:-f-3 by a:+5. 13. a:— 3 by a?+5. 

i4« a;+3 by a;— 5. 
15- a'-f-a+l by a^— a-hl. 

16. 6(m+n)2-5(m+n) + l by 7(m+n)-2. 

17. 3(a-6)*-2(a-6) by 4(a-6)H(a-6). 

18. 7«H8«-1 by 7<2-8< + l. 

19. 6a6-haH9by 3a'-4-f2a6. 
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20. 2 h^- 10 fc+5 by fc'+5 fc- 10. 

21. f'—^^ii+^i**— 1** by <-|-ii. 

22. fc'-3 Wfe+9 P by h-hS k. 

23. xHa:y+y' by x-y. 

Note the similarity in examples 21-23. 

24. 3a'+7 6^by Sa'-Tfi'. 

25. 5(a:+y)+7(x-y) by 3(x+y)-2(x-y). 

26. e'+^hje'-^. 

27. a»+2 a^6+2 a6*+6» by a*-2 06+6*. 

28. 4 a-+W-3 a*lf by o*+»6-2a6*'*. 

29. 5 x*-6 ir»-4 irH2 x-3 by 3 x-2. 

30. a«-3 a^x+S ax^-x* by a*+3 a'ir+3 ax'+x*. 

55. If the product has more than one term involying the 
same power of a certain letter, with literal, or numerical and 
literal, coefficients, we may put the coefficient of this letter 
in parentheses, as in § 47. 

Ex. Multiply x^ 00? —6x4- aft by x— a. 

x* —a* —6a; +06 

X —o 

7?—aai? —W -k-ahx 

—gg* +aH+abx—a?h 

a:»-(2a+6)x»+(a' + 2a6)x-a'6 

As in § 47, —2 ox* — dx" is equivalent to — (2 a+6)a:*, and aH-\-2dbx 

to (o»+2a6)a;. 

EXIBBGIBE 10 

Multiply the following : 

1. x^+ox+ftx+oft by x-\-c, 

2. x'— mx4-nx— mn by x— p. 

3. x^— 6x— cx+ftc by x— a. 

4. x^4-ax— 6x— 3 aft by x+ft. 

5. x'+ax + 2ftx + 2aft by X— c. 

6. x'+px— 5 qx~b pq by x— r. 

7. x^— Sax— ftx4-3 aft by x+2a. 

8. x^— 4 mx+nx— 4 mn by x-f 3 n. 
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9. x^+3 oa;— 2 6x4-6 ab by a:— 4 c. 

10. (a— ft)a?— 3a6 by 2x— (a— 6). 

11. x^ -5 aaf*-f4 6«" -2 06 by af*+c. 

12. (2a-l)x^+(a'\-2)x-(a'\-3) by (a-2>-o. 

56. &. Simplify (a-2a:)2-2(3a+x)(a-a?). 

To simplify the expression, we first multiply a—2xhy itself (§ 6) ; we 
then find the product of 2, 3 a+«, and a— x, and subtract the second 



result from the first. 




a —2x 


3a +« 


a -2x 


a —X 


a? -2 ax 


3a'+ ax 


-2ar+4x» 


-Sax- s^ 


0'— 4ax+4x' 


Ba^-2ax- x^ 




2 



6a'-4aa;-2x' 

Subtracting the second result from the first, we have 

a' -4 ax+4 a^-6 a'+4 ax+2 x^= -5 a^ + 6xK 



'»« :h:'»M:»> 



20 

Simplify the following: 

1. (3a+5)(2a-8) + (4a-7)(a+6). 

2. (3x+2)(4a?+8)-(3a:-2)(4x-3). 
.3. {a-2x)(b+3y) + (a+2x){b-3y). 
4. (3m^-l)X3m-l)^ 

5- (a?-y)(a?'-y')-(«+y)(a:Hy^). 

6. (2a+3 6)'~4(a-6)(a+5ft). 

7. [3 x-(5 y+2 x)] [3 x--(5 y-2 «)]. 

8. [m+2n-(2m-n)][2m+n — (m-2n)]. 

9. (a+b+cy-^a-b-cy. 

10. (a+2)(a+3)(a-4) + (a-2)(a-3)(a+4). 

"• (f a;-iy+iz)^ 

12. [2 a;»+(3 a?- 1)(4 x+5)] [5 x'- (4 a:+3)(a:-2)]. 

13. {a+2b-C'-Sdy. 
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14. (a--2)(a-f3)-(a-3)(a+4)-(a-4)(a+5). 

15. (a:+2)(2 x~ 1)(3 a?-4)- (.t-2)(2 ar + l)(3 a:+4). 

DSFTNinONS 

57. A monomial is said to be* rational and integral when 
it is either a number expressed in Arabic numerals, or a sin- 
gle letter with unity for its exponent, or the product of two 
or more such numbers or letters. 

Thus, 3 a%', being equivalent to 3 • a • a • 6 • 6 • b, is ra- 
tional and integral. 

A polynomial is said to be rational and integral when each 
term is rational and integral ; as 2 a?^ — f ab -f c^. 

58. If a term has a literal portion which consists of a sin- 
gle letter with unity for its exponent, the term is said to be 
of the first degree. Thus, 2 a is of the first degree. 

The degree of any rational and integral monomial (§ 57) 
is the number of terms of the first degree which are multi- 
plied together to form its literal portion. 

Thus, 5 06 is of the scco/ic? degree ; 3 a^b\ being equivalent 
to 3 • a • a • 6 • 6 • 6, is of the Jijth degree ; etc. 

The degree of a rational and integral monomial equals the 
sum of the exponents of the letters involved in it. 

Thus, ab*c^ is of the eighth degree. 

The degree of a rational and integral polynomial is the 
degree of its term of highest degree. 

Thus, 2 a^6 — 3 c + (P is of the third degree. 

Frequently the degree of a term or poljrnomial with respect to some 
particular letter is required. Thus Sa^x^—4bxy^+2c* is of the third 
degree in x. 

59. Homogeneity. — Homogeneous terms are terms of the 
same degree. Thus, a\ 3 b% and — 5 x^y^ are homogeneous 
terms. 

A polynomial is said to be homogeneous when its terms 
are homogeneous ; as a'-f 3 b^c — 4ayz. 
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V. DIVISION OF ALGEBRAIC EXPRESSIONS 

60. Division, in Algebra, is the process of finding one of 
two numbers, when their product and the other number are 
given. 

The Dividend is the product of the numbers. 
The Divisor is the given number. 
The Quotient is the required number. 

61. The Rule of Signs. — Since the dividend is the pro- 
duct of the divisor and quotient, the equations of § 48 may 
be written as follows : 

-{-ab ., —oft ., —aft ,^,"f-aft , 
— ; — = -f-o, = +ft, — ; — = — ft, and = — ft. 

-fa —a -fa —a 

V7e may state the Rule of Signs in division as follows : 

The quotient of two terms of like sign is positive ; 
the quotient of two terms of unlike sign is negative. 

62. Let ?=x. (1) 

ft 

Then, since the dividend is the product of the divisor and quotient, 
^«^^« a=6x. 

Multiply each of these equals by c (Ax. 7, § 4), 

ac=hcx. 

Regarding ac as the dividend, be as the divisor, and x as the quotient, 

this may be written 

f=x. (2) 

he 

From (1) and (2), ^=^' (Ax. 4, § 4) 

be b 

That is, a factor common to the dividend and divisor 
can be removed, or cancelled. 

63. The Law of Exponents for Division. — Let it be re- 
quired to divide a^ by a^. 

a* aXaXaXaXa 



By §6, 



a^ aXa 
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Cancelling the common factor aXa (f 62), we have 

a* 
Consider the general case : 

Let it be required to divide a^ by a^, where m and n are 
any positive integers such that m is greater than n. 

We have a'^^ aXaXaX'" to m factors. 

a» a XaXaX*" to n factors 

Cancelling the common factor aXaXaX***ton factors, 

^tmaXaXaX— to m— n factors Ma**"*. 
a» 

Hence, the exponent of a letter in the quotient is equal 

to its exponent in the dividend, minus its exponent in 

the divisor. 

This is called the Law of JSxponents for Division* 

1/ DIVISION OF MONOMIAliS 

64. I. Let it be required to divide — 14a^6 by 7 a*. 
By §51 -Ua^b _ A-2)X7Xa'Xb 

Cancelling the common factors 7 and a' (§ 62), we have 

Ilil^ = (-2)X6=-2 6. 
7 a* 

Then to find the quotient of two monomials : 

To the quotient of the numerioal coefficients annex 
the letters, griving to each an exponent equal to its expo- 
nent in the dividend minus its exponent in the divisor, 
and omitting any letter having the same exponent in 
the dividend and divisor. 

The work may be checked by multiplymg the divisor by the quotient. 

2. Divide 54 a^bV by -9 a*6^ 

3. Divide -2x^yV by -aj'^yV. 
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4. Divide Z5(a-by by 7(a-b)*. 

7 (a— by 

XCSJSBGIBXl ai 

Divide the following : 

1. 30 by -5. 4. -64 by 8. 7. -Hl>yT^- 

2. -42 by 6. 5. - 135 by -9. 8. 21 a'^ by 3 a^ 

3. -48 by -4. 6. 176 by -11. 9. -63mVby7mV. 

10. 5 x^y^ by —x^y. i5- 75 x^y^ by — 15 x^y^. 

11. 12(cH-d)« by 3(c+rf)*. 16. 81 ab^c by 27 b^c. 

12. a^b^c by ^abo. 17. f »^y by ^xy. 

13. 60(a-6)« by 12(a-6). 18. -f o»6V by -Saft^. 

14. 8(2 w+3) by 4(2 m+3). 19. 6(aH-6)* by 3(o+6)^ 

Find the numerical value wben a=»2, 6— — 4, c=5, and 
d= — 3 of : 

^^ 7a4-14 6-12c 2a-6 a+4 6 

20. ^ -• 2X. ' — • 

13 a-9 64-17 c c-5d 3c+d 



N 



BrVlsioN OF FOIiTNOMIAIJI B^ MONOMlAlA 

65. We have, from § 32, 

{a+b)c=ac+bc. 

Since the dividend is the product of the divisor and quo- 
tient (§ 60), we may regard ac + &c as the dividend, c ^s the 
divisor, and a+6 as the quotient. 

Whence, = a -f 6. 

c 

Hence, to divide a polynomial by a monomial, wejdi* 
vide each term of the dividend by the divisor, and add 
the results. 

Mo. Divide 9 a'b^ -6a'c+ 12 a^bc"^ by - 3 o^ 

-3 a' 
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Divide the f oUowing : 

1. 30 a*-25 aH20 a" by 5 a. 

2. —33 am^+22 a*m by 11 am. 

3. 18 8H^z-24. sHh''- 12 stV by - 3 ^^2. 

4. 72 A^iV-eO AiV by -12Aa:». 

5. f a'62-§a26»byia6. 

6. 9(a+6)^-6(a+6) by 3(a+6). 

7. a:"+H2 a;2^+*-3 x^^^ by x'^^^ 

8. 36 a*H28 a"-4 o»-20 a« by 4 o*. 

9. 45(a-6)'*~40(a-6)*4-25(a-6)» by 5(a-6)^ 
xo. 8 mVi-24 mV-f-12 m^-31 mV by %m\ 

11. (a;+y)«-9(x+y)24-27(a?+y) by (x+y). 

12. I m*— 2 m'4-| m^ by f m^ 

13. 15a'-4aH8a«-5a-2a*+3a'by -2 a. 

14. a2(2 m-f-3)H2 a6(2 m-\-yj^+h\2 m+3) 

by(2m+3). 

DIVISION OF FOIiYNOMIAliS BT FOIiYNOMIAIiS 

66. Let it be required to divide 12 + 10 a;' — 1 1 x — 21 x^ by 
2ar*-4-3a?. 

Arranging each expression according to the descending powers of 
X {% 35), we are to find an expression which, when multiplied by the 
divisor, 2 a;' —3 a;— 4, will produce the dividend, 10 a;' — 21 a;'— 11 a; +12. 

It is evident that the term containing the highest power of x in the 
product is the product of the terms containing the highest powers of x 
in the multiplicand and multiplier. 

Therefore, 10 x^ is the product of 2 x^ and the term containing the 
highest power of a; in the quotient. 

Whence, the term containing the highest power of a; in the quotient 
is 10 1» divided by 2 x\ or 5 x. 

Multiplying the divisor by 5 x, we have the product 10 a;' — 15 a;* — 20 a;; 
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which, when subtracted from the dividend, leaves the remainder 
-6x»+9a;+12. 

This remainder must be the product of the divisor by the rest of the 
quotient ; therefore, to obtain the next term of the quotient, we regard 
— 6 x'+9 a;+ 12 as a new dividend. 

Dividing the term containing the highest power of x, — 6 x^, by the 
term containing the highest power of x in the divisor, 2 x', we obtain 
— 3 as the second term of the quotient. 

Multiplying the divisor by —3, we have the product — 6 x'+9 x+ 12; 
which, when subtracted from the second dividend, leaves no remainder. 

Hence, 5 x— 3 is the required quotient. 



10x»-21x»-llx+12 
10x*-15x»-20x 



2x*— 3x— 4, Divisor. 



5 X —3, Quotient. 



- 6xH 9x4-12 

- 6x*+ 9x4-12 



The example might have been solved by arranging the dividend and 
divisor according to the a^cefnding powers of x. 

From the above example, we derive the folio wing rule: 

Arrange the dividend and divisor in the same order of 
powers of some common letter. 

Divide the first term of the dividend by the first term 
of the divisor, and write the result as the first term of 
the quotient. 

Multiply the whole divisor by the first term of the 
quotient, and subtract the product from the dividend. 

If there be a remainder, regard it as a new dividend, 
and proceed as before ; arranging the remainder in the 
same order of powers as the dividend and divisor. 

I. Divide 9 a6Ha'-9 6»-5 a^h by 3 b^+a^-2 ab. 
Arranging according to the descending powers of a. 



a»-5a»64-9a6«-9 6» 
a»-2a»64-3ab' 

-3 0*64-6 a6» 

-3 0*64-6 a6'-9 6» 



a«-2a64-3 6» 



a -3 6 



In the above example, the last term of the second dividend is omitted, 
as it is merely a repetition of the term directly above. 

The work may be verified by multiplying the divisor by the quotient, 
which should of course give the dividend. 
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a. Divide 4 +9 a:*- 28 ar* by- 3 ar* +2+4 a?. 
ArrangiDg according to the ascending powers of x, 



4-28 x^+ 0«* 
4+ 8a; - 6x» 



2+4a;-3x» 



2-4x-3«» 



- 8a; -22x^+ 9x* 

- 8a; ~16g'+12x» 

- 6a;»-12a;»+9a;* 

- 6a;»-12a;»+9a;* 

XSXSBdSB 23 

Divide the following : 

1. 15a;^-lla;-14 by 3a:+2. 

2. 12 a*- 32 a +21 by 6 a- 7. 

3. 32 1^+28 81-15 8^ by 4 <+5 «. 

4. c»-8c'-5c+84byc-7. 

5. a*-2a6+6^ by a-6. 7. a:^+4a;+4 by a;+2. 

6. aH2a6+6'by a+6. 8. a?^-6a:+9 by a?-3. 

Note the form of examples 5 to 8, also the results obtained. Have you 
similar forms in Exercise 18? 

g. P-8 Jk+15 by k-Z 11. a»-l by a-1. 

10. h?'-h-\2 by fe-4. 12. a'-8 6* by o-2 6. 

Have you had multiplication problems similar to examples 9 to 12? 

13. 64z«+27d«by 4 2+3d. 

14. 8(6+a;)»-y'by 2(6+a:)-y. 

15. a;^— 5a;^y+9a?2/^— 9y' by a:^— 2a;y+3y^ 

16. n*— 16 by n+2. 

17. aH243 by a+3. 

Do the quotients in examples 11, 12, 13, 14, 16, 17 seem to have 
similarity of form? , 

18. 16(a-6)'-9by 4(a-6)+3. 

19. I a'- J a-\ by f a+i. 
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31. «*-81bye'-3eH9e-27. 

22. o*— 256 6* by a — 4 6. Compare example 16. 

23. 13 x^+6 a;*-70 a;H71 a:-20 by 4+3 x'-T x. 

24. 42(c+d)»-47(c+d)'+17(c+d)-2by 7(c+d)--2. . 

25. m*^-18m»-3m*+24mH52w-21 by m+m^-?. 

27. 9 A*-52 fc2p+64 ik* by 3 h^'-2 M-8 P, 

28. 6a;*+5a:*-57a:»-a?H67xH-28by -4+3x2-5 a?. 

29. o»*-6»*+2 6V-c2' by a'+ft^-c*. 

30. 4 o^+^ja^ii o»»+«i^+i+6 a^b^-^ by a'«+26-2 a&^*. 

67. The operation of division is often facilitated by the 
use of parentheses. 

Ex. Divide «'+(a+6— c)af'+(a6— be— oa)af— olw by x+a. 



a?+{a+b—c)x^+iab—bc—ca)x—abc 


x +a . 


a^^ aa? . 


a^+(6~c)»-6c 


{b-e)x* 

{b—c)x^ + {ab —ca)x 

- hex 

— hcx—dbo 
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Divide the following : 

1. x^-\-{a:-b^c)x'^+{'-ab-\'bc'-ca)x+abc 

by a:* + (a — 6)a; — aft. 

2. a;'+(a+6— c)a;2+(a6— 6c— ca)a:— a6c by a:— c. 

3. x^'-{a+h-\-c)x'^-\-{ab-\-hc-\-ca)x^ahc by x*— (6+c)a;+6c 

4. a;»- (a-2 ft-3 c)a;»+(-2 a6+6 6c-3 ca)a;-6 a5c 

by a:^— (a— 3 c)a;— 3 oc. 

5. a?«+(3o+fc+2c)a?'+(3a6+2 6c+6ca)a?+6a6c 

by x+3 a. 

6. m{m'\-n)x^'- {m"^ -^n^)x-^n{m'-n) by ma?— n. 
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7. a;'— (m— 2 n)a;— 2 m'4- 11 mn—lbn} by a:+m— 3n. 

8. (2 mH 10 mn)a;H (8 m*- 9 mn- 15 n')a;- (12 mn- 9 n*) 

by 2ma;— 3n. 

9. »'- (3 a+2 6-4 c)a?H(6 a6-8 6c-f-12 ca)a;- 24 a6c 

by a?- 2 6. 

10. o(a— 6)a:'+(— a6+6*+6c)a;— c(6+c) by (a— 6)a:+c. 

QUXCEtUGS 

1. Is the continued product of six numbers, one half of which are 
positive and one half negative, a positive or a negative number? Why? 

2. What three numbers are involved in these two problems: 

* (a+6)(a+6); (a»+2a6+&»)-5-(a+6)? 

3. Make a rule governing the result of (a +6) (a 4- 6). 

4. Will the rule in 3 govern the result of (a; +7) (a; +7)? 

5. Apply your rule to example 10, Exercise 18. 

6. Find the product of {a+h) and (a— &) and make a general rule for 
such a product. 

7. Can you solve example 8, Exerdse 18, by this rule? 

8. One of two factors of 30 is 6, what is the other? How did you 
find it? 

9. One of two factors of a:*— x— 12 is a;— 4, what is the other? Does 
this correspond to your definition of division? 

10. Does your rule in 3 aid you in solving such problems as example 6, 
Exercise 23? Such forms are of frequent occurrence. 

11. What is the quotient of a*+12 a+36 divided by a4-6? 

12. Given the multiplicand =m, and the product s=p, what is the 
multiplier? 

13. The product is 2*4-2*4-1, the multiplier is 2* — «4-l; find the 
multiplicand. 

VI. INTEGRAL LINEAR EQUATIONS 

68, Any term of either member of an equation (§ 3) is 
called a term of the equation. 

69. A Numerical Equation is one in which all the known 
numbers are represented by Arabic numerals ; as, 

2a:-7=a?4-6. 
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An Integral Equation is one each of whose members is a 
rational-and integral expression (§ 57) ; as, 

4a:— 5=f y+1. 

70. An Identical Equation, or Identity, is an equation 
which is always ^ue for specified values of the letters which 
enter; as, ^a+b){a'-b)=a^'-b\ 

The sign ^ , read "is idenHccUly eoual to" is frequently used in place 
of the sign of equaUty in an identity. 

71. An equation is said to be satisfied by a set of yvalaes 
of certain letters involved in it when, on substituting the 
value of each letter in place of the letter wherever it occurs, 
the equation becomes identical. 

Thus, the equation a; — ^ = 5 is satisfied by the set of values 
x = 8^ y = 3; for, on substituting 8 for x, and 3 for y, the 
equation becomes 8 — 3 = 5, or 5=5; which is identical. 

72. An Equation of Condition, is an equation involving 
one or more letters, called Unknown Numbers, which is sat- 
isfied only by particular values of these letters. 

Thus, the equation a;H-2 = 5 is not satisfied by every 
value of a;, but only by the particular value a? = 3. 

An equation of condition is usually called an equation. 

Any letter in an equation of condition may represent an 
unknown number. 

73. If an equation contains but one unknown number, any 
value of the unknown number which satisfies the equation is 
called a Root of the equation. 

Thjis, 3 is a root of the equation a: +2 = 5, 
To solve an equation is to find its roots. 

74. If a rational and integral monomial (§ 57) involves a 
certain letter, its jfegree with respect to it is denoted by its 
exponent (§ 58^ 
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If it iuvolves two letters, its degree with reapeet to them 
is denoted by the sum of their exponents ; etc. 

Thus, 2 ah^Qi^'f is of the second degree with respect to x, 
and of the^i^A with respect to x and y, 

75. If an integral equation (§ 69) contains one or more 
unknown numbers, the degree of the equation is the degree of 
its term of highest degree. 

Thus, if X and y represent unknown numbers, 

ax-'by = c is an equation of the first degree; 
a?'H-4 a;= — 2, an equation of the second degree ; 
2 a;^— 3 xy^=5, an equation of the third degree ; etc, 

A Linear, or Simple, Equation is an equation of the first 
degree. 

FBINCIFIiES USED IN SOLVING INTE&BAIi EQUATIONS 

76. Since the members of an equation are equal numbers, 
we may write the last four axioms of § 4 as follows : 

1. The same number, or equal numbers, may be added 
to both members of an equation without destrosring the 
equality. 

2. The same number, or equal numbers, may be sub- 
tracted from both members of an equation without de- 
stroying the equality. 

3. Both members of an equation may be mxiltiplied by 
the same number, or equal numbers, without destroying 
the equality. 

4. Both members of an equation may be divided by the 
same number, or equal numbers, without destroying the 
equality. 

77. Transposing Terms. — Consider the equation 

x+a — b = c. 
Adding —a and +6 to both members (§76, 1), we have 

x=c^a+b. 
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In this case, the terms + a and — b are said to be transposed 
from the first member to the second. 

Similarly, any term may be transposed from one mem- 
ber of an equation to the other by changing its sign. 

78. It follows from § 77 that 

If the same term occurs in both members of an equa- 
tion affected with the same sign, it may be cancelled. 

79. Consider the equation 

a—x^'^b'-c, (1) 

Multiplying each term by — 1 (§ 76), we have 

a?— a=c— 6; 

which is the same as equation (1) with the sign of every term 
changed. 

Similarly, the signs of all the terms of an equation 
may be ohemged, without destroying the equality. 

80. Clearing of Fractions. — Consider the equation 

2^ 5 5 9 

3 4 6 8 

Multiplying each term by 24, the lowest common multiple 
of the denominators (Ax. 7, § 4), we have 

16a?-30^20a:-27, 

where the denominators have been removed. 

Removing the fractions from an equation by multiplication 
is called clearing the equation of fractions. 

SOIiUnON OF INTEGBAIi UNEAB EQUATIONS 

81. To solve an equation involving one unknown number, 
we put it into a succession of forms, which finally leads to 
the value of the root. 

This process is called transforming the equation* 
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Every transformation is efiEected by means of the principles i 

of §§ 76 to 80, inclusive. 

82. Examples. 

1. Solve the equation 5 a:— 7=3 x+1. 

Transposing 3 :v to the first member, and —7 to the second ({ 77), we 

^^® 5x-3x=7+l. 

Uniting similar terms, 2 x=8. 

Dividing both members by 2 (§ 76, 4), 

a; =4. 
To verify the result, put x=4 in the given equation. 
Thus, 20 -7 = 12+1; which is identical. 

2. Solve the equation 

7, 5 3, 1 
6 3 5 4 

Clearing of fractions by multiplying each term by 60, the L. C. M. of 
6, 3, 5, and 4, we have 

70<-100=36<-15. 

Transposing 36 < to the first member, and — 100 to the second, 

70<-36<=100-15. 

Uniting terms, 34 < = 85. 

Dividing by 34, '^S^l' 

Verify this result by substituting <= - in the given equation. 

3. Solve the equation 

(5^3 a;)(34-4 x) =62- (7-3 a:)(l-4 x\ 

Expanding, 15+11 x- 12 aj» =,62 -(7 -31 a; + 12 a;'). 
Or, 15 + 11 a:-12x»=62-74-31a;-12a:». 

Cancelling the —12 a:* terms (§ 78), and transposing, 

lla;-31a;=62-7-15. 
Uniting terms, — 20 a; = 40. 

Dividing by - 20, a; = - 2. 

Verify the result by substituting a;= — 2 in the given equation. 



INTEGRAL LINEAR EQUATIONS 47 

To expand an algebraic expression is to perform the 
operations indicated. 

From these examples, we have the following rule for solv- 
ing an integral linear equation with one unknown number: 

Clear the equation of fractions, if any, by multiplying 
each term by the L. C. M. of the denominators of the 
fractional terms. 

Remove the parentheses, if any, by performing all the 
operations indicated. 

Transpose the unknown terms to the first member, 
and the known to the second; cancelling any term which 
has the same coefficient in both members. 

Unite similar terms, and divide both members by the 
coefficient of the unknown number. 

The pupU ahould verify every result, 

SXSBCISS 26 

Solve the foUowing equations, in each case verifying the 
result : 

1. 5x4-13=28. 8. 24^-28«14<-48. 

2. 7 2=4 2-33. 9. 26-4a:=31-2a:. 
3- llnH-71=6n+76. lo. 16/J-47=8/J-43. 

4. 8d-2=5d-26. ii. 17 + 14 a;=ll x+lG. 

5. 15a:+19=lla;-5. 12. 43 i- 27 =37- 149 A:. 

6. 13-21 Jk=34-14 h. 13. 12 t/H-15 = 15 y + 17. 
,7. 25 a:.- 3 =4 + 18 x. 14. 98-16a:=23-41 a?. . 

15. 29a;-8 + 17=32a;-14a:-24. 

16. 35z-41 = -81+63z-58 2. 

17. 0=3U-14<+3<+30. 

ol.lo51 2 16,1 

18. -m+-=2 m, 19- - '^- :;; = :; ^+;:* 

3 2 62 3663 
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6 6 3 3 7^ 4 14^ 28^ 

573 13 23884 

ax. r ««-*_-» — r. 23. -«— — = -»—-». 

64848 5393 

2 4 7 1 23 

24. - V v^- V V • 

3 6 8 20 24 
25. 5(x+3)-7=6(2x-3)+40. 
36. 12ifc-(4A-7)=3*-(9*-28). 

27. 75-8(7«+5)=6m-(4«+52), 

28. 6iJ-3(2-8iJ)=9fl-4(l-4iJ). 

29. (4-3 z)(5+4 a) = (8+2 z)(l-6 z)-82. 

30. J(4a;+l) + i(6a;-2)-i(5a:+8)-2. . 

FBOBI4EMS IiEADING TO IMTBQRATi IiINEAB EQUATIONS 

WITH ONS UNKNOWN NUMBEB 

83. For the solation of a problem by algebraic methods, 
the following suggestions will be found of service : 

1. Represent the unknown number, or one of the un- 
known numbers if there are several, by some letter, as x. 

2. Every problem contains, explicitly or implicitly, at 
least as many distinct statements as there are unknown 
numbers involved. Use all but one of these to express the 
other unknown numbers in terms of x. 

3. Use the remaining statement to form an equation. 

84. Problems. 

I. Divide 45 into two parts such that the less part shall 

Be one-fourth the greater. 

Here there are two unknown numbers; the greater part and the less. 
In accordance with the first suggestion of §83, we represent the 
greater part by x. 

The first statement of the problem is, implicitly : 
The sum of the greater part and the less is 46. 
The second statement is : 
The leas part is one-fourth the greater. 
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In aooordanoe with the second suggestion of f 83, we use the first 
siatemerU to express the less part in terms of x. 

Thus, the less part is represented by 46— a;. 

We now'', in accordance with the third suggestion, use the second 
statement to form an equation. 

Thus, 45-a;=l x. 

4 

Clearing of fractions, 180— 4a;=ar. 

Transposing, — 4a;— «=— 180, or— 6 a:= — 180. 

Dividing by —5, a;»36, the greater part. 

Then, 46 — x = 9, the less part. 

Verify by substituting a; =36 in the given equation. 

2. A had twice as much money as B ; but after giving B 
$28, he has ^ as much as B. How much had each at first ? 

Let X represent the number of dollars B had at first. 
Then, 2 x will represent the number A had at first. 
Now after giving B $28, A has 2 a;-28 dollars, and B, x+28 dollars; 
we then have the equation 

2a?-28 = f(a;+28). 
o 

Gearing of fractions, 6 «-84 =2(a;4-28). 

Expanding, 6a;-84=2a;+56. 

Transposing, 4 a; =140. 

Dividing by 4, a; « 36, the number of dollars B had at first ; 

and 2 a; = 70, the number of dollars A had at first. 

Verify the result. 

3. A is 3 times as old as B, and 8 years ago he was 7 times 
as old as B. Required their ages at present. 

Let n=the number of years in B's age. 

Then, 3 n«=the number of years in A's age. 

Also, n— 8">the number of years in B's age 8 years ago, 

and 3 n— 8=the number of years in A's age 8 years ago. 

But A's age 8 years ago was 7 times B's age 8 years ago. 

Whence, 3 n-8=7(n-8). 

Expanding, 3n— 8=7n— 56. 

Transposing, — 4 n « — 48. 

Dividing by —4, n=12, the number of years in B's age. 

Whence, 3 n=36, the number of years in A's age. 

Verify the result. 
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4. A sum of money amounting to $4.32 consists of 108 
coins, all dimes and cents ; how many are there of each 
kind? 

Let x=the number of dimes. 

Then, 108 — x = the number of cents. 

Also, the X dimes are worth 10 :!; cents. 
But the entire sum amounts to 432 cents. 

Whence, 10 a; +108 -a; =432. 

Transposing, 9 x= 324. 

Whence, x=36, the number of dimes; 

and 108— x=72, the number of cents. 

Verify the result. 

EXSBCISS 26 

1. The difference of two numbers is 12, and 7 times the 
smaller exceeds the greater by 30. Find the numbers. 

2. The sum of two sides, AB and BC, of the triangle ABC 
is 23, and the lesser side exceeds their dif- 
ference by 7. Find the sides AB and BC. 
Can more than one such triangle be drawn ? A'^ Xc 

3. Find two numbers whose sum is |, and difference }. 

4. The sum of two numbers is 35, and their difference is 
three-fifths the larger number. Find the numbers. 

5. A is 5 years older than B, and the sum of their ages is 
39 years. How old is each ? 

6. A rectangle is 4 feet longer than it is wide. 
If 4 feet were added to the length the area would 
be increased 40 square feet. Find the length of the sides. 

7. A rectangle is 6 feet longer than it is wide. If 3 feet be 
added to its width and 4 feet be subtracted from its length 
its area will not be changed. Find the length and breadth. 

8. A man counting the coins he has in his hand finds that 
he has three times as many quarters as half dollars, five 
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more dimes than quarters, and twice as many five-cent pieces 
as dimes. The entire sum of money is $2.85. How many 
coins of each kind ? 

9. A is 25 years of age, B is 9 years of age. In how many 
years will A be twice as old as B ? 

10. The length of a rectangle is 5 feet more than the 
width. If 4 feet be taken from the length and 4 feet from 
the width the area of the rectangle will be diminished 124 
square feet. Find the length and breadth of the rectangle. 

11. A certain number of two digits is equal to 9 times the 
sum of the digits and the digit in ten's place is 7 greater 
than the digit in unit's place. Find the number. 

12. Divide $300 among A, B, and C so that ^oi B's share 
plus $20 may equal A's share, and C and B may have equal 
amounts. 

13. A man has $4.10, all five-cent and fifty-cent pieces; 
and he has 5 more five-cent pieces than fifty-cent pieces. 
How many has he of each ? 

14. The difference between | and ^ of a certain number 
exceeds J of it by 44. What is the number? 

15. A has $5.50 and B $3.50; how much money must A 
give B in order that B may have ^ as much as A ? 

16. A room is | as long as it is wide ; if the length were 
diminished 3 feet and the width increased by the same 
amount, the room would be square. Find its dimensions. 

Note: Oranges come packed in boxes, a box containing 86, 90, 110, 
126, 150, 175 oranges. A box marked 90's indicates that there are 90 
oranges in that box. 

17. A merchant buys oranges, 150' s, a certain number of 
boxes at $3.25, twice as many at $3.00 and six boxes at $3.50, 
paying $39.50 for the entire lot. Find the average cost per 
dozen oranges. 
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1 8. A merchant buys oranges, 90'b, some at $2.00 per box, 
f as many at $2.20 per box, paying f28.80 for the entire lot. 
Can he make a profit retailing them at 290 per dozen, no 
allowance being made for expense of handling ? 

Note : Banana dealers estimate the value of a bunch of bananas by 
the number of hands on a bunch. A hand is a cluster of bananas grouped 
together and contains 12 to 16 bananas. 

iQ. A merchant bought three lots of bananas; some, 8 
hands, at 850; three times as many 12 hands at $1.15, and 5 
bunches, 10 hands, at $1.05, paying $18.15 for all. Find the 
approximate average cost per dozen bananas, averaging 15 
bananas to the hand. 

20. A given square has 39 square feet more area than a 
given rectangle. The length of the rectangle is 3 feet more 
than a side of the square, and the breadth of the rectangle 
is 5 feet less than a side of the square. Find the dimensions 
of each figure. 

21. Divide $480 among A, B, C, and D so that B shall 
have twice as much as A, B shall have $6 more than C, and 
C and D together as much as A and B together. 

22. Find two numbers whose difference is 17, such that the 
square of the greater exceeds the square of the less by 1037. 

23. A room is | as long as it is wide, and 60 feet of pic- 
ture molding are required to go around it. Find the number 
of square feet in the floor. 

24. A starts to walk from Boston to Bockland, 19 miles, 
at the same time, B starts to walk from Rockland to Boston. 
A walks i mile an hour faster than B. They meet in 3^ hours. 
Find the rate of each. 

(Let 72= number of miles per hour A walks.) 

25. The sum of $900 is invested, part at 4%, and the rest 
at 5%, per annum, and the total annual income is $42. How 
much is invested in each way? 
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26. In 9 years B will be |^ as old as A ; and 12 years ago 
he was f as old. What are their ages? 

(Let n represent the number of years in A's age 12 years ago.) 

27. A m^ buys irrigated farm land, some at $17 per acre, 
and three times as much less 160 acres at $15 per acre, pay- 
ing $17,440 for the eijtir^arm. He also pays $2.50 an acre 
for a water right. He sells the land for $21 per acre. What 
is his profit? 

a8. A has ^ of a certain sum of money, B has 1^, C $5 less 
than f , D the balance which is $44. Find C's share. 

29. Find three consecutive numbers such that the square 
of the greatest exceeds the product of the other two by 70. 

30. Find three consecutive numbers such that if the square 
of the least number be subtracted from the product of the 
other two the remainder will be 47. 

3 z. A number consists of two digits, and the ten's digit is 5 
greater than the unit's digit. The difference between the 
squares of the digits is 65. What is the number? 

32. A is 10 years older than B : 4 years ago B was f as ^ j 
old as A will be in 5 years. Fina the age of each. V 

33. There are two heaps of coins, the first containing 5-cent 
pieces, and the second 10-cent pieces. The second heap is 
worth 20 cents more than the first, and has 8 fewer coins. 
Find the number in each heap. 

34. A certain number is composed of two digits ; the num- 
ber is six more than six times the sum of the digits, and 
the digit in unit's place is \ the digit in ten's place. Find 
the number. 

35. Find four consecutive odd numbers such that the pro- 
duct of the first and third shall be less than the product of 
the seoond and fourth by 64. 
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VIL PRODUCTS AMD FACTORS 

85. A Power of a Power. — Required the yalne of (a')'. 

By § 6, (d'y^^a^ Xa» xd'^ar 

The general case : — Required the value of (a")*, where 
m and n are any positive integers. 

We have, (a*)" =a** Xa* x— to n factors 

^.^iH-flH— • to s tenni -. ^aw 

86. A Power of a Product. — Required the value of (ob)'. 

By § 6, {aby^ab Xab xab^aV. 

The general case : — Required the value of (ofc)*, where 
n is any positive integer. 

We have, {aby=ab xab x««« to n factors =a"6*. 

In like manner, (a6c—)"=a"6"c"—, 

whatever the number of factors in abc^^^. 

87. A Power of a Monomial. 

X. Find the value of (—5 a*)*- 

By i 26, (-6 a*)»=[C-6)Xo*]» 

= (-5)»X(a*)»(|86) = -125a"(|86). 

a. Find the value of (— 27?i*n)*. 

We have, (-2m»n)* = (-2)*X(m')*Xn*=16m*V. 

88. From §§ 85 and 86 and the examples of § 87, we have 
the following rule for raising a rational and integral mono- 
mial (§ 57) to any power whose exponent is a positive integer. 

Raise the absolute value of the numerioal coefBoient 
to the required power, and multiply the exponent of eaoh 
letter by the exponent of the required power. 

Give to every power of a positive term, and to every 
even power of a negative term, the positive sigrn ; and to 
every odd power of a negative term the negative sign. 
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KXIDBCIHB 27 

Expand the following : 

I. {xyz^y. 5. {idTh^y. 9. {drv^cy. 

2. (m'^n^pyK 6. (-nVy*)^^ lo. (a?»"*y*»2^)". 

3. (^ofeV^. 7. (2mV)«. II. (-3m'nV)*. 

4. (-llarV)^ 8. (-4a:V")*- ". (-2amV)*. 
Find the factors of the following : 

13. 25 0^6*. 17. 3a». 21. 343 aV. 

14. 32 m*. 18. a**. 2a. 243 mV. 

15. 48a*6^c. 19. a"+^ 33. 165 aV. 

16. 21V. 20. a^+^ 24. -282 a^c''. 

89. Type I. Product of the Sum and Difference of Two 
Numbers. — Let it be required to multiply a+6 by a— 6. 

a+b 



Whence, (a + 6)(a - 6) = a* - 6*. 

That is, the product of the sum and difEerence of two 
niunbers equals the difEerence of their squares. 

1. Multiply 6 a+ 5 6' by 6a-56«. 
By the rule, 

(6 a+5 6»)(6 a-5 6») = (6 a)»- (5 &»)»=36 o»-25 h\ 

2. Multiply — a:*+4by —a:'— 4. 

(-»>+4)(-x»-4)=[(-a;»)+4][(-a;»)-4] 

SXinElCISE 28 

Expand the following : 

1. (4a+3 6)(4a-3 6). 3. (3c+8)(3c-8). 

2. (2a:+4y)(2a;-4y). 4. (8/i+l)(8/i-l). 

\ 
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5. (6d+5t)(6d-5t). 8. (15a+13fe)(15a-13 6). 

6. (11 i*+3 /»)(11 i*-3 P). 9. (-ir+7)(a;+7). 

y. (9aH-2)(9 a— 2). (Prove this last result by actual 

multiplicatioD.) 

10. (12a?+y)(12x-y). 

XI. (-19cH4d*)(-19c'-4d*). 

12. From what factors do you obtain x'— 9? 

13. From what do you obtain 4a^— 26? 

14. Find the factors of 9 c*- 49 d\ 

By reversing the product rule in § 89, this rule follows: 

To factor the difference of two squares, extract the 
square root of the first square, and of the second square ; 
add the results for one faotor, and subtract the second 
result from the first for the other factor. 

Note: It is not always possible to factor an expression; there are, how- 
ever, certain forms which can always be factored; these will be con- 
sidered in the present work. 

Factor the following : 

{Check: If results are correct, the product of the factors will equal the 
given expression.) 

15. 9^2-46^ 19. 49- 4 d^ 33. (m+ny-z^. 

16. 36m2-25P. 20. 36x*-12ly\ U- 49a»-1446«. 

17. a^-dcK 21. 16-25a^ 25. (x+yy-{a+b)\ 

18. 25e^-Slh\ 22. 100m'x'^-169y^\ 26. (x+y)*-(a-6)^ 

27. (2a+xy-{a-2xy. 

Expand the following : 

28. (5aH12 6«c)(5a2-12 6'c). 30^ (6m+4 62)(6m-4 6«). 

29. (a'+e^Xa^'-ey), 31. (c''+d'^){c^''-d*^). 

Sometimes the factors of an expression admit of further 
factoring : 
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32. a?*— 81«(a!:'-f-9)(a?^— 9) (The second factor can be factored) 

= (a;»+9)(a;+3)(a;-3). 

33. Factor 16 m* -625 y*. 34. Factor a»-6». 

35. Factor 81 c«- 16 d*. 

36. Factor (/J+iS+3)'-(/i-S--4)». 

37. Does 36 c*— 2 belong to this type? 

38. Can you factor a;* +9 by this type? 

90. By division : 

(Compare Exercise 23, Ex. 18.) 

1. Divide 25 j/V~9 by 5yz'-3. 

By § 88, 25t/V is the square of 5yz^; then by (2), 

5 y2* — 3 

2. Divide a;^— (y— 2)* by a?+(y— 2). 

BXSBCISE 29 

Find, without actual division, the values of the following : 

1. • 3. • 5. — ■ : — • 

a+2 5n2-l l-12a^6'' 

x^-9 64 n*-a;^® ^ 49a:V-64 

2. • 4. • o. • 

a?- 3 8Ti*+a?^ Tar^z+S 

91. Type II. Square of a Binomial. — Let it be required 

to square a+h, 

a+b 

a+h 



a^+ ah 
Whence, (a + 6)^ = a^-|-2a6-|-6^ (1) 
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That is, the square of the suxn of two numbers equals 
the square of the first, plus twice the product of the 
first by the second, plus the square of the second. 

1. Square 3 a +2 6. 

We have, (3 a + 2 6)' = (3 a)»+2(3 a)(2 6) + {2 6)» 

=9a»+12a6+4 6». 

Let it be required to square a— 6. 

a—b 

a^— ab 
~ ab+b^ 
Whence, (a-6)* = a^-2a6+6'. (2) 

That is, the square of the diflference of two numbers 
equals the square of the first, minus twice the product 
of the first by the second, plus the square of the second. 

In the remainder of the work we shall use the expression " the differ- 
ence between a and & '' to denote the remainder obtained by subtracting 
b from a. 

The result (2) may also be derived by substituting —6 for 6, in equa- 
tion (1). 

2. Square 4a?^— 5. 

We have, (4a:'-5)» = (4a;^»-2(4a;»)(5)+5' 

= 16x*-40a;'+25. 

If the first term of the binomial is negative, it should be written, 
negative sign and all, in parenthesis, before applying the rules. 

3. Square —2 a* +9. 

We have, (-2a» + 9)»=[(-2a»)+9]' 

= (-2a»)»+2(-2a»)(9)+9» 
=4a«-36a»+81. 

ISXSBCISE 30 

The following 18 examples are for mental drill : 

1. (x+3)\ 5. (4y-6 2;)^ 9. (h-liy. 

2. (a-4)^ 6. (Sac- 4 by. 10. (^-1211;) 

3. (c+9y. 7. (x+4y. II. (4a+13 6) 

4. {2x+7y. 8. ("^k+Sdy. 12. (15 a:- 1)^ 



3 
3 
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Note that in each of these trinomial squares, the first and third terms 
are perfect squares and positive, and the middle term is twice the pro- 
duct of the square roots of the first and third terms. 

What sign does the middle term have? 

In each of the following expressions supply the missing term which 
will form a perfect trinomial square : 

13. x^+ixi. 15. c'+16. 17. 6'— 4 6. 

14. aH9. 16. x^'\-l2x. 18. ^24.4. 

Can you substitute other numbers than those you used and still form 
a perfect square? 

19. a;^+10 a;+25 is the square of what ? 

20. 0?^— 6a:+9 is composed of what factors? 
(Compare example 1.) 

21. Factor x^+2xy+y\ 

22. From what two factors do you obtain 16a'+8a+l? 

By reversing the product rule in § 91, this rule follows: 

To factor a trinomial square, extract the square roots 
of the first and third terms, and connect the results by 
the sigrn of the second term. This gives one of the 
equal factors. 

23. Factor4a;2+12xj/+9y'. 26. Factor25 P+60M+36 A^ 

24. Factor 9 yH6y + l. 27. Expand (3x+2yy. 

25. Factor c^+8 c + 16. 28. Expand (8 x^+9 x^. 

29. From what do you obtain a?*y^+14 xy+49? 

Sometimes the factors of an expression admit of further 
factoring : 

30. x*-Sx^ + 16=(x^-4){x^-4) 

= {x+2){x-2){x+2){x'-2) [by 589]. 
' This result may be written (x + 2y(x-2)\ 

31. Factora*-18aH81. 

3a. Factor 49 t^ + ldS tu+lU u^. 

33. Factor 25{a-^by+40(a+b)c+16c\ 
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34. Factor 16 m*-72 mV+81 v*. 

35. Expand {x+y+z){x^y+z). 
{x+y+z)ix-y+z)=[(x+z)+y][(x + z)-y] 

=x^+2xz+z^—y*, 

36. Expand (a+6— c)(a— 6+c). 

By §46, (a+6-c)(a-6+c)=[a+(6-c)][a-(6-c)] 

=a^ — (6 — c) *, by the rule, 

=a*-b*+2bc-c\ 

37. (a:Ha:+l)(a?Ha;-l). 

38. (aHH-3a)(aHl-3a). 

39. (x+y+3)(x-y-S). 

40. (a^4-5a— 4)(cr2— 5a+4). 

41. Factor a^H- 2 aft +6^— c*. 

=5(a+6+c)(a+6-c). 

42. Factor a^+Q a+9-4 c^ 

43. Factor 9-a^+2 ah-b^ (§ 46). 

44. Factor .aH2a6+6*-c^--2cd-(f^ 

45. Factor a^-4: ax+4: x^-b^+Q fty-9 y\ 

46. Factor a?^ — y ^ — 2 yz — 2^. 

47. Is 0?^— 8 a? +25 a perfect square? Why? 

48. Square both members of the equation 

(BC)^(BD)-{CD). (See figure.) H f f 

92. Type III. Product of Two Binomials having the 
Same First Term. — Let it be required to multiply x+a 
by x+b. 

x+a 

x+b 

0?^+ ax 

+ bx-hab 

Whence, (x + a)(x + 6) = ap* + (a + b)x + ah. 
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That is, the product of two binomials having the same 
first term equals the square of the first term, plus the 
algrebraic sum of the second terms multiplied by the 
first term, plus the product of the second terms. 

1. Multiply x—5 by x+S. 

The coefficient of x is the sum of —5 and +3, or —2. 
The last term is the product of —5 and +3, or —15. 

Whence, ix-5)ix+S) = x*-2 x-15, 

2. Multiply a:— 5 by a;— 3. 

The coefficient of x is the sum of —5 and —3, or —8. 
The last tenn is the product of —5 and —3, or 16. 

Whence, (a;-5)(x-3) = x»-8a;+15. 

3. Multiply 06—4 by ab+7. 

The coefficient of ah is the sum of —4 and 7, or 3. 
The last tenn is the product of —4 and 7, or —28. 

Whence, (a&-4)(a5 + 7)= a^b^ + 3 ab-2S. 

4. Multiply a;H6 y« by xHS y\ 

The coefficient of a?' is the sum of 6 y^ and 8 y', or 14 y'. 
The last tenn is the product of 6 1/' and 8 1/', or 48 y*. 

Whence, («» + 6 y') {x^ + 8 y») = x* + 14 xY + 48 y«. 

SXSBCISE 31 

Expand the following by iDspection : 

I. (a?+2)(a?+3). 8. (a^+3)(a^-|-9). 

a. (ar^3)(a?+7). 9. (/i+2 0)(iJ+9 C). 

3. {x-\2){x-\). 10. (e-8y)(g-9y). 

4. (a?-9)(a?+2). 11. (a»+2)(a»-6). 

5. (zH13)(z2+2). 12.. (a?"-l)(a:»-f7). 

6. (a»-l)(a»4-27). 13. (a:2-20)(a:^4-4). 

7. (c5-4)(cH6) 14. (e'+3)(e^-ll). 

15. From what factors do you obtain rc^-f-S a?+15? 
^Compare example 9, Exercise 23.) 
x6. What are the factors of a:*+7 x+12? 
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17. Factor 0?'+ 4 X— 12. 

By the rule in { 92, the product takes the fonn 

To factor a trinomial of the form 

a^+ax+bf 
reverse this process. 

Hence, to obtain the second terms of the binomials re- 
verse the rule for products and find two numbers whose 
algebraic sum is the coefficient of x, and whose product 
is the last term of the trinomial. The numbers may be 
found by inspection. 

18. Factor xH 14 a: +45. 

We find two numbers whose sum is 14 and product 45. 

By inspection, we determine that these numbers are 9 and 5. 

Whence, a;'+14x+45 = (x+9)(x+5). 

Factor the following : 

19. x^'\'3x-10. 28. m'-f6m-16. 

20. x^-Ux+ll. 29. 1+2 a- 99 a*. 

21. a;'— 5 a;— 14. 30. a^+18a+56. 

22. a*+16aH15. 31. c*-10c-75. 

23. mH5m-24. 32. P-6A;-72. 

24. c^-c- 72. 33. mH27m+72. 

25. dH37d+36. 34. a2 + 17a+72. 

26. k*+5k^-U. 35. (a:-y)'*-9(a:-y)+20. 

27. /i^~-13/i»+22. 36. (a+6)H(a+6)-56. 

37. (c+d)2-4(c+d)-60. 

Expand by inspection : 

38. (a2-8)(a2 + 12). ' 40. (h+3){h+3). 

39. (c+7)(c+7). 41. [(a?+y)+2][(a:+y)-14]. 

42. [{m+R)-S] [(m+/i)+6]. 

Find numbers which will make the following factorable : 
43. a:H.(?)a;+36. 44. a' ( )a-72. 45. c» ( )c-48. 
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jBXXBCIBB 32 

Select the type to which each of the following belongs 
and then factor : 

1. a:*-4a?2-32. 7. SQx^-9y\ 

2. aH8a + 16. 8. a^'-ld-\-2ab+b\ 

3. a' + 17a+16. 9. a*-625. 

4. aHlOa+16. 10. z^'-z-132. 

5. P-12Jk+36. II. m*-50m4-49. 

6. a;H2a; + l. la. m2-14m+49. 

13. Can you factor x^+x+1 by any type you have had ? 

The accuracy of your factors can always be proved by finding the 
product of your factors. 

14. Factor (a:+y)'-ll(a:+y)+30. 

15. Factor x^ + (2 m-f 3 k)x+6 mk. 

93. Type IV. Product of Two Binomials of the Form 
fnx-^n and pao+q. — We find by multiplication : 

mx+n 

X 
px+q' 

mpx^+ npx 

+ mqx+nq 

mpx^'\'(np'^mq)x+nq 

The first term of this result, mpx^^ is the prodnct of the 
first terms of the binomial factors, and the last term, nq, the 
product of the second terms. 

The middle term, (^np-\'mq)xj is the sum of the products of 
the terms, in the binomial factors, connected by cross lines. 

JSx. Multiply 3 a:4- 4 by 2 a? - 5. 

The first term is the product of 3 x and 2 a:, or 6 x*. 
The coefficient of x is the sum of 4X2 and 3X(-5); that is, 8-15, 
or —7. 
The last term is the product of 4 and —5, or —20. 

Whence, (3 x+4)(2 x-5) =6 x»-7 x-20. 
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BXBBCI8B 33 

Expand the following by inspection : 



I. 


(a;+2)(4 a;+3). 


8. (2d-l)(5d+2). 


2. 


(3a;-2)(2ar+l). 


9. (3m+4a;)(2m-3x). 


3- 


(2ar-7)(6a;+3). 


10. (2o'+3y)(3a*+5y). 


4. 


(8x-l)(7a;+2). 


11. (6a*+a;*)(8o»-5a;»). 


5. 


(o-6)(3o-4). 


13. (5 R-4 H)(3 R+n H) 


6. 


(2fc+16)(4i-ll). 


13. (m+n b)(ll m+b). 


7. 


(6e-6)(4e-3). 


14. (6i-5/)(5ifc+6/). 



94. Note that the product of two factors of the above form 
is a trinomial of the form 

(Type IV.) €ix'+hx+c. 

To factor a trinomial of the form 

reverse the above process. Hence, 

To resolve a trinomial of the form aad^+bx-^c into 
two binomial factors, the first terms of the binomials 
must be such that their product is (mx^; the second 
terms must be such that their product is.c^, the sum of 
the cross products must be bx. 

I. Factor 3 0:^+8 a? +4. 

The first terms of the binomial factors must be such that their product 
is 3 x^; they can be only 3 x and x. 

The second terms must be such that their product \^ 4. 

The numbers whose product is 4 are 4 and 1,-4 and —1,2 and 2, and 
—2 and —2; the possible cases are represented below: 



a;+4 


x+1 


x-4 


X 


X 


X 


3x4-1 


Sx+4 


3a;-l 



13 a; 

x-1 

X 

3a;-4 

-7x 



7x 

x+2 
X 

3a;+2 

8a; 



-13 a? 

a;-2 

X 

3a;-2 



8a; 
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The corresponding middle term of the trinomial, obtained by cross- 
multiplication, as in § 93, is given in each case; and only the factors 
a;+2, 3 x+2 satisfy the condition that the middle term shall be 8 a;. 

Then, 3 xH8 x+4 = {x+2)(3 x + 2), 

2. Factor 6 a:^— a:— 2. 

The first terms of the factors must be 6 x and a;, or 3 x and 2 x. 
The second terms must be 2 and —1, or —2 and 1. 
The possible cases are given below : 



6x + 2 


Qx-l 


6x-2 


6x+l 


X 


X 


X 


X 


x-1 


x+2 


x+l 


«-2 



— 4x 11 a; 4x —11a? 

3x+2 3x-l 3a;-2 3x+l 

X X X X 

2a;-l 2a; + 2 2a;+l 2a;-2 

X 4x —X — 4x 

Only the fact6rs 3 a;— 2 and 2a; + l satisfy the condition that the 
middle term shall be —a;. 

Then, 6a;»-a;-2 = (3 a:-2)(2 a;+l). 

The following suggestions will be found of service : 

(a) If the laat term of the trinomial is poBitive, the 
last terms of the factors will be both +, or both — , ac- 
cording as the middle term of the trinomial is + or — . 

Thus, m Ex. 1, we need not have tried the numbers — 1 and —4, nor 
—2 and —2; this would have left only three cases to consider. 

(b) If the last term of the trinomial is negative, the 
last terms of the factors will be one +, the other — . 

If the x^ term is negative, the entire expression should be enclosed in 
parentheses preceded by a — sign. 

If the coefficient of a;' is a perfect square, and the coeffi- 
cient of X divisible by the square root of the coefficient of x^, 
the expression may be readily factored by the method of § 91. 

3. Factor 9 a:^- 18 a? +5. 
In this case, 18 is divisible by the square root of 9. 

We have 9 a;*-18 a; + 5 = (3 a;)»-6(3 x) + 5. 

We find two numbers whose sum is — 6, and product 5. 

The numbers are —5 and —1. 

Then, 9x*-18x+5 = (3 a;-6)(3a;-l). 
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EXSBCISS 34 



Factor the following by inspection : 



I. 3xH20a:+12. 
3. 14a:'+5a:— 1. 

3. 8a?'-14a?-15. 

4. 20a'-27a+9. 

5. 16mH16m+3. 

6. 15/JH4/J-4. 

7. 22 a*- 19 a' +4. 

8. 30 cH 41c* +6. 



9. 10 aV- 3 ax- 18. 

0. S0x^ + 17dx'-2d\ 

1. 36a?2-19xy-6y^ 
3. 49 a'- 42 oft +8 6^ 

3. 54 a'^ + 15 a'y-fy'. 

4. 48a*-22aV-5a:*. 

5. 50 1^-55 st+U8\ 

6. 72 c^d^ -13 abed- 15 a^b\ 



1BXXBCIBE 36 

Select the type to which each of the following belongs and 
then factor : 



I. 9 6*-20 6c+4c^ 
3. 9 62-12 6c+4c^ 

3. 9b^-4c\ 

4. (235)2- (234)'. 

5. 9 6^-16 6c- 4 c^ 

6. P-13%-48y^ 

13. X*— y*. 



7. P4-14%4-49y'. 

8. 15c'-19cd-56(i^ 

9. 6x'-7x-20. 
ID. a*-16a6+64 6'. 

II. 36 d^x^-Sd dmx-^Q m?. 
13. 256 a*- 800 a^b^ +^25 b*. 



14. Can you factor 3 x'— 2 x4-12 ? 
Solve the following equations and verify each result : 

15. (x+3)2+(x+5)(3x-4) = (2x+5)^ 

16. {3t+5)(3t-5)-(t+7)(t-l) = (St+3)(t-l). 

17. (2m-3)* + (m4-8)(m-8) = (5m-l)(m+3). 

95. It is not possible to factor every expression of the form 
a^+ax+b by the method of § 92. 

Thus, let it be required to factor x'H- 18x4-35. 

We must find two numbers whose sum is 18, and product 35. 

The only pairs of positive integral factors of 35 are 7 and 
5, and 35 and 1 ; and in neither case is the sum 18. 
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It is also impossible to factor every expression of the form 
ax^+bx+c by the method of § 94. 

Thus, it is impossible to find two binomial factors of the 
expression 4a:^-|-4a?— 1 by the method of § 94. 

In § 236 will be given a general method for the factoring 
of any expression of the form x'+axH-ft, or ax'4-6a?+c. 

96. Type V. When the expression is in the form 

Certain trinomials of the above form may be factored by 
expressing them as the difference of two perfect squares, and 
then employing § 89. 

1. Factor a* +a*6H6*. 

By § 91, a trinomial is a perfect square if Its first and last terms are 
perfect squares and positive, and its second term plus or minus twice the 
product of their square roots. 

The given expression can be made a perfect square by adding a^h^ to 
its second term ; and this can be done provided we subtract a%' from 
the result. 

Thus, a*+aV+6*=(a*+2a%*+6*)-o'b' 

^(a*+by-a^b\ by i 91, 
«(a»+6Ha6)(o»+6'-a6), by § 89, 

2. Factor 9 x*-37 a?'H-4. 

The expression will be a perfect square if its second term is —12 a;*. 

Thus, 9 x*-S7 a;»+4 = (9 a;*-12 x»+4) -25 x* 

= (3x»-2)'-(5ic)» 
= (3 a;' + 5 a;-2)(3 x»-5 x-2). 

The expression may also be factored as follows: 

9 a;*-37 a;'+4= (9 x*+ 12 x»+4) -49 x* 

= (3 a:^ + 2)»- (7 a;)»=(3 a;*+7 a;+2)(3 a;*-7 a;+2). 

Several expressions in Exercise 36 may be factored in two different 
ways. 

The factoring of trinomials of the form x*+(ixh^'+y*, when the factors 
involve surdi^, will be considered in { 237. 
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Factor the following : 

1. a?*-f 5x^+9. 5. 9a?*+6a?y+49y*. 

2. a*-21a*6H36 6*. 6. 16a*-81aH16. 

3. 4-33 x* +4 x^ 7. 64-64 m' +26 m*. 

4. 25 m*- 14 mV+n*. 8. 49 a*- 127 aV+81 x*. 

Factor each of the following in two different ways (com- 
pare §§ 92, 94) : 

9. a?*- 17 a?' 4- 16. ii. 16m*-104mV+25a?*. 

^10. 9-148a2+64a*. i3. 36 a* - 97 a*m*+ 36 m*. 

97. Type VI. We find by division, 

a+b a^b 

That is, 

If the sum of the oubes of two numbers be divided by 
the sum of the numbers, the quotient is the square of 
the first number, minus the product of the first by the 
second, plus the square of the second number. 

If the difB»rence of the oubes of two numbers be di- 
vided by the difference of the numbers, the quotient is 
the square of the first number, plus the product of the 
first by the second, plus the square of the second num- 
bor. 

If an expression can be resolved into three equal factors, 
it is said to be a perfect cube, and one of the equal factors is 
called its cube root. 

Thus, since 27 a^b^ is equal to 3 a'6x3 a*6x3 a% it is a 
perfect cube, and 3 a^b is its cube root. 

Similarly to extract the cube root of a positive monomial 
perfect cube : 

Bztraot the cube root of the numerical coefficient, and 
divide the exponent of each letter by 3. 
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Thus, the cube root of 125 a^fcV is 5 a^Vc. 

1. Divide 1+8 a» by 1+2 a. 

' By § 88, 8 a' is the cube of 2 a ; then, by the first rule, 

i±^=i±^=l-2a+(2a)» = l-2a + 4a». 
l+2a H-2a 

(Compare Exs. 11-14, 26, Exercise 23.) 

2. Divide 27 «:•- 64 y* by 3 x*- 4 y'. 
By the second rule, 

=9a;*+12a;y+16y«. 

EXEBCIBi: 37 

Find, without actual division, the values of the following : 
x'+l a*+6* 



z. 



^ 27 a:*- 125 y» 
7. ^^# 



x+l a^+fe* 3x'-5y 

l~a» a»+125 « 343m^n»+8i>» 

1— a a+5 7mn+2p 

n«-27 . 64x«^-l 64a«6«+216c» 
3. — ' • o. • o. • 

n-3 4a;^-l 4a'6+6c» 

Factor the following : 

10. a'+6^ 13. 8a»+27c«. i6. 64m'-n^ 

11. a?'-y^ 14. 1-27 n^ 17. a^b^-216c\ 

12. 1+mV. 15. a*+l. 18. 8m«P+27n»^. 

98. Type Vn. We find by actual division, 

^-^ = a3-a'6+a^»-ft3. 
a+b 

a*— M 



a^^a^b+a'b^^ab^-\'b\ 



a^b 

gS + ftS 

a + & 

— sa*+a36+aV + a63 + ft4. eto. 
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In these results, we observe the following laws : 

I. The exponent of a in the first term of the quotient 
is less by 1 than its exponent in the dividend, and de- 
creases by 1 in each succeedingr term. 

II. The exponent of 6 in the second term of the quo- 
tient is 1, and increases by 1 in each succeeding term. 

III. If the divisor is a^fr, all the terms of the quo- 
tient are positive ; if the divisor is a + 6, the terms of 
the quotient are alternately positive and negative. 

(Compare Exs. 14, 16, 17, Exercise 23.) 

I. Divide a''— 6^ by a— 6. 
By the above laws, 

3. Divide 16ir*-81 by 2a:+3. 

We have lAx^^^z^^^B^iLl^, 

2a;+3 2a;+3 

= (2 x)»^ (2 a;}*' 3f 2 a;- 3»-3» 

=8x»-12x»+18aj-27. 

EXERCISE 38 

Find, without actual division, the values of the following : 

1. - — — • 3' •* 5. ^* 

2. • 4* • o. • 

m+n 1+a ; ' a^—bc^ 

Factor the following : 

7. x^+y\ II. a'^-bl 15. w^p+32. 

8. a^-l, 13. a»-l. 16. 243 xH/. 

9. l~mV. 13. a;®H-n®. 17. m^*4-128n^ 

ID. 1+a?^ 14. 32a5-6^ 18. 32 a56*'*~~243 c*<*. 
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99. The following statements will be found helpful if n is 
a positive integer : 

x+y is a factor of x'*+2/'» if n is odd. 

x—y is never a factor of x'^+y^. 

X— y 13 altoay 8 & factor of x^—y^, 

x+y is a factor of x»~y* if n is even. 
When one factor is a;— y all the terms of the other factor are potiHve, 
and when one factor iax+y the terms of the other factor are aUemately 
positive and negative. 

100. A Common Factor of two or more expressions is an 
expression which is a factor of each of them. 

101. Type Vni. When the terms of the expression have 
a common factor. 

I. Factor 14a6*-35aV. 

Each term contains the monomial factor 7 aJ^^. 
Dividing the expression by 7 o&', '^e have 2 6* — 5 a\ 

Then, 14o6*-35a»6» = 7a6»(26»-5a»). 

21 Factor (2.m-f 3)a:*^(2 m-h3)j/*^ 

The terms hav^ the conunon t>inomial factor 2vm,+3. 
Dividing the expression by 2 m+3, we have x^+y*. 

2 m+ 3)(2 w+3)3;'+ (2 m+3)y' 

x^ +y^ 

Then, (2 w + Z)x^ + (2 w +3)i/« = (2 w + 3) (x' + y*). 

(See example 6, Exercise 22.) 

3. Factor (a— 6)m+ (6— a)n. 

By §46, 6-a=-(a-6).^ 

Then, (a — 6)m + (6 — a)n = (a — b)m — (a — h)n 

= (a — 6){m— n). 

We may also solve Ex. 3 as follows : 

(a— 6)m+(6— o)n = (6— a)n— (6— o)w=f (b7-a)(n— m). 

4. Factor 5a(a?— y) — 3a(a:4-y). 

5a(x-y)Sa{x'hy)=a[5(x-y)-3(x-^y)] 

=d{5 x-'5y—S xS y) 
=a(2 x-8 2/0 =2 a{x-4 y). 

» 

After a common factor is retnoved one or both of the factors may 
admit of further factoring. 
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5. Factor a*a:*-f 2 a*a?y+ay. 

Dividing by the common factor a\ we have for the factors a' and 

The trinomial is factorable by | 91. 

Whence, aV+2a*xy+ a*y' = o*(a; + y) (x + y) 

=^a^ix+y)\ 

XDCEBCIBB 38 

Factor the following : 

1. 36m*-48m'*2. 7. (h'-k)a^-(k-h)U\ 

2. a'^-3a*6+3a'6»-aV. 8. 0^(02-2) +4 y2(2-c»). 

4. 14 2^x0-28 2V 4-7 2*a?c». 10. 4d»(d-.l)-(l-d). 

5. (aH-2)c*-(a4-2)d*a. xi. 4(3a:+2)+4(2a:H-3). 

6. (2x+7)a?2 + (2x+7). la. (a-a?)»-6(a-a;)^ 

. 13. (2m+3)o'~(2m+3)6^ 

14. (m— l)a*— (m— 1)6*. 

15. (a^-6)aH(a+6)2o6+(a^-6)6^ 

16. a;»(a?^-l)-8a?(a?»-l) + 15(a?*-l). 

17. (m— d)*— 2 m(m— d)'+m'(m— d)*. 

In every expression to be factored first remove the 
common factor, if any, then factor the remaining part if 
possible. 

Sometimes it is necessary to group the terms (§{ 46, 47), to show a com- 
mon factor, then apply the method of Type VIII. 

18. ab—ay+bx'-xy. 

By § 46, ab—ay+bx''xy=»a{b—y)'hxih-'y). 

The terms now have the common factor b — y. 
Whence, 06— oy+6a?— «y=»(6— y)(a+x). 

19. a'+2a*-3a-6. 

If the third term is negative it is convenient to write the last two 
terms in parenthesis preceded by a — sign, $ 46. 

Thus, o»+2 a'-3 o-6«(a» + 2 a») - (3 0+6) 

»o'(a + 2)--8(a+2) 

=(a+2){a»-8). 
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20. ac+ad+bc+bd, 24. 8 xy ^ 12 ay -{- 10 bx-{- 16 ab. 

21. an/— 3 a?+2 y— 6. 25. m*4-6m'— 7w— 42. 

. 22. mx-^-my—^ix^ny. 26. 6—10 a+27 a*— 45o*. 
23. a6-a-5 6-f5. 27. 20a6-28ad-5 6c+7cd. 

Be sure that the factors of your final result will not admit of further 
factoring. 

28. x^-\-2x^y+xy\ 30. x^(a-{'b)-49 y\a+b). 

29. a+6o6+9a6^ 31. 108*V-36 A»H3 «». 

32. m'(2m-f3)-3m(2m+3)-10(2m+3). 

33. 9 «»(3 ^4-2) 4-8^(3 ^+2) +4(3 ^+2). 

34. d\d-\-Sc)+27c\d+3c). 

35. 5 aV- 10 a^xy+5 ay -20 ah\ 

36. 48a«-243a'6*. 

Solve the following by inspection : 

37. 982=.(100-2)* 

=(10000-400+4) 
=9604. 

38. 992= ? 43. 98»-2»= ? 46. 76»-4^= ? 

39. 104*=? 43. 102»^98»-? 47. 972^932=? 

40. 352=? 44. 68'-:? 49. 111»-11»=? 

41. 66'= ? 45. 78'= ? 

The examples under Type IV afford a valuable application 
of the method in Type VIII. 

49. Factor 6a;'r-7a?~20. 

Multiply -20 by 6 (the coefladent of afi). Factor -120 so that the 
sum of the factOFS is — 7 (the coefficient of x). These faotora are — 15, 8. 

Then write 6x»-7a;-20«e«»~16aj+8x-20. 

Group by Type VIII, =3 x{2 x- 6) + 4(2 x- 6), 

whence, 6x*-7a;~20=(2x-5)(3a;+4). 

50. Factor examples 1-10, Exercise 34, by this method. 
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102. Bints on Factoring. 

For aZl expressions : 

First, try Type VIII. 

Sometimes the common factor is disguised 
as in examples 8 and 19, Exercise 39. 

Second, select the type form to which the expression 
belongs : 

Test binomials by means of TsnP^s I> VI, VII. 

Sometimes the binomial form is disguised. 
See examples 27 and 28, Exercise 40. 

Test trinomials by means of Types II, III, IV, V. 

Third, be sure that no factor in the result will admit 
of further factoring. 

TYPE FOBMS 

I. a^-6^ = (a-f6)(a-6). (§89) 
n. a*-f2a6+6^ = (a+&)(a+6), 

a»-2a6+6^ = (a-&)(a-6). ^^®^^ 
m. aj'+oflc+ft. (§92) 
IV. ax'+bx+c. (§94) 
V. nc^+ax'y^+y^. (§96) 
VI, a^'\'h^^{a+h){d''^ab+b^), 

a3-63=(a-6)(a^+a6+6»). ^^^'^^ 
Vn. a~-6«, 

Vin. aaj+ay+a«=a({»+y+«). (§101) 
MiscmiLAjncons and bxview examfubs 

SX3CBCISB 40 

Factor the following: 

I. 42a^6c-7a6. 3- 3a(a-a;)+3 a(cH-d). 

3. x'-5x-36. 4. 36d2-72d/^+35i^^ 
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5. a*— 64. 10. c^—d*, 

1 II. 125a*-50a«6+5a262. 

273 12. a(feH-c)-a(6-c). 

7. 8a2-14a6-156^ 13. a;2(5y-2 2;)-a;2(2y+z). 

8. 27x»-8z». 14. a'^-16aV+64c«. 

, . 1 ,2 15. a«-26a3~27. 

2^ 16. x"-2a?7+l. 

17- ax—ay+az—bx+by—bz. 

18. (a+6)2+14(a+fe)+24. 

19. (a;— y)^--15(x— y) — 16. 

20. i c^(c+d) + 12 cd(c+d) +9 d\c+d). 

21. 2 0^(2 c+3 d) +5 cd(2 c+3 d) 4-3^2(2 c+3 d). 

22. 18 ar^- 27 a6x- 35 0^62 

23. x^ + {5 c +2 d)x +10 cd. 

24. 7a?'(3a-2 6)-3ic2(2a-3 6). 

After factors are found always unite any similar terms which occur in 
parenthesis. 

25. (x^+x-2y-(x^-x+Sy. 26. 64a« + 1000. 

27. a^-c^-d^+b^-'2 ab-2 cd, 

28. 36m2-(a;-y)H12m + l. 

29. 3(m+n)2-2(m2-n2). 

30. 2a7ic~8aV+2aV-8ax^ 

31. 2a:y-2a?y-264xy. 

32. S a(2-3 y+x)+5 c(3 y-x-2). 

33. h^—k^+h+k. 34. m^+m+x^+x. 

Find the factors common (§ 100) to the following ex- 
pressions : 

35. x^+x-6, 4a?2-lla;+6. 

36. a^-9c\ a^+4: ac-21 c^ a^-27 c^ 

37. xy+S cx+2 cy+6 c^ y'—S cy'— 24 c^y. 
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38. x{x^+2 x-\-2)-\-2{x^-\-2 x+2), x^+4. 

39. (2c-y)4c»-(2c-y)4cy + (2c-y)y^ (2 c-y)» 

40. 6aHa-2, 90 a'- 25 a^- 10 a, ia^+2a-2. 

41. a;'+2a;2+2x + l, a:»+l. 

42. Solve, using factoring : A square, 441 feet on a side, 
has a grass plot within it, 432 feet on a side. The remain- 
ing part of the square is a concrete walk. Find the cost of 
the walk at 140 per square foot. 

Additional work in factoring will be found in §§ 236 and 237. 

SOIiUTION OF EQUATIONS BT FAOTOBINa 

103. The solution of equations affords an important and 
interesting application of factoring. 

Let it be required to solve the equation 

(a?-3)(2a;+5)=0. 

It is evident that the equation will be satisfied when x has 
such a value that one of the factors of the first member is 
equal to zero ; for if any factor of a product is equal to zero, 
the product is equal to zero. " 

Hence, the equation will be satisfied when x has such a 
value that either ^_3_q /j\ 

or 2 a; +5 = 0. (2) 

5 
Solving (1) and (2), we have x = 3 or — -• 

It will be observed that the roots are obtained by plaoingr 
the factors of the first member separately equal to zero, 
and solving the resulting equations. 

104. Examples. 

I. Solve the equation a;^ — 5 a? —24=0. 

Factoring the first member, {x — 8) (a; + 3) = 0. (§ 92) 

Placing the factors separately equal to (§ 103), we have 

a; — 8=0, whence X =8; 
and x+3=0, whence x=—S. 

Verify by substituting a; = 8, a; = — 3 successively in the given equation. 
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2. Solve the equation 4 a:^— 2 a?=0. 

Factoring the first member, 2 x{2 x — 1) =0. 
Placing the factors separately equal to 0, we have 

2 x=0, whence x=0; 

and 2x— 1=0, whence 0;=-- 

2 
Verify these results. 

3. Solve the equation ar*+4a:^— a?— 4=0. 

Factoring the first member, we have by §§ 89, 101, 

(xf 4)(x'-l)=t=0,or (x + 4)(x+l)(a;-l)=0. 
Then, x + 4=0', whence x= —4; 

x+l=0, whence x= — 1; 
and a;— 1 =0, whence x=l. 

Verify these results. 

4. Solve the equation ar'~27-(a?'+9a:-36)==0. 
Factoring the first member, we have by §§92 and 97, 

(a;-3)(a?H3x+9)-(a;-3)(a;+12)=0. 
Or, (a;-3){a:2+3a:+9-a:-12)=0. 

Or, (x-3)(x^+2x-S) =0. 

Or, (a:-3)(x + 3)(x-l)=0. 

Placing the factors separately equal to 0, a;=3, —3, or 1. Verify. 
The pupil should endeavor to put down the values of x without 
actually placing the factors equal to 0, as shown in Ex. 4. 

EXEBCISE 41 

Solve each equation and verify results : 

1. a;2-4a;-21=0. 5. «'-^- 12=0. 

2. x^-4x=-0. 6. 2^-8 zH- 12=0. 

3. 6a?3-12a;2=0. 7. k^-\-7 k-\-12^0. 

4. (2x-7)(a:2-16)=0. 8. 6 t;^-!? t;+12=0. 
9. 9 v\2 i;-3)-9 'i;(2 i;-3)-4(2 'j;-3)=0. 

ID. 3 x^—kx—4 4^—0. (Solve for x^ then solve for k.) 

11. 10^2-7^-12 = 0. 14. 4xH20x2-9x-45=0. 

12. a?z+2a;-3 2-6=0. 15. 28^^-^-2=0. 

13. 15'j;Ht;-2=0 16. 18x^-27 060;- 35 a^ft^^Q. 
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17. n2+14n-32=0. 

18. x2+8a; + 16=0. 

19. m^'+em^— 9 m— 54=0. 

20. (a:-3)2-(3a;+2)2=0. 

21. 10v^-S9v+U=0: 

22. 15 ic2 4-^-6=0. 

23. (4x2-49)(a:2-3a:-10)(8xH14a;-15)=0. 

24. (a?-2)(5x2+8a;-4)-(x2-4)=0. 

25. What Dumber added to its square gives 30 ? 

26. What number subtracted from 4 times its square 
gives J? 

27. If to 4 times the square of a certain number we add 
three times the number the result is 10. Find the number. 

28. A rectangular room is 4 feet longer than it is wide, 

and its area is 96 square feet. What are its dimensions ? 

Let w = the number of feet in the width, 
then 10+4= the number of feet in the length. 

ti;(i/?+4)=96, 
ti?2+4u?-96=0, 

Whence, ti; = 8 or — 12. 

Then, ti?+4 = 12 or-8. 

Since we are finding dimensions of a room, these negative roots have 

no significance and can be rejected. There is, however, a very interesting 

geometrical interpretation which may be given. 

Consider § 10 and Exercise 4. If measurement to 

the right is positive, then measurement to the left 

is negative. If distance upward is + , then distance 

downward is — . 

Now draw this rectangle : — 8- 

This gives two rectangles which fulfill the condi- ». 

tlons of the problem, if one remembers that — 12 

is algebraically less than —8. 

29. In a right triangle ABC, the base, AC, is 3 feet 
more than the altitude, B C, and the area is 14 square feet. 
Find A C and B C Make a diagram with your results. 
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30. The perimeter of a rectangular field is 180 feet, and 
its area 1800 square feet. Find its dimensions. Make a 
diagram of your results. 

Find the equations whose roots (§ 73) are : 

31. 2, -f. 

Subtracting each root from «, we have 

(x-2), (x+f). 

By reversing § 103, the product of these expressions equated to zero 
gives the required equation. 

Whence, {x — 2) (a; + J) = 0, or expanding, 

3a;*-a;-10=0. 

33. 1, 3. 35. 2, -3, 4. 38. 6, -^. 

33. |, f . 36. a, 6. 39. Y» ^• 

34. —1, 4. 37. -, -, a. 40. a+2 6, a— 2 6. 

41. The sides of a rectangle are 8 and 11. Form a 
problem similar to problem 28. State the equation. 

QJTEEBIEB 

1. Is 2 a a number? Is it a sum? Is it a product? What are its factors? 

2. Is 0+6 a number? Is it the sum of two numbers? Can you factor it? 

3. Translate a' + 6' into Enghsh. Can you factor it? 

4. Given two numbers F and S; if their sum is multiplied by their 
difference, what is the result? 

6. Given two numbers F and S ; if their sum be multiphed by itself, 
what is the result? Express in English. 

6. Does the definition of division bear any relation to your idea of the 
process of factoring f 

7. Is4a*+2a + la perfect square? Why? 

8. The following are for mental drill : (30i) ^ = ? (20i) » = ? (29i) »= ? 

9. Is 3 a root of the equation 3 a;2-4a; + 7=0? Why? Is a;-3 a 
factor of the expression? 

10. Is2arootof 2w'— 9m+10=0? Is w—2 a factor of the expression? 

11. How do you form the equation whose roots are 3 and 7? 

12. If one root, 6, of a;*— 8 x + 15=0 is given, can you find the other 
root without solving the equation? 

13. Using your knowledge of § 91, can you make a general statement 
covering the results of examples 13 and 14, Exercise 12? 
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VIU. HIGHEST COMMON FACTOR. LOWBST COMMON 

MULTIPLE 

(We consider in the present chapter the Highest Common Factor and 
Lowest Common Multiple of Monomials^ or of Polynomials which can 
be readily factored by inspection. 

The Highest Conmion Factor and Lowest Common Multiple of poly- 
nomials which cannot be readily factored by inspection, will be con- 
sidered in a more advanced course in algebra.) 

HIGHEST COMMON FACTOB 

105. The Highest Common Factor (H. C. F.) of two or 
more expressions is their common factor of highest degree 

(§ 58)- • 

If several common factors are of equally high degree, it is understood 
that the highest common factor is the one having the numerical coeffi- 
cient of greatest absolute value in its term of highest degree. 

For example, if the common factors were 6 x and 2 x, the former would 
be the H. C. F. 

106. Two expressions are said to be prime to each other 
when unity is their highest common factor. 

107. Case I. Highest Common Factor of Monomials. 

JEkc. Kequired the H. C. F. of 42a''b\ 70 a'bc, and 
98 a'b'O'. 

By the xule of Arithmetic, the H. C. F. of 42, 70, and 98 is 14. 
It is evident by inspection that the expression of highest degree which 
will exactly divide a'6^, a^bc, and a*h*d^ is a'6. 

Then, the H. C. F. of the given expressions is 14 a^b. 

It will be observed, in the above result, that the exponent 
of each letter is the lowest exponent with which it occurs in 
any of the given expressions, 

EXEBCISX! 42 

Find the H. C. F. of the following : 

1. 14 x% 21 xy\ 3. 36 m^b\ 48 m^b\ 60 m*6. 

2. 64 a'b\ 112 b'c\ 4. 25 ac\ 30 aV, 35 ac. 
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5. 32 a^x\ 128 a'^bV, 192 a^xy. 

6. 136a*wV, 51 b^mn\ 119 c^mV. 

7. QO(x~yy, 84(a?-y)^ 

108. By § 48, (+a) x(+6)=+a6, (+a) x(-6) = -a6, 

(-a)x(+6) = -a6, (-a) X(-6)=+a6. 

Hence, in the indicated product of two factors, the si^rns 
of both factors may be changed without altering the 
product ; but if the sign of either one be changed, the 
sign of the product will be changed. 

If either factor is a polynomial, care must be taken, on 
changing its sign, to change the sign of each of its terms. 

Thus, (]b—a){n—m) may be written in the form 

— (6— a)(w — n), or ~(a— 6)(n— w). 

In like manner, in the indicated product of more than 
two factors, the signs of any even number of them may be 
changed without altering the product ; but if the signs 
of any odd number of them be changed, the sign of the 
product will be changed (§ 49). 

Thus, (a— 6)(c~d)(e— /) may be written in the forms 

(a-6)(d-c)(/-e), 
»-a)(c-d)(/-e), 
— (6 — a)id — c) (/ — e), etc. 

109. Case II. Highest Common Factor of Poljmomials 
which can be readily factored by Inspection. 

I. Required the H. C. F. of 

5 a;*y— 45 x^y and 10 0:^—40 a;y — 210 xy^. 

By §§ 101, 89, and 92, 5 x*y-i5 x^y=5 xhf(x^-9) 

=5xh/{x-\-3){x-3); (1) 

and 10 xV-40 xy-210 xy^ = 10 xy^(x^-4: a:-21) 

= 10xyHx-'7){x+S). (2) 
The H. C. F. of the numerical coefficients 5 and 10 is 5. 
It is evident by inspection that the H. C. F. of the literal portions of 
the expressions (1) and (2) is xy{x+S). 

Then, the H. C. F. of the given ekpressions is 5 xy{x+S). 



82 ALGEBRA 

It is sometimes necessary to change the form of the factors 
in finding the H. C. F. of expressions. 

2. Find the H. C. F. ota^+2a-S and l-a\ 
By §92, a2+2a-3 = (a-l)(a+3). 

By §97, l-a' = {l-a)(l+a+a^). 

By § 108, the factors of the first expression can be put in the form 

-(l-a)(3+o). 
Hence, the H. C. F. is 1 — a. 

EXEBCISE 43 

Find the H. C. F. of the following : 

1. lOx^y^—iOx^y^y 25xy^—l5xy\ 

2. c2-25fe2, c^-10bc+25b\ 

3. a2-5a-36, a^-4a-32, 

4. tz+5 z-7 t-S5, th+8tz + l5z. 

5. 2a^-ab-'3b\ Sa^+ab-2b\ 

6. 9a^-25b\ 9 a^- 30 aft +25 6^. 

7. 8n»H-l, 4n2-2n + l. 

8. n2-3n-40, ^2+4 n-5, .2/1^+6 n-20. 

9. t^+2P+t+2, t^+St^+2, 

10. v^—v^—v + 1, v^—2v^+l, 

11. 6a2+a-2, 12aH5a-2, 6aH4 a-15az-10 z. 

12. 25 4^-16, 25P-40A;+16, 30A;Hifc-20. 

13. a^-32, aH9a-22, a«-8. 

14. l-lla + 18a2, Sa^-l, 18a2-5a~2. 

15. x^+Sx^-iO, a;^-25, aHa^-Sa-S. 

16. a2-(fe+c)2, (b-ay-c\ b^-{a-c)\ 

17. (a;2H-a:+2)(x2-a:-2), a;2-5a;-6, x^-Sx-^, 

18. 2 a2(2 a+3 t) +5 a<(2 a+3 <) +3 t\2 a+3 

and 4^ a\t + a) + 12 al{t^- a) ^-9t'^{t^- a). 
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LOWEST COMMON MUIiTIPIiE 

1 10. A Common Multiple of two or more expressions is an 
expression which is exactly divisible by each of them. 

111. The Lowest Common Multiple (L. C. M.) of two or 
more expressions is their common multiple of lowest degree. 

If several common multiples are of equally low degree, it is miderstood 
that the lowest common multiple is the one having the numerical coeffi- 
cient of least absolute value in its term of highest degree. 

For example, if the common multiples were 4 x— 2 and 6 x — 3, the 
former would be the L. C. M. 

1 12. Cas£ I. Lowest Common Multiple of Monomials. 
Ux. Required the L. C. M. of 36 a^x, 60 ay, and 84 ca;^. 

By the rule of Arithmetic, the L. C. M. of 36, 60, and 84 is 1260. 
It is evident by inspection that the expression of lowest degree which 
is exactly divisible by o'x, a^^, and ex* is a^cx^y^. 

Then, the L. C. M. of the given expressions is 1260 a^cx^y^. 

It will be observed, in the above result, that the exponent 
of each letter is the highest exponent with which it occurs 
in any of the given expressions. 

isXEBCISE 44 

Find the L. C. M. of the following : 

I. 5 xYy 6 xy. 5. 105 a% 70 b% 63 c^a. 

a. 18 a% 45 b^c. 6. 50 xy, 24 xy, 40 xy. 

3. 28 x\ 36 y^. 7. 21 afe^ 35 bV, 91 aV. 

4. 42 mVl^ 98 ny. 8. 56 a^fe^, 84 bx\ 48 xy. 

9. 60 a^bc\ 75 a'b% 90 a*c''d\ 
10. 99 m*nx\ 66 mVy\ 165 n^xy. 

1 13. Case II. Lowest Common Multiple of Polynomials 
which can be readily factored by Inspection. 

I. Required the L. C M. of 

x^— 5 x+ 6, x^— 4 x+ 4, and x^— 9 x. 
By §92, x^-5 x+6 = {x-3)ix-2). 

By §91, x^-4:x + 4 = (x-2y. 

By § 89, x^-9 x^x{x+3)(x-3). 
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It is evident by inspection that the L. C. M. of these expressions is 

It is sometimes necessary to change the form of the factors. 

2. Find the L. C. M. of ac—bc—ad+bd and b^—a^. 

By § 101, ac-hc-ad+bd={a-b){c-d). 

By § 89, 6'~a»«(6+a)(6-a). 

By § 108, the factors of the first expression can be written 

(6-a)(d-c). 
Hence, the L. C. M. is (6 + a)(6-a)(d-c), or (b^-a%d-c), 

EXEBCISE 45 

Find the L. C. M. of the following: 

1. a?'-7 a?+10, a?'-8 a?+15. 

2. P-4, P-7A;-f 10, A;3-5 A;H4A;~20. 

3. 2a'-a-l, 2aH5a+2, 2aH7a+3. 

4. R^-SR+2, R^-5R+Q, R^-^R+3. 

5. a2-2a-3, a^-3a+2, a^-h 

6. m-2, m2-2m+4, m^--6mH12m-8. 

7. iHa;^!, a;Ha; + l, a;^-a; + l. 

8. 4+/, A+SZ, Z-i, A:-3Z. 

9. (a;-2)(a;-3), (a:-3)(a:-4), (4-a;)(2-a?): 

10. a^-Q, a^-27, a-3, aH3a-f9. 

Find the H. C. F. and the L. C. M. of the following : 

11. mH3m+2, m^+5m+6, m2+4a;+3. 

12. a'-f4a6+4fe2, a^-ib^ a^ + 2ah. 

13. 2P+7A;-4, 3^+13 4+4. 

14. 2x^Sax+a\ 2x^-5ax+2a\ x^-SaX'\-2a\ 

15. 9t^-25v\ 6tx+10vx, 12te + 20i;a:. 

Find the L. C. M. of the following : 

16. dx^-Ux^'+ix, lSax' + 12ax^+Sax\sLud27x''-S, 

17. (x+zy—y^, (x+yy—z^, x^—(y+zy. 

18. (c-l)H3c, c'-l, c-1. 

19. (e+yy—4iey, e^-\-2e^yi-ey^, e^+ey^. 

20. x^+S, 4x^-(x^+4.y. 
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FRACTIONS 



114. The quotient of a divided by 6 is written j. 

The expression - is called a Fraction; the dividend a is 

b 

called the numerator^ and the divisor b the denominator. 

The numerator and denominator are called the terms of 
the fraction. 

115. It follows from § 62, (3), that 

If the terms of a fraction be both multiplied, or both 
divided, by the same expression, the value of the frac- 
tion is not changed. 

116. By the Kule of Signs in Division (§ 61), 

+a _ ^22i dl? — _ Zl2. 

+ft"-ft~" -ft"" -hft' 

That is, if the signs of both terms of a fraction be 
changed, the sign before the fraction is not changed ; 
but if the sign of either one be changed, the sign before 
the fraction is changed. 

If either term is a polynomial, care must be taken, on 
changing its sign, to change the sign of each of its terms. 

Thus, the fraction , by changing the signs of both numerator and 

c—d 5_a 
denominator, can be written— — (§ 44). 

d—c 

117. It follows from §§ 108 and 116 that if either term 
of a fraction is the indicated product of two or more 
factors, the signs of any even number of them may be 
changed without changing the sign before the fraction : 
but if the signs of any odd number of them be changed, 
the sign before the fraction is changed. 

Note : To change the sign of a factor is to change the sign of every 
term of the factor. 

Thus, the fraction - — ^^^ may be written 

(c-d){e-f) 

a^h b-a b-a .^ ^^^^ 



(d-c)(/-6)' (d-c)(e-/)' (d-c)(/-e) 



86 ALGEBRA 

SXEBCISX 46 

Write each of the following in three other ways without 
changing its value : 

a n-l-3 8 2a:-7 6a?-5 

Z. -• 2. • 3, • 4 



2 7 2-x x+2 (a?-3)(y+4) 

6. Write ^ — " /v^"" / jjj f^^^ other ways without 

(x+5Xy^2) ^ ^ 

changing its value. 

BJE3>nCTION OF FBACTIOITO 

118. Reduction of a Fraction to Lower Terms. 

A fraction is said to be in its lowest terms when its nu- 
merator and denominator are prime to each other (§ 106). 

(We consider in this text those cases only in which the numerator 
and denominator can be readily factored by inspection. 

The cases in which the numerator and denominator cannot be readily 
factored by inspection are considered in the second course.) 

119. By § 115, dividing both terms of a fraction by the 
same expression, or cancelling common factors in the numera- 
tor and denominator, does not alter the value of the fraction. 

We then have the following rule : 

Resolve both numerator and denominator into their 
factors, and cancel all that are common to both. 

1. Reduce ttt-tti to its lowest terms. 

40 a^b^cW 

We have 24 a*bhx _ 2'XSXa*h^cx ^ S a^x 

40a^b^cW 2»X5Xa^6Vd» 5cd*' 

by cancelling the common factor 2'Xa^6*c. 

a;3_27 

2. Reduce to its lowest terms. 

x^-2x-S 

By §§97 and 92, x3-27 ^(x-3){x^ + Sx+9) ^x^+Sx+9^ 

3. Reduce — ~" ,,~ V'^^ to its lowest terms. 
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By8l89andl01. -y-r.V = ;f^g§5g 



By § 117, the signs of the terms of the factors of the numerator can be 
changed without altering the value of the fraction; and in this way the 
first factor of the numerator becomes the same as the second factor of 
the denominator. 

mv _ ax-bx-ay+hy ^ {b-a){y-:x) ^yrx 

^"e"» 52_a2 (6+a)(6-a) h + a 

If all the factors of the numerator are cancelled, 1 remains to form a 
numerator ; if all the factors of the denominator are cancelled, it is a case 
of exact division. 

EXSBCI8E 47 

Reduce each of the following to its lowest terms : 

5 x*yV . 54 mn^ 126aW^ 90 a^m''n\ 

3xyV' ^' 99 mV' ^' 14 a V ' * 36 am v' 



2. 



12 a^b\ 63 xYz\ ^ 26 m^nY . g 88 xYz\ 

42 6 V' ^' 84 a:yz*' ' 130 mVp^* * 66a;'yz«' 

120a^feV« 15x^y + 10xY a?2~9a;-fl8 

• 10. ^ ^» II. ■ — • 

75 afeV 6 xY+4: xY x^+x- 12 

m2~5 m-84 4 a^-16 ad-i-W d" 

12. • 14, 



a^m^-a^m-56 a" 4 a"- 12 ad+9 d^ 

6 a;2-7 a;2;-20 z^ a^-ha- 12 

13. . , ^^ . — • 15 



4a;2-25z2 " 3a'-13a-fl2 

^^ (a?^-49)(a?^- 16a? 4-63) 



17. 



(a;2-14 a:+49)(a;2-2 a;-63) 

12 a^m^H-48 a*- 10 m^&--40 6 
36a«-60a^6+25fe2 



« 36 aH 97 ac -f 36 c2 27 6^-8 a^ 

10, — • 20. 



9 a2 + 13 acH-4 c^ 16 a^-S2 ab + 12 b^ 

18 a^-S ac- 10 c^ 165 t^-\-2 t- 1 

ig. • 21. 



36a2-25c2 15 t*+Ut'-t^ 
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4 c\2 c-3 d)-6 cd(2 c-3 d) + 9 d'(2 c-3 d) , 

120. Reduction of a Fraction to an Integral or Mixed 
Expression. 

A Mixed Expression is a polynomial consisting of a ra- 
tional and integral expression (§ 57), with one or more frac* 
tions. 

Thus, a + - , and - + ^ are mixed expressions. 

c 3 x—y 

121. A fraction may be reduced to an integral or mixed 
expression by the operation of division, if the degree (§ 58) 
of the numerator is equal to, or greater than, that of the 
denominator. 

1. Keduce ' to a mixed expression. 

By§65, 6^»-fl5x-2^6x;^15^_A^2x+5-^- 

3x 3x 3x 3a? 3« 

T5 , 12a:'-8a:H4a;~5 . * , 

2. Keduce to a mixed expression. 

4 a;«+3)12 x^-% a;H4 x-5(3 a;-2 
12 a;' +9x 

-8x*-5a;-5 
-8a;^ -6 

-5a;+l 

Since the dividend is equal to the product of the divisor and quotient, 
plus the remainder, we have 

12x»-8a;'+4a;-6=(4a:2+3)(3a;-2) + (-5a;+l). 

Dividing both members by 4 a;^ + 3, we have 

12x«-8a;^ + 4a;-5 o^ p . ~5g-H 

: — ; — "z =«i x—z-r —\ — r • 

4a;»+3 4:c'+3 
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Thus, a remainder of lower degree than the divisor may be written 
over the divisor in the form of a fraction, and the result added to the ^ 
quotient. ^ 

If the first term of the numerator is negative, as in Ex. 2, it is usual to 
change the sign of each term of the numeralor, changing the sign before ^ 
the fraction (§ 116). ^ 

Thus, 12x»-8a:H4a;-5^3^,2_5a:-l V. 



4x^+3 4x'+3 I 

Keduce each of the following to a mixed expression : '^ 
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• u, • ' 

5 a a -2 'j ^• 



s 



2. J. . g. — !— -. ; ^ 

3 m' c+d . . < 

4a?^ + l 24a;H21a;-|-19 : '^^ 

3. ■ — 10. • 

♦ 

x^+6x+9 x^-4x+S 

4. ■ — • II. • 

x^^3x+9 x^+2x'-7 V ; 

e. L.2-. 12. 



ar — y Sx'+a;— 9 



r 



2 



^ 8a«-27c' 8a2-22a6-2162 

o. • 13- zn 

2a+3c 2a-7b 

8 g' + 12 a%^ - 15 b\ ^ 49a?'~96a?y+27y 

^* 2a2-f362 ' ^^' ' 7x^+xy-lSy^ 

122. It is evident from § 121 that a mixed expression may 
be result of division. Since the dividend is equal to the pro- 
duct of the divisor and quotient plus the remainder, to reduce 
a mixed expression to a fraction, Multiply the integral part 
by the denominator of the fraction, add the numerator 
to this result and write the denominator under this sum. 

Note : If a minus sign precedes the fraction, change each sign in the 
numerator. 
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Ex. Reduce 2 a:— 3— — - to a fractional form. 

x-\-l 

2x Z 4a:-5 _ (2a;-3)(a:+l)-(4a;-.5) 
x+1 x+l 

^ 2a;'-x-3-4a;+5 _ 2a;'-5a;-f2 

x+l "" x+l 

EXERCISE 48 

I. c— 3H • 8. a;— 4 a- 



2c a; 

« , 6a2-2 ,- 20 a 

2. 5a— 1 • g. x+oa— 



5 a a?— 5 a 

3. 2n+ll + r-^- 10. 2<-3w- ^^'+27w« 



6n+2 4«H6<w+9w2 

3a;+4y , . o ki. 4a^-25b^ 

4. ^ + 1. II. 2a— 56 --• 

3a;-4y 2a-56 

a2+2afe+fe^ 1 2_i_o J 2, 16 v^ 

5. — ' — -^ 1. 12. x^+2xy'\-y^-\ ^^— • 

4a6 x—2y 

K (a?+y)^ 1 9a2-4afe+6' ,0 q j.\ 

6. ^^ — -^^ — 1. 13. ; (2 a— 3 6). 

{x-yf 4a-2 6 ^ ^ 

^ (3c-8d)2 , 10 a^- 29 ac + 10 c\ ^ .^ 

7. -^^-7 — 1. 14. h6a+2c. 

9c2-64d2 3a-c 

123. Reduction of Fractions to their Lowest Common De- 
nominator. — To reduce fractions to their Lowest Common 
Denominator (L. C. D.) is to express them as equivalent 
fractions, each having for a denominator the L. C. M. of 
the given denominators. a j o 

Let it be required to reduce - — — ■ , - — — , and - — — to their 

, ^ J • ^ 3a26' 2a62 4a«6 

lowest common denommator. 

The L. C. M. of 3 a''h\ 2 ah\ and 4 a^h is 12 w'h^ (§ 112). 
By § 115, if the terms of a fraction be both multiplied by the same 
expression, the value of the fraction is not changed. 

Multiplying both terms of — — by 4 a, both terms of — — by 6 a'6, 
and both terms of by 3 6', we have 
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16 ocd 18o'6m . 15 6^1 
12a»6»' 12a»6»' 12a»6»' 

It will be seen that the terms of each fraction are multi- 
plied by an expression, which is obtained by dividing the 
L. C. D. by the denominator of this fraction. 

Whence the following rule : 

Find the L. G. M. of the griven denominators. 

Multiply both terms of each fraction by the quotient 
obtained by dividing the L. G. D. by the denominator of 
this fraction. 

Before applying the rule, each fraction should be reduced 
to its lowest terms. 

124. Ex. Reduce ^ ^ and — to their lowest com- 

^ J . . a^— 4 a^— 5a-f6 

mon denommator. 

We have a»-4 = (a+2)(a-2), 

and a»-5a+6 = (a-2)(a-3). 

Then, the L. C. D. is (a+2)(a-2)(a-3). (§ 113) 

Dividing the L. C. D. by (a+2)(o— 2), the quotient is a— 3; dividing 
it by (a— 2) (a— 3), the quotient is a + 2. 
Then, by the rule, the required fractions are 

4a(a-3) ^^ 3a(a+2) 

(a+2)(a-2)(a-3) (a +2) (a -2) (a -3) • 
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Reduce the following to their lowest common denominator: 
7 oft 3 6c 2 ca ^ 4 a^ 2 



z. 



6 ' 10' 15 4a2-9' ^a'-^a 



5 4 6 ^ 1 Smn 2mV 

2m^n 5mV' 7 mri^ m—n' 2(m— n)^'3(m— n)' 

3a;+4z 6a:— 5v ^ Sn 5 



22 xy^' 33yz2 n'-8'n2-4n+4 



4. L , • 8. 



2 3a 



12 a^b' Ub'c 21 c'a a'+3aH2a+6' a^+27 
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ADDITION AND SnBTBA.01!I0N OW FBACTIOBB 

125. By§65, ^ + £_^-^±^=^. 

a a a a 

We then have the following rule : 

To add or subtract fractions, reduce them, if necessary, 
to equivalent fractions having the lowest common de- 
nominator. 

Add or subtract the numerator of each resulting frac- 
tion, according as the sign before the fraction is + or — » 
and write the result over the lowest common denomi- 
nator. 

The final result should be reduced to its lowest terms. 
126: Examples. 

^ ^ ia^b 6a6» 

The L. C. D. is 12 a%'; multipl3dng the terms of the first fraction by 
3 b^t and the terms of the second by 2 a, we have 

4g-f3 l-6 6» _ 12qb'-f9b» . 2a-12qb» 
4a*6 6 06* 12 a^b^ 12a'6» 

^ 12 ab^+9 6^+2 a-^U ab* ^ 9 5»+2 o 
12a^6» 12 aV * 

If a fraction whose numerator is a polynomial is preceded 
by a — sign, it is convenient to write the numerator in 
parenthesis preceded by a — sign, as shown in the last term 
of the numerator in equation (A), of Ex. 2. 

If this is not done, care must be taken to change the sign 
of each term of the numerator before combining it with the 
other numerators. 

2. Simplify — ^ j— ^. 

The L. C. D. is 42 ; whence, 
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bx-^y 7x~2y ^ 35x--28y 21a;-6y 
6 14 42 42 

35a;-28.v-(21a;-6y) f.. 

42 ^^^ 

^ 35a;~28.v~21 a;+6 y _ 14 a;-22.v __ 7 a; - 11 y 
^42 42 21 ' 

3. Simplify -— 

x^^-x x^—x 

We have, rc'+xs=a;(x+l), and a;^— a;=aj(a;— 1). 
Then, the L. C. D. is aj(a;+ l)(x-l), or x(x'--l). 
Multipl3dng the terms of the first fraction by x—l, and the terms of 
the second by a; +1, we have 

1 1 ^ a?-l a;-f 1 

x'+a; x^—x a:(a;* — 1) a;(a:* — 1) 

^ a;~l-(a;+l) ^ a;-l-a;-l ^ -2 
a;(x»-l) x(x'-l) x(x'-l)' 

By changing the sign of the numerator, at the same time changing the 
sign before the fraction (§ 116), we may write the answer — 



a;(x2-l) 

Or, by changing the sign of the numerator, and of the factor a;'— 1 of 

2 
the denominator (§ 117), we may write it 



a:(l-a;^) 



4. Simplify —— - — — - -— - — — + 



a^-3a+2 0^-4 a+3 a*-5a+6 

We have, a»-3 a+2 = (a-l)(a-2), 0^-4 a+3 = (a-l)(a-3), and 
a»-6a+6 = (a-2)(a-3). 
. Then, theL. C. D. is (a-l)(a-2)(o-3). 

Whence, -7--^ - -r— ^ + 



a'-3a+2 a'-4a+3 a*-5a+6 

0-3 2(0 -2) . o~l 

(a-l)(a-2)(a-3) (a-l)(a-2)(a-3) (a-l)(a-2)(a-3) 

_ a-3--2(a-2)-fa-l _ a-3-2o-f4+a-l 
(a-l)(a-2)(a-3) (a-l)(a-2)(a-3) 

=0. 



(a-l)(a-2)(a-3) 
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IDXEBCISE 61 

Simplify the following : 

2a?-f9 3a;-5 5fi-h2^ SR-hSt 

^* 8 12 ' . "** 6/JV 9/j^8 

^* 4aV Ta^c* 13 d» 26 c 

2a-3 6 3a~8 6 ^ 4a+3 6 c-f2 6 5a~c 

^* 10 15 ' * 2 afe 3 &c 4 ac ' 

2(6 714-5) 3(n+6) 4(5 n-4) 
11 22 44 ' 

o 2a+3« 3a+2< , 5 a-7 t 

o. — • 

14 21 28 

3a^--4 _ 4a»H-2 _ 6a^~2 

^* 10 a^ 5 a^ 25 a* ' 

5a:-4 3^+2 2z+5 
10. »2 • 

8a? 12y 6z 

5a?~7 9a;~8 12a:-ll . 2a?-f9 



II. 



5 15 20 10 



7^-4 3<-8 7^+7 , 6^-5 

12. ■ • 

4 5 8 10 

13. |(3a+4 6)-A(2a~5 6)-h^(a+2fe). 

3,2 ^ 5c , cH8c-9 

14. H • 20. ■ • 

3a:-l 2a; + l 5c-3 c2+4c-2 

1 2 ^^ _x X 2 a? - 6 

* m+3 m-5' ^' 2a:-3 2a;-f3 4a:*-9' 

^, 5 . m 3a;+2 9x^+4 

10. 1- • 22. • 

m-f5 m-3 3a;-2 9a;*-4 

^ a;-3 a;-4 6a-5 . 2a-l 

'7. 7 -• 33. -— — — -f 



a;-4 a?-5 a^-2a-}5 2a^-5a-25 

jg 3a? y ^ 6a^— 4 a a— 5 

* 3a?+y 3a?-y' ' aH27 6aH17a-3' 

,^4,5 ^ 5a?v + 7v^ o 

19. • 25. — 2_! — 2 — 2 V, 

4a-12 lOa+15 3a?-2y ^ 
Note : We may regard an integer as a fraction whose denominator is 1- 
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26. h4 —c --• 

3 c+1 

2 m— 1 ,4 3 m o 
27. 1 2. 

m— 1 m + 1 m^— 1 



28. 



3z + l 2z2-i0z + 12 



5z-7 10 2^-49 2+49 



3 < 15 , p, 

2Q. h5. 

t+l 3t^+t-2 

c+d , c^— d' c , d 

30. +TT— }-- + "' 

3.2,.. 1 

31. ; + — ,+5-f 



c— d c+d c+2d 

In certain cases, the principles of §§ 116 and 117 enable 
us to change the form of a fraction to one which is more con- 
venient for the purposes of addition or subtraction. 

32. : — • 

a-b b^-a^ 

Changing the signs of the terms in the second denominator, at the 
same time changing the sign before the fraction (§ 116) (see Exercise 

46), we have _3 26 + o 

a-b a^-b^' 
The L. C. D. is now a^-b\ 

rm^ _3 2 6+o ^ 3(a + 6)-(2 6+a) 

a-» a^-b^ a'-b^ 

Sa+3b-2b-a 2a+b 



33 



1 



(x-yXx-z) (y-x)(y-z) {z-x){z-y) 

By § 117, we change the sign of the factor y—xin the second denomi- 
nator, at the same time changing the sign before the fraction; and we 
change the signs of both factors of the third denominator. 

The expression then becomes 

1^1- 1 



{x-y){x-z) {x-y){y-z) (x-z)(y-z) 
The L. C. D. is now (x—y){x—z){y — z); then the result 
_ (y — ^) -^ (x— z) — (x—y) _ y — z-\-x — z—x+y 
{x-y){x-'Z){y-z) (x-y)(x-'Z){y-z) 
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^ 2y-2z ^ 2(.y~g) _ 2 

(x-y)(x-z)(y^z) {x-y){x-z)(y-z) {x-y){x-z) 

2 3_^ 3a;(a-6) a-2b a-b 

^^' 3a;-12 4-a?* ^^* x'-fe' x+b ^ b-x 

2a , 5 a b ¥- a^ 
35. • 40. . • 

a2-9 3-a A;-a k-b ¥-bk 

, 2 e+3 a , 3 e+4 a 2(a+0 , a+/ , t-a 
36. 1 ■ • 41. — ^ '--\ ] • 

2e— 3 a 4 a— 3 e t a—t t+a 

x-1 , 2-x 2w+7,3w-5 17w+2 
37. . 42. ■ — • 

a;2-8a; + 15 x-S 4-6w 9w+6 4-91*2 

o v—b v+b , 6^—4 a^ m— 2 3— m , m— 5 
38. 1 • 43. 1 • 

'j;— 2 a t;+2a 4 a*— t;' m— 3 4— m 6— m 

MXriiTIPIJCATION OF FRA-CTIONB 

ft c 

127. Bequired the product of - and - • 

a 

Le*t ^ . ^=x. (1) 

a 

(Multiplication may be indicated by either X or •.) 

Multiplying both members by b ' d (Ax. 7, § 4), 

? . £ . 6 . d=x • 6 • d, or /'^ • bV^ • d\=x • 6 • d; 

for the factors of a product may be written in any order. 

Now since the product of the quotient and the divisor gives the 
dividend (§ 60), we have 

- • 6=a, and - • d=c. 
b a 

Whence, (fl)(c) =x ' b • d. 

Dividing both members by 6 • d (Ax. 8, § 4), 

From (1) and (2), ^ • |=^. 

To multiply fractions, multiply the numerators together 
for the numerator of the product, and the denominators 
for its denominator. 

128. Since c may be regarded as a fraction having the 
denominator 1, we have, by § 127, 



f' y 
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a _a e _a6 

Dividing both numerator and denominator by c (§ 115), 

a a 

- • c= 



h b-i-c 

Then, to multiply a fraction by a rational and integral 
expression, if possible, divide the denoxiiinator of the 
fraction by the expression; otherwise, multiply the 
numerator by the expression. 

129. Common factors in the numerators and denominators 
should be cancelled before performing the multiplication. 

Mixed expressions should be expressed in a fractional form 
(§ 122) before applying the rules. 

X. Multiply 1^ by ^-^. 
^^ 9bx^ ^ 4: ay 

10 a*y 3 bV ^ 2 - 5 - 3 - a^b*xhi _ 5 b*x 
9bx^ * 4 aV 3^ • 2» • a^bxY 6 V ' 
The factors cancelled are 2, 3, a', 6, x', and y. 

2. Multiply together -^T^' 2-^, and ^. 



x^+2x . /q x-4\ . a;'-9 
;»+a;-6 V x-3/ a;2-4 






a;'+a;— 6 x— 3 a;*— 4 

i»rS){x-2) * jf-^ * (4H^)(»-^) a;-2* 
The factors cancelled are x+2, x-2, x+3, and x-3. 

3. Multiply 5!±^* by a-b. 

Dividing the denominator by a— 6, ^ — - • (a— 6) = ^ ■« 

4. Multiply by m+n. 

771— w 

Multiplying the numerator by m+n, -^^ • (m+n) = ^-t^^. 
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ICXEBCISE 52 

Simplify the following : 

^ Sam^ ^ ^ y_5 5. 14 6«c 5c»a 6a^b 

1. — ; — - X y on . • • • 

27 6 V 15 a« 12 6* 7 c* 

^ 21 a»62 ^ 4 c*^d« . 28 m^ 15 n* 5 a:« 

2, — - X —-• ©• 



(^-2). 



8cd« 35a»fe* 25n'^a;» 14 mV 21 mV 

5a\9b' 7c\ a'^ab , .^. 

3 a:* , 15 y^ ^ 28 z^ ^ 5c+a? 
10y«' 7z ' 9a?2* ' xH4x-12 

35a'6 ^ n^-6nd+9d^ ^ 
^' 4 71^-36^2 ■ 20a62 

a2-2a-35 4a»-9a 
10. • • 

2a'--3a2 a-7 

16g^-9y^ ^ 2 2Hll2yH-14y' 
S z^ +22 zy -21 y^' 4z^ + nzy+6y^* 

4fH4/ + l 3fc+5c+6<d+10d 
3^+5 ' 4<2 + 10/+4 

a»-8 6° ^ aH4a6-h4 6^ 
a2-4fe2 * 2aH4a2fe+8a62* 

'^- (' ^b j(a^-2a6+6^+7 

3 a?-4 y 9 a?^H- 24 ayyH-16 y^ g 
3a:+4y 3a;^— 4a;y 

iVofo; In problems similar to example 15, indicated multiplication 
or division must be performed before addition or subtraction is made. 
2 is to be added to the product of the fractions, not to the second 
fraction. 

For example, in 13 + 4X3 + 6-^2-4, 4X3 and 6-^2 must be per- 
formed before uniting the terms of the expression. 

^ 25m2-40m + 16 Sm^-I2m^ o . ^ 
16. • — :; 2 m+ 



II. 



12. 



13 



4m2-9 25m2-16 2m+3 
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DIVISION OF FBACTIONS 



130. Required the quotient of - divided by -• 

Let r-*-3=«- (1) 

Then since the dividend is the product of the divisor and quotient 
(§60), we have a_c ^ 

Multiplying both members by - (Ax. 7, § 4), 

c 

^X- = ^XxX- = a;. (2) 

oca c 

Prom (1) and (2). f^-^^^x^. (Ax. 4, § 4) 

a C 

Then, to divide one fraction by another, multiply the 
dividend by the divisor inverted. 

If the divisor is an integer, c may be regarded as a frac- 
tion having the denominator 1. 

Mixed expressions should be expressed in a fractional form 
(§ 122) before applying the rules. 

1. Divide - — r— by — — — -• 

5xY ^ 10a?y 

We have 6a^ . 9aV ^6a^b . 10xV _4y« 

2. Divide 2 - ^^ by 3 - ^ ^'" ^^ 






^ 2x+2-2a?-f3 . 3 a;^-3-3 g'4-13 
ir+l ' x^-l 

^ 5 . x^-\ ^ b{x+\){x-\) _x-\ 
x-fl * 10 2.5- (x+1) 2 






3. Divide -— by m — n. 



Dividing the numerator by m-n, ^'~^' -i- (m~n) = ^'"^f ^t"^' 
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4. Divide — by a +6. 

a— 

Multiplying the denominator by a+b, ^-i^ -s- (a+b) = ^-t^. 

a — b a^ — b^ 

If the numerator and denominator of the divisor are 
exactly contained in the numerator and denominator, re- 
spectively, of the dividend, it follows from § 127 that the 
numerator of the quotient may be obtained by dividing 
the numerator of the dividend by the numerator of the 
divisor; and the denominator of the quotient by dividing 
the denominator of the dividend by the denomihator of 
the divisor. 



5. Divide ^^l-\f by ^-^+^. 



We have, »£!ri^ ■^Zx+2y ^ix-2y , 

BXEJEtCIBE 53 

Simplify the following: 

4 2/^n 2m+3A: ^ ^ 

12 a%^ . 9 a'h^ P-t-U , f^-Sf + lO ; 

bbcH^ ' 22 c^d^ ' St 6t 

9a:2-16 ,^ .. , 2i^-^5v-12 4v'-10v-24: 

3a:+7 ^ ^ 3t;+2 9^2-4 

■p.. .J 2ac-2bc+Sad-3bd . aHSaft-Gft^ 
7. Divide , , . , ^ . ^, by 



8. 



4 c2+4 cd+(f2 -^ 4 c^-4:cd-S d^ 

aH27 . a^6-3a&4-96 _ 
a*+4 * a2+2a+2 
5 ^HS fw+3 w^ 3 ^2+7 ^1^4-4 t/2 

• . . m 



t^+u^ t-\-u 

10. 2 h3 • 

4a;+7 3a:-3 

11. Divide 2-^^^ by 3- ^^^^^ > 

V<+2 / V <+2 
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COMPLEX FBACTIONS 

131. A Complex Fraction is a fraction having one or more 
fractions in either or both of its terms. 

It is simply a case in division of fractions ; its numerator 
being the dividend, and its denominator the divisor. 

a 



z 



. Simplify 



° - " =ox-/-(8130)= <^ 



h— - ^^^^ bd—c 6d— c 

d d 

It is often advantageous to simplify a complex fraction by 
multiplying its numerator and denominator by the L. C. M. 
of their denominators (§ 115). 

a a 
2. bimplify — • 

CL 

+ 



a^b a+b 

The L. C. M. of a + b and a-b is (a + 6)(a-6). 
Multiplying both terms by (a +6) (a— 6), we have 

a a 



a-^b a+b 


a(a + b)—a(a — b)__ 


a^+ah- 


-a^+ab_ 2ab 


b . a 


bia + b)+a{a-b) 


ab + b^+a^-ab a*+6» 


a—b a+b 










EXERCISE 


54 




Simplify the 


following : 








J 3a 
76 

3. . 

49 5 




x^-y x+y 

5. ^ y 

x+y 1 x-y 
X y 


11 

r a 


ru 

T ■ 






2a 2+3c 
^ 3c 2o 


1 + i 

r u 





3c 2a 
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2a»-3a2 eH/» 

7. 12. -^ 



a- 7 e^'\-ef+f 



4mH8m+3 4t;^-23i;+6 g 

„ 2m2-5m+3 i;2^7i;+12 

8. • 13 



4m2-l 3 J 5v^-72 



6m^-9m v2^3i;-18 

1 . 2 



o. — . 14. • 

10. . 15. 



3c x__ (x+y+z){x—y^z) 

x+3'"a;-3 Qt + lOu 

2bc Sh^-Qhk-S5k^ 

"• g^+fc^-^c^ ' ' ' 5fe'-llfefe+2fc- ' 

2 aft 4h^-hk-Uk^ 



MIBCEIiIiANEOnS AND BEVIEW EXAMFLES 

EXEBCISE 55 

Simplify the following : 

3o— 26 , L\ , x + l x—1 



2. 



g2_4jj2 ^ ^^jj 



(2c-3d). 5. (x-\-^ 



8c»-27(f' ' V a /\a + 6, 

x^-2hx^-b^ ' x-b 



-(««■- 1) K^-"?) '• 



7- From 3o+-- take a — 



a—c 



b d 
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8. Find the sum of c — -— and 1 

8a a 

g. Find the sum of 3 a H and 2 a r- 

Simplify : 

10. a~fe— \ ' 12. a-\-b-\-^. — -^• 

a— o a+6 

, (a-by a:*-3a;»-8a;+24 

"• ^-^^^ W" ''• a:H3x3-8x-24- 

(aH-2c)^-(6-3)^ 
(2c+3)2-(a-6)2 

J_ J^ J 1_ 

3a: 2y 2a; Sy 
^^' 9a:2-4y2 + 4a;2~9y2' 

j^ x(a:Ha; + l)~2(a;Ha;H-l) 
x*+x^+l 

V a a-3j\a-2 a+3/ 



l+e'+ ^' 



1-^ 
i8. — 



a a 



19, 



1 — e' a;^ (a;— a)' 

20. 1- i i-< 

a:^— a^ a:' x—a 



x^-a^+c^ 



1 1 _L 1 



x—l x—2 x—S a:— 4 

(Combine the first two fractions, then the last two, and add the results.) 

3,3 5n^ 5n^ 

22. + 



2n + l 2n-l 8n»+l Sn^-l 

g 1 3 aH2a 

^^* a4-3 a-3 o^-9 a^+O ' 

(First add the first two fractions, to the result add the third fraction 
and to this result add the last fraction.) 
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3a , 3a , Ga^ , 12a* 



a+fe a-6 a2+62 a*+6* 
1 1,1 



a;2+2a?-3 x^+x-6 a;2-3a:+2 
^ a:-2 a:+3 , 4x-l 

20. ;; 1- 



2x^-13x-4t5 2x^+29x+m a;'+3a;-108 

27. Translate into English : 

4a— 6 - ^^ 3a+6 

\S ,^^X^r.<\. 2a+6 c 

^ -' 28. Translate into English: 



H^r^'X^'-'-^} 



29. Translate into English : 

3m--l . o 4m— 1 
4-1-2 • 

2a-l 3a-l 

30. Translate into English : 

V2a-1 ; V 3a-iy 

31. State algebraically : The sum of 3 a and b divided by 
the difference between 3 a and b : Multiply this quotient by 
the fraction whose numerator is the difference between 9 a' 
and 6' and whose denominator is the sum of 9 a' and b\ 
Reduce your statement. 

X. FRACTIONAL EQUATIONS. RATIO AND PROPORTION 
SOIiUnON' OF FBACTIONAIi EQUATIONS 

132. If a fraction whose numerator is a polynomial is pre- 
ceded by a — sign, it i^ convenient, on clearing of fractions, 
to write the numerator in parenthesis, as shown in Ex. 1. 

If this is not done, care must be taken to change the sign of 
each term of the numerator when the denominator is removed. 
This is readily understood if one remembers that the line 
between the numerator and denominator acts as a vinculum. 
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1. Dolve the equation =4+ — -— — • 

^ 4 5 10 

The L. C. M. of 4, 5, and 10 is 20. 
Multiplying each term by 20, we have 

15 1-5-{16 <-20)=80 + 14 1+10. 
Whence, 15 i-5-16<+20— 80+14 <+10. 

Transposing, 15 ^-16 t-U ^=80 + 10 + 5-20. 

Uniting terms, — 15 < *= 76. 

Dividing by — 15, <=— 5. 

Verify the result. 

2. Solve the equation — =0. 

^ x-2 x+2 x^-4: 

The L. C. M. of x-2, x+2, and a;»-4 is a;»-4. 
Multiplying each term by a;'~4, we have 

2(x+2)-5(a;-2)-2=0. 
Or, 2a:+4-6a;+10-2=0. 

Transposing, and uniting terms, — 3 aj= — 12, and x=4. 
Verify the result. 

If the denominators are partly monomial and partly poly- 
nomial, it is often advantageous to clear of fractions at first 
partially; jnijltiplying each term of the equation by the 
L. C. M. of fttfe monomial denominators. 

c 1 4.1, 4.. 6 5+1 2s- 4: 2s-l 

3. oolve the equation = • 

15 7 5—16 5 
Multiplying each term by 15, the L. C. M. of 15 and 5, 

6^ + 1- 30^-60 ^^^,3 
7s-16 

Transposing, and uniting terms, 4 = — ^""^ ' 

7s~16 

Clearing of fractions, 28 « - 64 = 30 « - 60. 

Then, -2 s=4, and s= -2. 

Verify the result. 

EXERCISE 56 

Solve the following equations, verifying each result : 

1 2 ^13 2 
3 5 X 15 3 a? 



} 
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1^ 2 
2. -H- 



X Sx 5x 15 X 30 

4 1 6 2^^187^ 

^' X 4 X 7 a? 3 X " 168* 
5a: + 15 4x 



4* 3 a:— 



6 



. 5, iliJl_o/. 1 
^•3' 5 ^' + I5- 

^ 41;, 21;— 7 ,1 7 v 

o. -\ = — • 

6 4 12 15 

„ D 4iJ+7 , 5R+9 3 
7.ii--3- + -g- — -. 

o 3m-l 5m+l , 9 8m-5 ^ 

o. — 1 ^ U. 

4 m 8 m 40 5 m 

5 1 5(ll-3^) _ 7-9^ 5_^ 

^'w21 6w 2t^ 7ti 

xo 5(^-1) 2(a:+2) _^ 5 a:- 15 , 

6 3 4 
XI 6£+i^.3^:zJ+ 1^5(2+8; 

8 2 9 

2t;+l 6'y-4 4v-5 

12. ■ = 

7 9t;+l 14 
8a? + 15 lla; + 15 13 a:+29 _ 14a?+66 

3 5 10 15 ' 

2^-1-9 <-ll 3x-l a?+l 



13. 



4/+1 2^-15 18a?-19 6ar-7 

16. -^-?i = l. (See §103.) 
a:— 2 a; 

^+5 ^-3 3 5-R S-R 

x—1 x—2 x—S x—4 
19. = 

a:— 2 a:— 3 a:— 4 a;— 5 

(Reduce each fraction to a mixed number, then see example 21, Exer- 
cise 55.) 
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2x , 2a:+l 3a;+2 

20. -H =-— 

x-\-\ X x^+x 

21. What number added to twice its reciprocal gives 3? 

22. The sum of |^ of a certain number and ^ of its square 
is J. Find the number. 

23. Make two problems similar to 21 and 22. 

133. Solution of Special Forms of Fractional Equations. 

2 ic— 1 X ''~ X 

1. Solve the equation + —z — - =2. 

We divide each numerator by its corresponding denominator ; then 

l+--^ + l-4±i=2,or -2 4±i=0. 

2x-S x^+4: ' 2x-3 x^+4: 

aearing of fractions, 2 ir»+8- (2 x'+5 a;~12) =0. 

Then, 2 a:' + 8-2 x*-5 x + 12=0; whence, x=4. 

We reject a root which does not satisfy the given equa- 
tion. 

2. Solve the equation 1 = — — -• 

^ x-S x-2 x^-5x+6 

Multiplying both members by (a: — 3)(x— 2), or x* — 5 x+6, 

a;-2 + a;-3=3a;~7. 
Transposing, and uniting terms, — a:= — 2, or x=2. 

If we substitute 2 for x, the fraction becomes - • 

x-2 

Since division by is impossible, the solution x=2 does not satisfy 

the given equation, and we reject it ; the equation has no solution. 

3. Solve the equation 1 = 1 • 

^ a:+10 x+6 x+S x+9 

Adding the fractions in each member, we have 

7x+5S ^ 7a;-f58 
(a;+10)(a;-f6) (x-{-S){x+9)' 
Clearing of fractions, and transposing all terms to the first member, 
(7x+58)(a:+8)(a:+9)-(7a;+58)(a;+10)(a:+6)=0. (1) 

Factoring, (7x + 58)[(a; + 8)(a;+9)-(x+10>(x + 6)]=0. 

Expanding, (7x+58)(a;2+17x + 72-x'~16a:-60)=0. 
Or, (7a;+58)(a:+12)=0. 

This equation may be solved by the method of § 103. 

Placing 7 x+58==0, we have x = - y • 

Placing a; -f 12 =0, we have x = — 12. 
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134. If we should solve equation (1), in Ex. 3 of § 133, by 
dividing both members by 7 a; + 58, we should have 

Then, a;H17a:+72-a;2-16a;-60=0, ora:=-12. 

In this way J the solution x=—^ is lost. 

It follows from this that it is never allowable to divide 
both members of an equation by any expression which 
involves the unknown numbers, unless the expression 
be retained as a factor as in § 103 and the root pre- 
served, for in this way solutions are lost. 

EXHIBGI8B 57 

Solve the following equations : 

4a: + ll 1 1 



I. 



x^'{-x-20 x+5 x-4: 



^ a?+3 , a:+4 , a:+2 „ 

2. *«=0. 

X+2 X + S X + 4: 



x+9 x+4: x+3 a?+18 

^' x+7 x^-\-Sx+7 

^ x^-2x-\-b a;H3a;--7 ^o 
' a?2-2a:-3 x^+^x + \ 

SOLUTION OP UTEBAIi IiINEAB EQUATIONS 

135. A Literal Equation is one in which some or all of 
the known numbers are represented by letters ; as, 

2a:+o=feH10. 

X x+2h o'+5^ 



Ex. Solve the equation 



x—a x+a x^—a? 
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MultiplyiDg each term by x^ — a^, 

x(x+a)-(x+2b)(x-a)=a^ + b\ 
or, x^-^ax—{x^+2bx—CLX—2ab)=a''+b^f 

or, x^+ax—x^—2bx-\-ax+2ab=a^ + b*f 

or, 2ax-2 bx=a^-2 db+b^. 

Factoring both members, 2 x{a — 6) = (a — 6) \ 

Dividing by 2(a-6), a,=k:z6)i=«^. 

In solving fractional literal equations, we must reject any solution 
which does not satisfy the given equation. Compare Ex. 2, § 133. 

SXSBCISE 58 

z. Find the coefficient of a; in 

2. Find the coefficient of i^ in 

a(/-fe)(/-fe)-6(f-a)(/-a)-3a<(2o+0- 

3. h ■ =3. bolve for x, 

2a:4-a 4 a: 

4. — : +7- H — =a+b+c. Solve for v. 
ah be ca 

c^ 0^ cbt 

6. 2m±3j6_4a+5|^0 Solve form. 

y tt(a+46)-6' _^«::6^«+a. Solve for «. 
a^—b^ a+b a—b 

g o^^fe-c^c-a^Q Solve fori. 
t—c t—a t 



5 2 3d 



2s+bd 3 5-4d 6 5H7cfo-20d2 

10. = ; — • bolve for w. 

w—a w—b b^—bw 

IX. <^::«)+K£i:^=a+6. Solve for a.. 
x—b x—a 



Solve for s. 
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12. 1 == -• bolve for n. 



13. 



14. 



v+2n 3n—v v^—nv—6n^ 

Sx 5aX'-2b _ a+Sbx ax+2a^—4b 
"2" 4 a "86 16 aft 

2R±Sa^Sa±ib Solve for B. 
2R-3a 3a-4fe 



^ ax—b , bx+a o . <**"& c 1 r 
15. — ^ 1 — = 2-\ — -— • Solve for a?. 

bx ax abx 

BJLTIO AND FBOFOBTION 
RATIO 

136. The Ratio of one whole or fractional number^ a, to 
another^ b, i« the quotient of a divided by b. Thus, the 

ratio of a to 6 is - ; it is also expressed a : b. We make no 

b 

attempt to define ratio. When applied to whole or frac- 
tional numbers, ratio is only another name for quotient or 

fraction. When the fraction - is called a ratio, its numer- 

b 

ator a is called the antecedent or frst term^ and its denom- 
inator b is called the consequent or second term. 

The ratios here spoken of are but fractions under another 
name, and have all the properties of fractions. 

If a and h are positive numbers, and a>6, - is called a ratio of 

b 

greater inequality ; if a <6, it is called a ratio of less inequality. 

(The signs > and < are read '*is greater than " and "is 
less than" respectively.) 

PROPORTION 

137. A Proportion is an equation whose members are 
equal ratios. 

Thus, if ^ and 3 are equal ratios, 
a 

a : 6=c :d,OT - = ^, 
b d 

is a proportion. (See example 14, Exercise 58.) 
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138. In the above proportion, a is called the Jlrst temiy 
b the second^ c the thirds and d the Jburth, 

The first and third terms of a proportion are called the ante- 
cedents^ and the second and fourth terms the consequents. 

The first and fourth terms are called the extremes^ and 
the second and third terms the means. 

139. If the means of a proportion are equal, either mean 
is called the Mean Proportional between the first and last 
terms, and the last term is called the Third Proportional to 
the first and second terms. 

Thus, in the proportion 7 = - » 6 is the mean proportional between a 

be • 

and c, and c is the third proportional to a and h. 

The Fourth Proportional to three numbers is the fourth 
term of a proportion whose first three terms are the three 
numbers taken in their order. 

Thus, in the proportion t =;; ' d is the fourth proportional to a, 6, and c. 

140. A Continued Proportion is a series of equal ratios, 
in which each consequent is the same as the next antecedent ; 

^ a:b=:h :c=c:d=d:e 

-=-=- = -. 
b c d e 

The definitions and explanations in §§ 138 and 139 refer to propor- 
tions written in the form ^ . ^_^ . ^ 

Because of greater facility in operation, however, we shall use the 

form 

a c 

b~d 
IMPOBTANT PROPEBTEBS OP PROPORTIONS 

141 . In any proportion, the product of the extremes is 
equal to the product of the means. 

Let the proportion be r = j ' 

b d 

Clearing of fractions, ad=bc. 
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142. (Converse of § 141.) If the product of two num- 
bers be equal to the product of two others, one pair may 
be made the extremes, and the other pair the means, of 
a proportion. 

Let ad=bc. 

Dividing by hd, 13 = ^' ^^ f = 4- 

143. In any proportion, the terms are in proportion by 
Alternation ; that is, the means can be interchanged. 

In § 142, had we divided by cd, the proportion would have been 

c~~d' 
In like manner, the extremes can be interchanged. 

144. In any proportion, the terms are in proportion 
by Inversion;, that is, the second term is to the first as 
the fourth term is to the third. 

It follows from f 144 that, in any proportion, the means can be written 

as the extremes, and the extremes as the means. 

145. In any proportion, the terms are in proportion 
by Composition ; that is, the sum of the first two terms is 
to the first term as the sum of the last two terms is to 
the third term. 

Let the proportion be ? = - • Then ^^ = ^±^, 

h d a c 

also, «±& = ^±^. 

h d 

146. In any proportion, the terms axe in proportion by 
Division ; that is, the difference between the first two 
terms is to the first term as the difference between the 
last two terms is to the third term. 

Let the proportion be ^=3. Then ^^ = ^^, 

d a c 

also, «z:^ = £zi^. 

"^' b d 

147. In any proportion, the terms are in proportion 
by Composition and Division ; that is, the sum of the first 
two terms is to their difference as the sum of the last 
two terms is to their difference. 

Let the proportion be ?=-• Then 9±k^£±i 

b d a—b c—d 
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148. In any number of proportions, the products of 
the corresponding terms are in proportion. 

Let the proportions be 7=3' *^d i ~ ? * 

ha J "> 

^°' frl- 

149. In a series of equal ratios, any antecedent is to 
its consequent as the sum of all the antecedents is to 
the sum of all the consequents. 

Let, a:b=c:d=e:f. 

a a+c+e 



Then, 



h b + d-hf 



The following problems lead both to integral and fractional equa- 
tions. Always verify resvMs. In verifying results obtained from written 
problems it is sufficient to ascertain if results satisfy the conditions 
stated in the problem. 

1. 771 is a mean proportional between 2 and 8 ; find m. 

2. a; is a positive integer. If x be added to both terms of 
the ratio |, what is the effect on the ratio ? If |^ were the 
ratio would the effect be the same ? 

3. In any proportion if the first antecedent and its conse- 
quent be multiplied by w, is the proportion changed? Why? 

4. (2 is a fourth proportional to 3, 4, and 12 ; find J. 

5. A can do in 8 days a piece of work which B can per- 
form in 10 days. In how many days can it be done by both 

working together ? 
Let X = the number of days required. 

Then, - = the part both can do in one day. 

X 

Also, - = the part A can do in one day, 

o 

and — - = the part B can do in one day. 

10 

By the conditions, - H = - • 

^ 8 10 a; 

Clearing of fractions, 6a: + 4x = 40, or9x=40. 

Whence, x = 4 J, the number of days required. 
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6. A piece of work can be done by A in 7 hours, and by 
fi in 6 hours ; in how many hours can the work be done by 
both working together ? 

7. The numerator of a certain fraction is 4 greater than 
the denominator. If 5 be added to both numerator and de- 
nominator, the result is f . Find the fraction. 

(Hint: Let d = the denominator.) 

8. Given two numbers, 5 and 2. What number must you 
add to each so that the first sum may be ^ of the second 
sum? 

9. A's age is 4 years more than | of B's, and the sum of 
their ages is 44. Find the age of each. 

Write in the form of proportion : 

10. a;^+3a;+2=a^— a— 12. 

11. x^-'6x+9=q^-9, 

12. 4cH12c+9=d2_4d+4 

13. x(x+S)==y(y-7). 

14. x(y-3)=y(x-3). 

15. Solve, using composition and division : 

2t-l _a-b 
21 + 1" a+b 

16. Use composition and division, then solve : 

2a;+3 x+2 
2a;~4~a;-2 

17. Write this proportion as a simple equation: 

x-4 ^ a+2 
y+2'~a~4* 

18. The first digit of a number exceeds the second by 3; 

and if the number, increased by 4, be divided by the sum 

of its digits, the quotient is 8. Find the number. 

(Let X = the second digit, the number itself is ten times the first 
digit, plus the second digit.) 

19. A piece of work can be done by A and B working to- 
gether in 10 days. After working together 7 days, A leaves, 
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and B finishes the work in 9 days. How long would A alone 

have taken to do the work?. 

x—1 2 

20. Solve this proportion : =-* 

X~T 1 «5 

21. Simplify, using composition and division: 

g— 1 _ c— 1 
a + l^c+r 

22. — \ -^ = -. Solve for t 

t-{a+b) b 

23. The volumes of two spheres are proportional to the 
cubes of their like dimensions. If a sphere 6 inches in 
diameter weighs 351 ounces, what is the weight of a sphere 
of the same material whose diameter is 10 inches ? 

24. In similar figures in geometry, like lines are propor- 
tional. The sums of the sides of two similar ^^'^ 
polygons are 119 and 68 respectively. If a ^^.--""N^ \_«_j 
side of the first polygon is 21, what is the 
corresponding side of the second ? 

25. A garrison of 700 men has provisions for 11 days. 
After 3 days a certain number^ of men leave, and the provi- ^ 
sions last 10 days after this time. How many men leave ? 

26. The digits of a certain number are three consecutive 
numbers, of which the middle digit is the least, and the last 
digit is the greatest. If the number be divided by the .sum 
of the digits the quotient is 36. What is the number ? 

27. If 6 is a mean proportional between a and c, show that 

28. The angles of a triangle ABC are in proportion to 1, 
2, 3. The sum of the angles of a triangle is 180*^. How 
many degrees in each angle? See note, Ex. 31. 

29. How many degrees in each angle of the triangle ABC, 
if angle B is twice angle A, and angle C is 20° more than B? 
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30. B can do a piece of work in | as many days as A, and 
C can do it in ^ as many days as B ; together they can do the 
work in S^ days. In how many days can each alone do the 
work? 

31. Two persons, A and B, 63 miles apart, start at the 
same time and travel toward each other. A travels at the 
rate of 4 miles an hour, and B at the rate of 3 miles an hour. 
How far will each have travelled when they meet ? 

It is often advantageous to represent the unknown number by some 
multiple of a letter. 

Then let 4 a; ^^^the number of miles that A travels, 

and 3 x =the number of miles that B travels. 

32. A man started from his home to catch a train at the 
rate of one yard in a second, and arrived 2 minutes late. If 
he had walked at the rate of 4 yards in 3 seconds, he would 
have been 3| minutes too early. Find the distance to the 
station. 

33. From a point O are drawn four lines forming the 
angles Ay B, (7, and D. The sum of these ^ 
angles is 360^, and they are in the propor- 
tion of 2, 3, 4, and 6. Find each angle. 

34. Find the mean proportional between 

a:2-aj-12 , a;2-9a;+20 
and — • 

x—5 x+3 

35. Use § 147, then solve for m: 

3m--8 ^ 2m-6 

3m+5 2m+7' 

36. The numerator of a fraction exceeds the denominator 
by 5. If the numerator be decreased by 9, and. the denomi- 
nator increased by 6, the sum of the resulting fraction and 
the given fraction is 2. Find the fraction. 

37. The areas of two similar pentagons (figures having 
five sides) are proportional to the squares of any two oor- 




\ 
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responding sides. The area of-.^e^st pentagon is 240, and 
the side a is 10 ; the area of the second pen- ^^ 
tagon is 60. Find the side/. 




38. The width of a field is ^ its length. ^ 
If the width were increased by 5 feet, and — j" 
the length by 10 feet, the area would be increased by 400 
square feet. Find the dimensions. 

39. A rectangle, GHEF^ whose base, OFj is 6, is inscribed 
in an isosceles triangle, ABC, whose altitude, a 
AD, is 14, and whose base, BC, is 10. Knowing 

from geometry that ■=--= r--, BD^DC^ and that 
^ ^ DC FC H 




GD=DF,&ndEF, 

40. .2a? + .001-.03a? = .113a?-.0161. b g d f c 
Transposing, .2 x - .03 x - .113 a: = - .0161- .001. 

Uniting terms, .057 x = ~ .0171 . 

Dividing by .067, x = - .3. 

41. 7.98 a; -3.75 = .23 a:-!-. 125. 

42. 3 f + .052-^7.8 ^ = .04-5.82 ^-.0696. 

43. .05i;-1.82-.7v = .008t;-.504. 

44. .73Z)+8.86 = .6(2.3Z)-.4). 

45. .07(8 5-5.7) = .8(5 5 + .86) + 1.321. 

♦46. The density of a substance is defined as the number 
of grams in one cubic centimeter. Hence the total number 
of grams, J/, in any body is equal to its density, D, multi- 
plied by its volume, V; or, to state this relation algebraically, 

J/=Z)F, 

V being given in cubic centimeters, and D in grams. 

Two blocks, one of iron and one of copper, weigh the same 
number of grams ; the iron has a volume of 10 cubic centi- 
* Note : The metric tables will be found on page 228. 
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meters and a density of 7.4 ; the copper has a density of 8.9. 
Find the volume of the copper block. 

47. When 100 grams of alcohol, of density .8, is poured 
into a cylindrical vessel, it is found to fill it to a depth of 
10 centimeters. Find the area of the base of the cylinder in 
square centimeters. 

48. A cylindrical iron bar, 2 centimeters in diameter, has 
a mass of 3 kilograms. Find the length of the bar. 

Let ir=3f 

49. When a body is weighed under water, it is found to 
be buoyed up by a force equal to the weight of the water 
which it displaces. 

If a boy can exert a lifting force of 120 pounds, how 
heavy a stone can he lift to the surface of a pond, if the 
density of stone is 2.5 and that of water 1 ? 

50. When a straight bar is sup- 
ported at some point, 0, and masses 
m^, 77I2, etc., are hung from the bar 



d 



n m* wift 



as indicated in the figure, it is a r^ 
found that when the bar is in ^« 
equilibrium, the following relation Fig. 1. 

always holds, 

mi • ao +77I2 'bo=ms'CO +m^ • do H-m^ • eo. 

If a teeter board is 10 feet long, where must the support 
be placed in order that a 70-pound boy at one end may bal- 
ance a 60-pound boy on the other end plus a 40-pound boy 
3 feet from the other end ? 

51. A bar 40 inches long is in equilibrium when weights 
of 6 pounds and 9 pounds hang from its two ends. Find the 
position of the support. 

52. If in Fig. 1, ao= 100, 6o=40, co=30, (fo=60, «o=110, 
and if mi=40, m2=60, m8=60, 7714= 15, and m5==5, where 
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must a mass of 100 be placed in order to produce equilib- 
rium? 

53. A gas expands ^^ of its volume at 0° centigrade for 
each degree of rise in its temperature ; i. e,^ the volume FJ, at 
any temperature, <, is connected with the volume 1^, at the 
temperature 0° centigrade by the equlation 

or V, = Vo(l+^-^t). 

To what volume will 100 cubic centimeters of air at 0° ex- 
pand when the temperature rises to 50° centigrade ? 

54. To what volume will 100 cubic centimeters of air at 
50° centigrade contract when the temperature falls to 0° 
centigrade? 

55. To what volume will 100 cubic centimeters of air at 
50° expand when the temperature changes to 75° ? 

56. When a body in motion collides with a body at rest, 
the momentum of the first body (i. e., the product of its 
mass, wii, by its original velocity, v{) is found to be in every 
case exactly equal to the total momentum of the two bodies 
after collision (i. e., to the product of the mass, ttij? of the 
second body times the velocity, -Vg, which it acquires, plus 
the product of mj by the velocity, Vg, which it retains after 
the collision). The algebraic statement of this relation is 

A billiard ball, the mass of which is 50 grams, and which 
was moving at a velocity of 1500 centimeters a second, col- 
lided with another ball at rest which weighed 30 grams. In 
the collision the first ball imparted to the second a velocity 
of 1600 centimeters per second. Find the velocity of the 
first ball after the collision. 
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FBOBIjEMS INVOIiYING LITEBAL EQUATIONS 

150. Prob, Divide a into two parts such that m times the 

first shall exceed n times the second by 6. 

Let a;=one part. 

Then, a— a; = the other part. 

By the conditions, mx — n{a—x) + h. 

mx=an—nx+bt 
mx+nx=an+h, 
x{m+n)=an+b. 

Whence, x = ^^^^ , the firat part. (1) 

A.^A « «.— ^ qn±h_am+an--an—b 
Ana, a—x=a = 

Tn-\-n wi+n 

= ^^^^ , the other part. (2) 

The results can be used as formulae for solving any problem of the above 
form. 

Thus, let it be required to divide 25 into two parts such that 4 times 
the first shall exceed 3 times the second by 37. 

Here, a=25, m=4, n=3, and 6=37. 

Substituting these values in (1) and (2), 

the tot part =25X|±37^Z5±37 = 112=.i6, 

and the second part = ?5Xi^ = IQO^ = f =9. 

7 7 7 

EXEBCISE 60 

1. Divide a into two parts whose quotient shall be m. 

2. If A can do a piece of work in m hours, and A and B 
together in n hours, in how many hours can B alone do the 
work ? 

3. Divide a into- two parts such that the sum of one-mth 
the first and one-nth the second shall equal b. 

4. A courier who travels a miles a day is followed by 
another who travels b miles a day. How many days must 
the second start after the first to overtake him after c days ? 

5. Divide a into three parts such that the first shall be 
one-mth the second and one-nth the third. 
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6. The length of a field is m times its width. If the 
length were increased by a feet, and the width by h feet, the 
area would be increased by c square feet. Find the dimen- 
sions of the field. 

7. A courier who travels a miles a day is followed after h 
days by another. How many miles a day must the second 
courier travel to overtake the first after c days ? 

8. If A can do a piece of work in a hours, B in 6 hours, 
C in c hours, and T> in d hours, how many hours will it take 
to do the work if all work together ? 

XI. SIMULTANEOUS LINEAR EQUATIONS 
CONTAINING TWO OB MOBE UNKNOWN NUMBBB8 

151. An equation containing two or more unknown num- 
bers is satisfied by an unlimited number of sets of values of 
these numbers. 

Consider, for example, the equation a: +2/ = 5. 
Putting x = \, we have l+2/=5, or 2/=4. 
Putting a;=2, we have 2 + i/=5, or 2/==3; etc. 
Thus the equation is satisfied by the sets of values 

a; = l, 2/=4, 
and x=2, y=3; etc. 

An algebraic equation which is satisfied by an unlimited 
number of such sets of values, is called an Indeterminate 
Equation. 

If we agree, as in example 28, Exercise. 41, that distances 
measured toward the right from a definite line and upward 
from another definite line shall be positive and that measure- 
ments in the opposite directions be negative, and also that 
the vertical measurements shall be y measurements and the 
horizontal distances x measurements^ a definite picture of 
the equation a: +^ = 5 may be drawn. On square ruled paper, 
choose a horizontal and a vertical line, X'X and Y'Y ; these 
lines are called the x-axis and y-axis respectively. 
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When a; = 1 , 2/ = 4, laying off 
OM = 1, and MPi=4, we lo- 
cate the point Pj . i and 4 are 
called the coordinates of the 
point Pj. MP I is the ordinate 
and OAf. the abscissa of the 
point Pi- is the ongfin. Tak- 
ing other pairs of values of x 
and y which satisfy a: + 2/ =5, 
we may locate the points P2, 
P3, etc., obtained from x=2, 
y=3; a;=3, 2/=2; a;=4, y = l ; 
x = 5,2/=0; a: = 6,2/= — l;etc. 
Connect these points. 

The line thus drawn is called the graph of the given 
equation. The graph of an equation of the first degree in 
X and y (§ 75), is a straight line. Therefore the equation is 
called linear. 

Coordinates are often written thus, (x, y), the x coordi- 
nate being written first. 

EXEBCISE 61 

1. Locate the points (2, 5) ; (3,-2); ( — 3, 2) ; 
(-5, -1); (2, 7); (-9, 4). 

2. Construct the graph of: x—y=5. 

3. Construct the graph of : 2a;+y=8. 

152. Consider the equations 

x+ y= 5, (1) 

2a;+2y=10. (2) 

Equation (1) can be made to take the form of (2) by 

multiplying both members by 2; then, every set of values of 

X and y which satisfies one of the equations also satisfies the 

other. Such equations are called Equivalent. 

Again, consider the equations 

{x+y^5, (3) 

U-2/=3. (4) 



{ 



BSuBBHa ■■■■■■■ ■ 
■■■■■■■B ■ ■■■■■ ■ 
■SBiBBBB ■■■■■■■ ■ 
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Graphs of equations in § livs 




Graphs of equations in § I6-4 
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oi 
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In this case, it is not true that every set of values of x and 
y which satisfies one of the equations also satisfies the other ; 
thus, equation (3) is satisfied by the set of values a;=3, ^=2, 
which does not satisfy (4). 

If two equations, containing two or more unknown num- 
bers, are not equivalent, they are called Independent. 

153. Consider the equations 

a:+y=5, (A) 

x+y=3. (B) 

It is evidently impossible to find a set of values of x and y 
which shall satisfy both (A) and (B). Such equations are 
called Inconsistent. 

154. A system of equations is called Simultaneous when 
each contains two or more unknown numbers, and every 
equation of the system is satisfied by the same set, or sets, 
of values of the unknown numbers ; thus, each equation of 
the system ra;+i/=5, (1) 

U«y=3, (2) 

is satisfied by the set of values 2;=4, y=l. * 

In § 151, we found that one equation containing two unknown quan- 
tities was indeterminate. Notice that the graphs, Plate I, of x-hy=6(l) 
and x—y=3 (2) do not have the same direction. If constructed on 
the same diagram these lines will cross at some point. Construct the 
graphs on the same diagram, i. e., use the same axes for both equations, 
and you will find that the coordinates of the crossing point are the same 
as the X and y of the set of values in § 154, i. c, a: =4, 2/ = l. The 
coordinates of every point on the graph of equation (1) satisfy equa- 
tion (1), also the coordinates of every point on the graph of equation (2) 
satisfy equation (2), but only at this point (4, 1) do the same coordinates 
satisfy both equations, hence the name simultaneous equations. In 
solving simultaneous equations we are simply finding the point where 
the graphs intersect. The finding of this point by means of graphs is 
somewhat slow and inaccurate, but algebra offers several methods by 
which the point may be readily found. 

A Solution of a system of simultaneous equations is a set 
of values of the unknown numbers which satisfies every equa- 
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tion of the system ; to solve a system of simultaneous equa- 
tions is to find its solutions. 

155. Two independent simultaneous equations of the form 
ax+by==c may be solved by combining them in such a way 
as to form a single equation containing but one unknown 
number. This operation is called Elimination. 

TTTiTMTNATION BY ADDITION OB SUBTBACTION 



(5 



5x-3y=19. (1) 

ir+4y= 2. (2) 

Multiplying (1 ) by 4, 20 a; - 12 y = 76. (3) 

Multiplying (2) by 3, 21a;+12y= 6. (4) 

Adding (3) and (4), 41 a;=82. (6) 

Whence, x=2. (6) 

Substituting a: =2 in (1), 10-3 y=19. (7) 

Whence, -3 y =9, or y = -3. (8) 

Check this solution by substituting a;=2, y«-3in the given equa- 
tions. 

The above is an example of elimination by addition. 

We speak of adding a system of equations when we mean placing the 
suln of the first members equal to the sum of the second members. 

Abbreviations of this kind are frequent in Algebra; thus we speak of 
multiplying an equation when we mean multipl3dng each term of both 
of its members. 

15ar+8y = L (1) 

10a;-7y=~24. (2) 

Multiplying (1) by 2, 30 a;+ 16 y = 2. (3) 

Multiplying (2) by 3, 30a?-21y=- 72. (4) 

Subtracting (4) from (3), 37 y= 74, and y =2. 

Substituting y =2 in (1), 15a;+16=l. 

Whence, 15a;=— 15, and a;=— 1. 

The above is an example of elimination by subtraction. 
From the above examples, we have the following rule : 
If necessary, multiply the given equations by such 
numbers as will make the coefficients of one of the un- 
known numbers in the resulting equations of equal ab- 
solute value. 



2. Solve the equations j 
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Add or subtract the resultingr equations acoording as 
the coefficients of equal absolute value are of unlike or 
like sign. 

If the coefficients which are to be made of equal absolute value are 
prime to each other, each may be used as the multiplier for the other 
equation; but if they are not prime to each other, such multipliers 
should be used as will produce their lowest common multiple. 

Thus, in Ex. 1, to make the coefficients of y of equal absolute value, 
we multiply (1) by 4 and (2) by 3 ; but in Ex. 2, to make the coefficients 
of X of equal absolute value, since the L. C. M. of 10 and 15 is 30, we 
multiply (1) by 2 and (2) by 3. 

SXBBCISE 62 

Solve by the method of addition or subtraction ; verify 
each result : 

r6a;H-5y=28. rila;-15y = - 7. 

'' [^x-\- y = 14. ^[ 5y+ 9a;=-23. 

r a;-5y=--21. (3u-2v=S, 

^' t3a:-8y=-35. ^* [4u+Sv=5. ' 

^' 1 7 t+i w=23. ' 1 12 m-9 A;=8. 

EUMINATION BT STTBSTITnTION 

157. Ex, Solve the equations ] y* • w 

^ l8y--5a; = -17. (2) 

Transposing — 5 a; in (2), 8 y=5 x— 17. 

Whence, y^Sx^, ^3^ 

o 

Substituting in (1), 7 x-9 / ^ x- 17 \ ^ j^ ^^^ 

Clearing of fractions, 56x— 9(5x— 17) = 120. 

Or, 56 x-45:fe+ 153 = 120. 

Uniting terms, 1 1 x = — 33. 

Whence, x=-3. (5) 

Substituting x = - 3 in (3) , y= ~^^~^'^ = - 4. (6) 

Verify the result. 

From the above example, we have the following rule : 
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From one of the griven equations find the value of one 
of the unknown numbers in terms of the other, and sub- 
stitute this value in plaoe of that number in the other 
equation. 

eijIMINATion bt comparison 

iro E. c I .u ^ (2x-5y = -16. (1) 

158. Ex, Solve the equations i 

^ l3a?+7y=5. (2) 

Transposing — 5 y in (1), 2 a; =5 y— 16. 

Whence, 3.^ 5y-16 , (gj 

Transposing 7 y in (2) , Zx=5—7y, 

Whence, • a;=5^=^. (4) 

o 

Equating values of x, 5y--W ^ 5^^ , ^^^ 

Clearing of fractions, 15 y — 48 = 10 — 14 y. 

Transposing, 29 y=58. 

Whence,. y=2. (6) 

Substituting y = 2 in (3) , x= ^^"^^ = - 3. (7) 

Verify your result. 

From the above example, we have the following rule : 

From eaoh of the given equations, find the value of 
the same unknown number in terms of the other, and 
place these values equal to eaoh other. 
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Solve by either substitution or comparison, using the 
method that seems the easier. Verify each result. 

7v-Sy=10. 

'x-\'2y = 9. 

< 

.x-9y = 7. ' [Qy 



I. 



2. 



(15t+ 8w=3. 
* I 6<-12w=5. 

r62H-lly=31. 
^' I 6 V- 11 2=74. 



f4i/;-/=ll. ^ (5q+ 2r=-4. 

w+l=12, ' l6g-llr=-45. 
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ri2e-ll/= 
^' ll2/-lle= 

g r 9u+6v= 

' ll3wH-7i; = 



19. 
-27. 

-16. 
-22. 



I 8m-15v=18. 
^* I 12m+ 6i;=-ll 

r5/i-f-4A:=34. 
'' l8fe-3ik=35. 



EXSTBCISE 64 

Solve the foUowiDg equations, using any method of elim- 
ination you choose, and verify each result : 

6<-7'm;=-12. 
y = dY. I 10t-9w=-12. 

'' [ 8i;+9w=-10. ^' I 6r-f-12.9=l. 



I x+2y 2. 

* l4a;-7i/ = 37. 



'■{ 



2x 3^__7 
3 4 2* 

4 5 2* 

If the given equations are not in the form ax+by=c, they should 
be reduced to this form before applying any method of elimination. 



8e+7/=12. 
6. - g-f2/ 2e+f_^ 
4 "^ 3 



8. 



7. 



2^-?=2. 
2 2 

5 11 



'^+8=2a:-2^. 

3a:-^ll±£=2y-4. 
3 ^ 

8-y 2^+3 _y+3 
5 4 4 ' 

lH-4y ^+7_3 
11 3 



In solving fractional simultaneous equations, we reject any solution 
which does not satisfy the given equations. 



10. Solve the equations 



2a;H-3y = 13. 



x—2 y—S 



(1) 

(2) 
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(3) 



Multiplying each term of (2) by (x— 2)(y— 3), we have 

y-3+a:-2=0, or y= -x+5. 

Substituting in (1), 2 x-3 a;+16=:13, or x=r2. 

Substituting in (3), y= -2 + 6=3. 

This solution satisfies the first given equation, but not the second; 

then it must be rejected. 

f 4w-9 . 
X i^ = 5. 



II. 



f3x-4y=-n, 
2 5 



,x+5 y+1 



-0. 



12. 



13 



f (2 m- 
1 4 m— 



11 

9 a?-h5 
2 3 



= -3y. 



-l)(z-4)-(m-5)(2 2+5)=:121. 
3 3= -29. 



14. 



8 



M— 3 v—5 
9 5 



0. 



=0. 



17. 



18. 



15. 



'.08a?+.9y=.048. 
.3 a;-. 35 y=. 478. 
2a;-3y 4a;+6y ^ 1 
4 3 2 

5a?-f2y 7y-3a; _39 



16. 



19. 



2 



10 



10' 



2w-l 3i;-|-4 

a?+ll .y-6_ ^ 

7 5 

£lll-rhi = -.45. 
2 10 

d-2n __ 1 
3d-fn-f-3"' 5' 

d-\-Sn _ 7 
d^.4n-7^1l" — lf(^-4y)-|(a:-y) = 16. 

21ff + l 5i;+2 _ 63flf-130i; ^ 

2 3 21 * 

14jy + l 10i;-3 _o 

3 5 

Certain equations in which the unknown numbers occur in 
the denominators of fractions may be readily solved without 
previously clearing of fractions. 



20. < 



3fe+8 _ 6fe-l 
i-4 2i-h3' 
5a?-i(3a;-2y-h5)«-=ll. 



21. 



22. 



f 1^. 

X 


-2= 
y 


=8. 




X 


15 

y 


= — 


1. 



(1) 

(2) 



x+y=S UB) 
2x-v=4 (CX>) 



5 

1 4 

2 3 



X 


y 





— 4 


1 


— 2 


2 





.-1 


2 


4 


4 


- 1 


-6 


-2 


— 8 



Solving the equations for x and y, 
we have x=S, ^=2. Note that these 
valuea correspond to the x and y coBr- 
dinatea of the point P. 

In general, in solving two simultane- 
ous equations in two unknown quan- 
tities, the real values found for the 
unknown quantities correspond to the 
intei'section points of the graphs of the 
given equations. 



PLATE II 
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Multiplying (1) by 5, 

Multiplying (2) by 3, 
Adding, 



74 



55-1^=40. 
X y 

X y 



— =37, 74=37 a;, and x^2. 

X 

9 9 

Substituting in (1), 5 — =8, — =3, and y= —3. 



23 



3 

X 

6 

X 



y 

3 



1 

4 



y 



y 



24. 



y 
12 



1 

2 



36. 



9 „ 

X 



4. 



3 , „ 10 



25. 



f+--.. 

t w 

§- 9 = 7 
< w 

U V 



a?. 



7. 



38. 



6 
r 



r s 



3m- 7=10. 
a: 

2 m +^ = 4. 
k 



159. In graphical work the drawings are much more effec- 
tive and pleasing if one uses a color scheme similar to that 
in Plate II. Cross-ruled paper and color crayons, for either 
blackboard or paper, can be secured at nominal expense. 

EXEBCISE 65 

Construct the graphs of the following equations, in each 

case comparing the coordinates of the intersection with your 

algebraic solution : 

^^ p+y=8. 

'2x^ y=10. r a?+2y = 10. 

\ a;+2y=4. ^* 1 

5a:-6y=-9. 



r8a;-3y=47. 
^' l6a;-7y=21. 



2. 



. 3a?— 5y= — 4. 



2a:+4y=30. 

r2x-3y = 12. 

* l4a;-6t/=24. 
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|3a;-4i, = 10. ^ lx-y=5. 

' \4x+By= 5. ' {z-y=H. 

9. x+y=S. Find the areaof the triangle formed by this 
line and the axes. 

I2x- y- 2. (Zx- y=-9. 

'"' l4a;-2y=16. "' l3a;4-2y=-6. 

An interesting application of the graph is the construction 
of the geometric picture of related data : 

13. The eorollnient of pupils in the Seattle high school 
for ten years is as follows : 



Yui 


Mo. d Pupil. 


Ytmr 


No-otPopib 


Tui 


No. o< Fn^ 


18»9 


592 


1903 


1213 


1906 


2312 


1900 


684 


1904 


1522 


1907 


2794 


1901 


800 


1905 


1960 


1908 


3500 


1902 


947 











Choosing 1 year for the horizontal unit and 500 for the 
vertical unit, we have the following graph : 



.,!:.: i !J 


















/ 




1 




















i 




y 














-"T 


















Ns 


i 1 i » g HI 



Horitoxiai 


Vertical 





592 


1 


684 


2 


800 


3 


947 


4 


1213 


5 


1522 


.6 


1960 


7 


2312 


8 


2794 


g 


3500 



Construct the graphs of the following : 

13. The enrollment iu the Toledo high school is 

T»r Mc ol PupUi Tht No. ot Poplb Tgur Ha. ot Pn^ 



1898 


773 


1902 


1376 


1905 


1622 


1899 


984 


1903 


1414 


1906 


1791 


1900 


1:10 


1904 


1500 


1E07 


1900 


1901 


1102 
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14* Standing of the Chicago National League Baseball 
Team : 

Year Percentage Tear Percentage Year Percentage 

1898 .667 1902 .497 1905 .601 

1899 .507 1903 .694 1906 .763 

1900 .474 1904 .608 1907 .704 

1901 .381 

15. Enrollment in Cleveland high schools : 

Year Ko. of Pupils Year Ko. of Pupils Year No. of Pupils 

1898 3378 1901 3595 1904 4491 

1899 3460 1902 3796 1905 5001 

1900 3589 1903 4161 1906 5070 

16. Enrollment in Chicago high schools: 

Year Ko. of Pupils Year Ko. of Pupils Ye«r No. of Pui^ls 

1897 7847 1901 9661 1904 9936 

1898 8432 1902 9627 1905 11208 

1899 8830 1903 9488 1906 12024 

1900 9190 

17. Standing of the Detroit American League Baseball 
Team : 

Year Percentage Year Percentage Year Percentage 

1901 .548 1904 .408 1906 .477 

1902 .385 1905 .516 1907 .613 

1903 .478 

18. Enrollment in New York City high schools : 

Year No. of Pupils Year No. of Pupils Year No. of Pupils 

1899 13731 1902 21461 1905 30340 

1900 17018 1903 23701 1906 31949 

1901 19013 1904 27794 

160. Solution of Literal Simultaneous Equations. — In 
solving literal simultaneous linear equations, the method 
of elimination by addition or subtraction is usually to be 

preferred. 

„ ^ - - . (ax -\-by =c. (1) 

£;x* bolve the equations , ,, , ,«v 

^ \a'x+Vy=-(/. (2) 

Multiplying (1) by b\ ab'x+bb'y-^b'c. 

Multiplying (2) by 6, a'bx-^bb'y=bc\ 

Subtracting {ab'—(i'b)x = b'c—bc*. 
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Whence, 

Multiplying (1) by a\ 
Multiplying (2) by a, 
Subtracting (3) from (4), 

Whence, 



ob'-a'h 
<wfx-\-a'by=ca\ 
<w/x+ab'y=c'd. 
{ah'— a'h)y=c'a-' ca\ 

c'a—ca' 



(3) 
(4) 



y= 



ah'-a'h 



In solving fractional literal simultaneous equations, any 
solution which does not satisfy the given equations must be 
rejected. (Compare Ex. 10, Exercise 64.) 



Hsooiciss ae 



Solve the following: 



ibx 



5aj-~6y=»8a. 
H-9y = 7a. 



I. ^ - 4 

a. 

cx-\-dy = l. 



mx —Tiy ^rnn, 
.mfx-\-vfy=m'n\ 

2 ax—by _i 



6. 



'aiX-\-a2y'=bi, 
.a^—a^=b^. 



5. 



a 



3a+2 



nil TTl^ Tfl^ 

hx—ay^V, 



8. 



m 



n 



n+y m—x 
m n 



[(a—b)x'\-by=a^. 

( ax+ by ^2 a. 
^' {a^x-Py^a^-\-b\ 



10, 



((a-\-l)x'\-(a-2)y=Sa, 
[n+x m-y ' l(aH-3)a; + (a-4)2/=7 a. 

(ab{a—b)x-{'ab(a+b)y=a^+2 ab—b^ 
\ax+by=2. 



13. i 



a . b 

- 4- - =c. 

X y 
X y 



14. 



13 



• 



bx ay ab 

b^-a- 



a 



2J.2 



ax by a^b 



15. 



m{X'\-y)+n (x—y)==2. 
m^{X'\-y)—n^{x—y)^m-'n, 
' (a+b)x + {a-'b)y=2(a^+b^). 

b _ a 
x—a—b y—a+b 
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1 6. 



17. 



' (a-h6)ir+(a-6)y=2 a'-2 b\ 

y X _ 4ab 
a—b a+b a^ — b^ 
bx+ay=^2. 
ab{a-\-b)x—ab(a—b)y=a^+b^. 



SIMULTANEOUS EQUATIONS CONTAININO MOBB THAN 

TWO UNKNOWN NUMBERS 

161 . If we have three independent simultaneous equations, 
containing three unknown numbers, we may combine any two 
of them by one of the methods of elimination explained in 
§§ 156 to 158, so as to obtain a single equation containing 
only two unknown numbers. 

We may then combine the remaining equation with either 
of the other two, and obtain another equation containing the 
same two unknown numbers. 

By solving the two equations containing two unknown 
numbers, we may obtain their values ; and substituting them 
in either of the given equations, the value of the remaining 
unknown number may be found. 

We proceed in a similar manner when the number of equa- 
tions and of unknown numbers is greater than three. 

The method of elimination by addition or subtraction is 
usually the most convenient. 

In solving fractional simultaneous equations, any solution which does 
not satisfy the given equations must be rejected. (Ex. 10, Exercise 64.) 



I. 



Solve the equations 



Multiplying (1) by 3, 
Multiplying (2) by 2, 
Subtracting, 

Multiplying (1) by 5, 
Multiplying (3) by 3, 
Subtracting (5) from (6) 



dx—4y— 7 2=17. 


(1) 


9a?-7y-16z=29. 


(2) 


A0x-5y- 3 2=23. 


/ (3) 


18x-12y-21z= 51. 


■ 


18x-Uy-S2z= 58. 




2y-{-nz=- 7. 


(4) 


30a;-20y-35 2= 85. 


(5) 


30a;-15.v- 9 2= 69. 


(6) 


5i/+26z=-16. 


(7) 
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2. 



6. 



7. 



Multiplying (4) by 5, 
Multiplying (7) by 2, 
Subtracting, 

Substituting in (7), 
Substituting in (1), 



Solve the following : 
f4a;-3y=- 5. 
I- < 4y-3 a=-13. 
.4 2-3a?=18. 

4a;-5y--6z=0. 
x— y+ z = l. 
.9 a; + z=8. 

'3 07+ y— z = 14. 
a;+3y~ z = 16. 
a?+ y-32==-10. 

jr+ A-A:=24. 

4sr+3A-A:=61. 

l65P-5A-Ar=ll. 

3a?+5y= 5. 
9a:+5 2=55. 
.9y+3 z=-30. 

'5m— y+4i?=— 5. 

3m+5y+6'?;=-20. 

m+3y-8i?=-27. 

2x-5j/=~26. 
7 a:+6 z=~33. 
3 4 
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10y+55 2=- 


-36. 






10y+52z=- 


-32. 






3z= 


- 3, 


or « = 


-1 


2y-ll = 


- 7, 


or y= 


=2. 


6a;-8+7 = 


17, 


or a;= 


=3. 
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5. 



8. 



9. 



10. 



II. 



12. 



13- 



14. 



2a;+4y- z=- 2. 
18a;~8y+4z=-25. 
ll0a:+4y-9z=-30. 
'3p+4g+5r=10. 
4p-5g--3r=25. 
.5p-39-4r=21. 
4 w— 11 v—5w=^ 9. 
8w+ 41?— 'm; = 11. 

I 16 w+ 7i;+6'm;=64. 
'8a;+4y+ 3z=-52. 

5x- y + 12z = -52. 

.9a;+7y- 6z = -36. 

6r-T 5-f-3<=42. 

10 r- 5*- <= 2. 

6r-175-f4<=-46. 
2a;+5y-f3z=-7. 
2y-4z=2-3a?. 
5a;+9y=5+7z. 

X y 

§-§=1. 



z 3 a; 



= 2. 



y-4 z-f2 

* Eliminate y from (1) and (2) you then have two equations in x and 
z\ or add the three given equations. 
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15 



2 1_ 3 
Sx y lo' 




3 1 7 
4y z 30 


i6. 


5 z X 12 





aa?-f-6y = 
by -\-cz = 



cz'\'ax = 



abc 
abc 
abc 



i^ 



FBOBIiSMS INVOLVINQ SIMULTANBOUS EQUATIONS WITH 
TWO OB MOBE UNKNOWN NUMBEBS 

162. In solving problems where two or more letters are 
used to represent unknown numbers, we must obtain from 
the conditions of the problem as many independent equations 
(§ 152) as there are unknown numbers to be determined. 

I. Divide 81 into two parts such that three-fifths the 

greater shall exceed five-ninths the less by 7. 

Let 
and 

By the conditions, 

and 



(1) 
(2) 



X = the greater part, 
2/ = the less. 
a;+t/=81, 

3^=^+7. 
6 9 

* 

a; =45, t/=36. 

2. If 3 be added to both numerator and denominator of a 
fraction, its value is | ; and if 2 be subtracted from both 
numerator and denominator, its value is ^ ; find the fraction. 



Solving (1) and (2), 



Let 

and 



By the conditions, 



and 



n =the numerator, 
(f =the denominator. 

n+3_2 

d+3 3' 

n-2^1, 

d-2 2 



Solving these equations, n»7, d—12; then, the fraction is 



12 



3. A sum of money was divided equally among a certain 
number of persons. Had there been 3 more, each would have 
received SI less ; had there been 6 fewer, each would have 
received S5 more. How many persons were there, and how 
much did each receive? 
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Let a: =the number of persons, 

and y =the number of dollars received by each. . 

Then, xy =the number of dollars divided. 

Since the sum of money could be divided between x+Z persons, each 
of whom would receive y— 1 dollars, and between x— 6 persons, each of 
whom would receive y+6 dollars, {x-\-Z){y—\) and (x— 6)(y+5) also 
represent the number of dollars divided. 

Then, (a;4-3)(y- l)=«y, 

and (x— 6)(y + 6) 3s«y. 

Solving these equations, ic » 12, y » 5. 

4. The sum of the three digits of a number is 13. If the 
number, decreased by 8, be divided by the sum of its seoond 
and third digits, the quotient is 25 ; and if 99 be added to 
the number, the digits will be inverted. Find the number. 

Let xssthe first digit, 

y=the second, 
and 2= the third. 

Then, 100a5+10y+«« the number, 

and 100 2+ 10 y+x^the number with its digits inverted. 

By the conditions of the problem, 

a:+t/+f-«13, 
100a;+10y-t-g>-8 _o^ 

and 100 ir+10y+2+99«100 2+10 y+a;. 

Solving these equations, x^2, y^%, 2^3; and the number is 283. 

S* A crew can row 10 miles in 50 minutes down stream, 
and 12 miles in 1| hours against the stream. Find the rate in 
miles per hour of the current, and of the crew in still water. 

Let a:= number of miles an hour of the crew in still water, 

and 2/= number of miles an hour of the current. 

Then, a:+ 2/= number of miles an hour of the crew down stream, 
and X— y= number of miles an hour of the crew up stream. 

The number of miles an hour rowed by the crew is equal to the dis- 
tance in miles divided by the time in hours. 

Then, x+t/=10^-=«12, 

6 

and a;-y=12^?=8. 

Solving these equations, a;=10, y=2. 
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6. A train running from A to B meets with an accident 
which causes its speed to be reduced to one^third of what it 
was before, and it is in consequence 5 hours late. If the acci- 
dent had happened 60 miles nearer B, the train would have 
been only 1 hour late. Find the rate of the train before the 
accident, and the distance to B from the point of detention. 

Let 3x= the number of miles an hour of the train before the accident. 

Then, x=the number of miles an hour after the accident. 

Let y =the number of miles to B from the point of detention. 

The train would have done the last y miles of its journey in ^ hours ; 

y 
but owing to the accident, it does the distance in - hours. 

Then. I'-^+e- (l) 

If the accident had occurred 60 mike nearer B, the distance to B from 

the point of detention would have been y— 60 miles. _«^ 

Had there been no accident, the train would have done this in ^ — 

y-eo ^^ 

hours, and the accident would have made the time — -z — hours. 
Subtracting (2) from (1), ^ = |2 +4, or ~=4; whence, a;=10. 

X O X X 

Then, the rate of the train before the accident was 30 miles an hour. 
Substituting in (1), ^ = ^ +5^ or ^=6; whence, y==75. 

BXEBCI8E 68 

1. If the numerator of a fraction be decreased by 1, the 
value of the fraction is ^, while if 7 be added to both numer- 
ator and denominator, the value of the fraction ' is ^^ ; find 
the fraction. 

2. The sum of two numbers is 7. The ratio of their pro- 
duct to the product of three times the first number and the 
second increased by 2 is ^. What are the numbers ? 

3. The sum of the two digits of a number is 14; and if 36 
be added to the number, the digits will be reversed. Find 
the number. 
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4. Nine shares of N. Y. Central stock and 7 shares of 
Illinois Central stock cost $1702, and 5 shares of I. C. 
cost f 35 more than 6 shares of N. Y. C. Find the cost of 
one share of each. 

5. Find two numbers such that the ratio of the first num- 
ber to itself increased by 3 is equal to the ratio of the second 
number to itself increased by ^; and the sum of the two 
numbers is to twice their difference as 7 is to 4. 

6. If 3 be added to the numerator of a fraction, and 7 
subtracted from the denominator, its value is ^ ; and if 1 be 
subtracted from the numerator, and 7 added to the denomi- 
nator, its value is |. Find the fraction. 

7. Find two numbers such that one shall be n times as 
much greater than a as the other is less than a ; and the 
quotient of their sum by their difference equal to b. 

8. A wheat field is 80 rods longer than it is wide, and the 
distance around the field is 1^ miles. Find the length and 
bseadth. 

9. In plowing the long way of the above field, a farmer finds 
he can turn 33 twelve-inch furrows a day. At $3.50 per day 
for a man and team, what is the cost of plowing per acre ? 

10. C's age is three times the sum of A's and B's. Three 
times B's age added to A's is 12 years less than C's, and if 
8 years be subtracted from C's age and this difference be 
divided by B's age, the quotient will be 4. Find their ages. 

11. A rectangular mirror is 6 inches longer than it is 
wide. It is surrounded by a frame 3 inches wide, whose 
area is 216 square inches. How much wall space will the 
mirror and" frame occupy? 

12. A man had $3000 in a savings bank which paid him 
3 % interest. He drew out a part of his money and invested 
it in municipal bonds which paid him 5 %. His annual 
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income from the entire sum was then $126. Find the amount 
left in the savings account. 

13. If we consider y=kx b, proportion, what is the ratio 
of y to X? Give k some definite value and make the graph 
of the equation. If perpendiculars are dropped from the 
graph to the a;-axis, triangles are formed by the perpendicu- 
lars, the graph, and the a;-axis. Are the triangles alike in 
form ? Is the ratio of the altitude to the base the same in 
each P If A; is given a different value from the one chosen, 
what effect does this have on the graph and on the triangles ? 

14. A rectangular field has the same area as another 
which is 6 rods longer and 2 rods narrower, and also the 
same area as a third which is 3 rods shorter and 2 rods 
wider. Find its dimensions. 

15. Find three numbers such that the first with one-half 
the second and one-third the third shall equal 29; the second 
with one-third the first and one-fourth the third shall equal 
28 ; and the third with one-half the first and one-third the 
second shall equal 36. 

16. The circumference of the large wheel of a carriage 
is 55 inches more than that of the small wheel. The former 
makes as many revolutions in going 250 feet as the latter 
does in going 140 feet. Find the number of inches in the 
circumference of each wheel. 

17. A man having $4500 in a savings bank which paid 
him 3 % interest withdrew the money, investing a part in 
Eock Island 5 % bonds for which he paid $80 (par value 
100) ; with the balance he pur-chased Pennsylvania Railway 
5 % bonds at par. His annual income from these invest- 
ments was $255. Find the amount invested in Bock Island 
bonds, and their face value. 

18. A number consists of two digits. If the first digit be 
divided by one less than the second digit, the quotient is 3. 
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If the first digit, increased by 3, be divided by the second 
digit the quotient is 3 ; find the number. State your prob- 
lem, then compare § 152. 

zg. The sum of the length, breadth, and height of a rect* 
angular parallelopiped is 20. The dif- 
ference between the length and height is 
f the sum of the height and breadth, and 
three times the breadth added to the height 
is 8 more than the length ; find the dimensions. 

20. If the digits of a number of three figures be reversed, 
the sum of the number thus formed and the original num- 
ber is 1615 ; the sum of the digits is 20, and if 99 be added 
to the number, the digits will be inverted. Find the number. 

21. A train left A for B, 112 utiles distant, at 9 A. m., and 
one hour later a train left B for A ; they met at 12 noon. 
If the second train had started at 9 A. M., and the first at 
9.50 A. M., they would also have met at noon. Find their rates. 

22. A boy has $1.50 with which he wishes to buy two 
kinds of note-books. If he asks for 14 of the first kind, and 
11 of the second, he will require 6 cents more; and if he 
asks for 11 of the first kind, and 14 of the second, he will 
have 6 cents over. How much does each kind cost ? 

23. The difference between the length and breadth of 
a rectangle is 6. If the length were diminished by 3 feet 
and the breadth increased by 8 feet, the area would be in- 
creased by 9 square feet and the figure would be a square ; 
find the dimensions. 

Have you more conditions than you need? Are your conditions inde- 
pendent? (Compare § 83.) 

24. A number consisting of two digits is such that if the 
digits be reversed the number formed is 27 less than the 
original number. The {H*oduct of the digits is to their differ- 
ence as the second digit is to f ; find the number. 
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25. A man invests $10,000, part at ^\%, and the rest at 
3^%. He finds that six years' interest on the first invest- 
ment exceeds five years' interest on the second by $658. 
How much does he invest at eaish rate ? 

36. A man buys apples, some at 2 for 3 cents, and others 
at 3 for 2 cents, spending in all 80 cents. If he had bought 
^ as many of the first kind, and f as many of the second, he 
would have spent 99 cents. How many of each kind did he 
buy? 

37. An annual income of $800 is obtained in part from 
money invested at 3^^, and in part from money invested at 
3%. If the amount invested at the first rate were invested 
at 3%, and the amount invested at the second rate were in- 
vested at 3^9^, the annual income would be $d25. How much 
is invested at each rate ? 

28. The contents of one barrel is | wine, and of another | 
wine. How many gallons must be taken from each to fill a 
barrel whose capacity is 24 gallons, so that the mixture may 
be I wine ? 

29. A boy spends his money for oranges. Had he bought 
m more, each would have cost a cents less ; if n fewer, each 
would have cost b cents more. How many did he buy, and 
at what price ? 

30. A vessel contains a mixture of wine and water. If 50 
gallons of wine are added, there is ^ as much wine as water; 
if 50 gallons of water are added, there is 4 times as much 
water as wine. Find the number of gallons of wine and water 
at first. 

31. A man buys 15 bottles of sherry, and 20 bottles of 
claret, for $38. If the sherry had cost | as much, and the 
claret | as much, the wine would have cost $38.50. Find the 
cost per bottle of the sherry, and of the claret. 

32. If a field were made a feet longer, and b feet wider, its 
area would be increased by m square feet ; but if its length 



the value of the fraction is — .. Find the numerator and de- 

m 
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were made c feet less, and its width d feet less, its area would 
be decreased by n square feet. Find its dimensions. 

33. If the numerator of a fraction be increased by a, and 

the denominator by 6, the value of the fraction is — ; and if 

n 

the numerator be decreased by c, and the denominator by d^ 

f the fraction is ^ 
nominator. 

34. A certain number equals 59 times the sum of its three 
digits. The sum of the digits exceeds twice the ten's digit by 
3 ; and the sum of the hundred's and ten's digits exceeds 
twice the unit's digit by 6. Find the number. 

35. A piece of work can be done by A and B in 4| hours, 
by B and C in 2| hours, and by A and C in 3 hours. In how 
many hours can each alone do the work? 

36. The numerator of a fraction has the same two digits 
as the denominator, but in reversed order; the denominator 
exceeds the numerator by 9, and if 1 be added to the nun^er- 
ator the value of the fraction is |. Find the fraction. 

37. A man walks from one place to another in 5} hours. 
If he had walked | of a mile an hour faster, the walk would 
have taken 36§ fewer minutes. How many miles did he walk, 
and at what rate ? 

38. A man invests a certain sum of money at a certain 
rate of interest. If the principal had been $1200 greater, and 
the rate 1% greater, his income would have been increased 
by S118. If the principal had been S3200 greater, and the 
rate 2% greater, his income would have been increased by 
$312. What sum did he invest, and at what rate? 

39. A crew row 16^ miles up stream and 18 miles down 
stream in 9 hours. They then row 21 miles up stream and 
19^ miles down stream in 11 hours. Find the rate in miles 
an hour of the stream, and of the crew in still water. 
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40. A man buys a certain number of $100 railway shares, 
when at a certain rate per cent discount, for $1050 ; and when 
at a rate per cent premium twice as great, sells one-half of 
them for $1200. How many shares did he buy, and at what 
cost? 

163. Interpretation of Solutions. 

1. The length of a field is 10 rods, and its breadth 8 rods ; 
how many rods must be added to the breadth so that the area 
may be 60 square rods ? 

Let .'5= number of rods to be added. 

By the conditions, 10(8 + x) = 60. 

Then, 80+10 a;=60, or x= -2. 

This signifies that 2 rods must be subtracted from the breadth in order 
that the area may be 60 square rods. (Compare § 11.) 
If we should modify the problem so as to read: 

" The length of a field is 10 rods, and its breadth 8 rods ; how many 
rods must be subtracted from the breadth so that the area may be 60 
square rods? " 

and let x denote the number of rods to be subtracted, we should find 

X=2. 

A negative result sometimes indicates that the problem is 
impossible. It sometimes indicates that measurement is taken 
in an opposite direction (Ex. 28, Exercise 41). 

2. If 11 times the number of persons in a certain house, 
increased by 18, be divided by 4, the result equals twice the 
number increased by 3 ; find the number. 

Let a; = the number. 

By the conditions, 11^±18=2 x+S, 

Whence, 11 a;+18=8a;+12, and x = -2. 

The negative result shows that the problem is impossible. 

A problem may also be impossible when the solution is 
fractional. 
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XII. INVOLUTION AND EVOLUTION 

164. Involution is the process of raising an expression to 
any power whose exponent is a positive integer. 

We gave in § 88 a rule for raising a monomial to any 
power whose exponent is a positive integer. 

165. If an expression when raised to the nth power, n 
being a positive integer, is equal to another expression, the 
first expression is said to be the nth Root of the second. 

Thus, if a^=b, a is the nth root of 6 ; 

if 5^=25, 5 is the square root of 25. 

Evolution is the process of finding any required root of 
an expression. 

166. The Radical Sign, V, when written before an ex- 
pression, indicates some root of the expression. 

Thus, Va indicates the second, or square root of a ; 
i/a indicates the third, or cuhe root of a ; 
Va indicates the fourth root of a ; and so on. 

The Index of a root is the number written over the radical 
sign to indicate what root of the expression is taken. 

If no index is expressed, the index 2 is understood. 

An even root is one whose index is an even number ; an 
odd root is one whose index is an odd number. 

167. A Power of a Fraction. , 

We have, - =-X-X--= ==-; 

\bj b b b 6x6x6 6^ 

and a similar result holds for any positive integral power 

Then, a fraction may be raised to any power whose 
exponent is a positive integer by raising both numer- 
ator and denominator to the required power. 
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\ ^yV \^yV ^^ ^ (Sfr 243 2/^^^^ ^ 



wasBOJSB eo 
Find the values of the following : 



z. 



^ A8pV' '^A 5yV; A36«cnV* 

168. A Root of a Monomial. To find any root of a mo- 
nomial which is a perfect power of the same degree as the 
index of the required root. 

1. Required the cube root of a%V. 
We have, {ab^c^y =a*b*c\ 
Then, by § 165, ^oW ^abh*, 

2. Required the fifth root of —32 a*. 
We have, (- 2 a) » = - 32 a». 
Whence, ^- 32 a* = - 2 a. 

Similarly, to extract a root of any monomial : 

Extract the required root of the absolute value of the 
numerical coefficient, and divide the exponent of each 
letter by the index of the required root. 

Give to every even root of a positive term the sign 
± > and to every odd root of any term the sign of the 
term itself. 

The sign ±, called the double sign^ is prefixed to an ex- 
pression when we wish to indicate that it is either + or — . 

I. Find the square root of 9a*6V^ 

By the rule, \/9a*W« = ±3 a^h^c^. 

It follows from §§ 167, 168, that, to find any root of a 
fraction, each of whose terms is a perfect power of the same 
degree as the index of the required root, extract the required 
root of both numerator and denominator. 
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2 ^ 27a^&« _ i/27 a'b' ^_ Sab\ 
' ^ 64 c* i^64c» 4 c» ' 

The root of a large number may sometimes be found by 
resolving it into its prime factors. 

3. Find the square root of 254016. 

We have, V254016 = V2«X3*X7'= ±2»X3»X7= ±504. 

4. Find the value of ^^72x75x135. 



.12111 



i/72 X 75 X 135 = i/(2^X3»)X^(3 X 5») X (3» X5) 

= i/2»X3«X5» =2 X3* X5 =90. 

EXERCISE 70 

Find the values of the following: 

1. \/36 xy, 6. ^81 n^^'x^y. ^^ W m^^ ~ ^ 

2. ^64 a''b'c\ 7. V12I a"6"c*. ^^^"^^ 

3. <^-xyV\ 8. i/-216a:"yV'- '^^ Vj^^ 

10. ^-343x»«+y". ,5. \/30625. 
125 6« * II. ^625 a^'^fe*". 16. \/86436. 

17. V25 • 36 . 196. 20. ^4 ab • 144 b^c • 24 a^c^. 

18. ^27 • 64 . 8. 21. ^252 a« • 245 d^ • 150 c». 

19. V25O • 32 . 45. 22. ^59049. 
23. ^112 . 168 • 252. 



49 2^ 






24. \/(a2-5a+6)(a2+2a--8)(aHa-12). 



25. ^(2 a2+7 a- 15)(8 aH2 a-21)(4 aH27 a+35). 

169. It may be proved that ^(i^=^5^=a^ = (<'a^. 

Ex. Required the value of >5^(32 a^^')*. 

We have, ^(32a^»)* = (^32a»»)* = (2 a*) * = 16 a\ 
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This method of finding the root is shorter than raising 
32 a^^ to the fourth power, and then taking the fifth root of 
the result. 

XSXEBCISE 71 

Find the values of the following: 

^ 1 4. ^(-243a'^6^V«)». 6. V(~^6) 

4/ 5. ^(64 m'^n'^y. r— ; 

1 70. Square of a Polynomial. — We find by actual mul- 
tiplication: o +6-I-C 

+ ah +6H 6c 

+ flc + &c+c' 

aH2 a6+2 ac+6H2 ftc+c' 

The result, for convenience of enunciation, may be written: 

(a+6+c)^=a2+62+c2+2 a6+2 ac+2 6c. 

In like manner we find : 

(a+6+c+d)2=a2+62+c2+d2 

+2 a6+2 ac4-2 ad+2 6c+2 6d+2 cd; 
and so on. 

We then have the following rule : 

The square of a polynomial is equal to the sum of the 
squares of its terms, together with twice the product of 
each term by each of the following terms. 

Ex. Expand (2 x^ - 3 x - 5)^ 

The squares of the terms are 4 a;*, 9 x', and 25. 

Twice the product of the first term by each of the following terms 
gives the results —12 a;' and --20 x^. 

Twice the product of the second term by the following term gives the 
result 30 x. 

Then, (2 a;»-3 x~5)2=4 a;*+9 a;' + 25-12 x'-20 x^+SO x 

=4 X*- 12 a:«- 11 a;2 + 30 a;+25. 
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XXBBCI81B 72 

Square each of the following : 

1. a+b+c. 6. 3x'— 2 a?— 1. 

2. Sa—X'\-2y. 7- 2x'+x--5. 

3. r+2s'-dL 8. 4m*-4m + l. 

4. a+d+3d*. g. a^+2ab+b^. 

5. 2 c— 5a+m. lo. a'+a^— 2 a— 2. 

171. Square Roof of a Polynomial by Inspection. — In § 9 1 , 
we showed how to find the square root of a trinomial perfect 
square. 

The square roots of certain polynomials of the form 

a^+b^+c^+2 ab+2 ac+2 be 

can be found by inspection. 

Ex. Find the square root of 

9 x^+y^+i z^+6 xy— 12 xz— 4 yz. 
We can write the expression as follows : 

(3 x)»+y*+ (-2 2)>+2(3 x)y+2(3 x)(-2 «)+2 y(-2 «). 

By § 170, this is the square of 3 a;+y + (— 2 z). 

Then, the square root of the expression \sZx+y—2z. 

(The result could also have been obtained in the form 2 z—y—Z x.) 

EXSBCIBE 73 

Find the square roots of the following : 

1. a^+b^+c^-2ab-2ac+2bc. 

2. x^+i y^+9+^ xy+6 x+12 y. 

3. l+25mH36n2-10m+12n-60mn. 

4. a^+Sl b^+16+lS ab-8 a-72 b. 

5. 9 x^+y^ +25 z^-e xy-30 xz + lO yz. 

6. 36 m2+64n*+a:H96mw- 12 ma?- 16 no:. 

7. 16 a*+9 b*+Sl c'+24 a^b^+72 aV+54 6V. 

8. 25 arH49 y^°+36 z»-70 a;y +60 ar5z*-84 /z*. 



INVOLUTION AND EVOLUTION 149 

1 72. Square Root of a Poljrnomial Perfect Square, general 
method. 

By § 170, (a+6+c)2=aH2 ab+b^+2 ac+2 bc+c^ 

=«H(2 a+6)6+(2 a+2 b+c)c. (1) 
Then, if the square of a trinomial be arranged in order of 
powers of some letter : 

I. The square root of the first term gives the first term of 
the root, a, 

II. If from (1) we subtract a^ we have 

(2 a+6)6 + (2 a+2 b+c)c. (2) 

The first term of this, when expanded, is 2ab; if this be 
divided by twice the first term of the root, 2 a, we have the 
next term of the root, 6. 

III. If from (2) we subtract (2 a +6)6, we have 

(2a+2 6+c)c. (3) 

The first term of this, when expanded, is 2 oo ; if this be 
divided by twice the first term of the root, 2 a, we have the 
last term of the root, c. 

rV. If from (3) we subtract (2a+26+c)c, there is no re- 
mainder. 

Similar considerations hold with respect to the square of 
a polynomial of any number of terms. 

173. The principles of § 172 may be used to find the 
square root of a polynomial perfect square of any number of 
terms. Let it be required to find the square root of 

4 xH12 x^-7 x^-24: x + 16, 

4x^+12x^- 7a;'-24a;+16 | 2x^+Sx-i 
a*=4 x^ 



2a+b=4tx^+Sx 

Sx 



12 a;^- 7a;2-24a? + 16, Ist Rem. 
12 xH 9x^ 



2 a+2 6+c=4 x^+6 a?-4 

-4 



-16x2-24 3?+ 16, 2dEem. 
-16a?2-24a? + 16 
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The first term of the root is the square root of 4 z*, or 2 a?*. 

Subtracting the square of 2'x^f 4a;^, from the given expression, the 
first remainder is 12 x^—7 a:'— 24 x+ 16. 

Dividing the first term of this by twice the first term of the root, 4 a;', 
we have the next term of the root, 3 a; (§ 172, II). 

Adding this to 4 x^ gives 4 a;'+3 x; multiplying the result by 3 ar, and 
subtracting the product, 12 a;'+9 a:', from the first remainder, gives the 
second remainder, —16 a;'— 24 a: + 16. 

Dividing the first term of this by twice the first term of the root, 4 a;', 
we have the last term of the root, —4 (§ 172, III). 

If from the second remainder we subtract (4a;'+6a;— 4)(— 4), or 
--16a;^— 24 a;+16, there is no remainder; then, 2a;' + 3a;— 4 is the 
required root (§ 172, IV). 

The expressions 4 a;' and 4 a;' +6 a; are called trial-divisors , and 
4 a;' +3 a; and 4 x'H- 6 a;— 4 complete divisors. 

We then have the following rule for extracting the square 
root of a polynomial perfect square : 

Arrange the expression Srcoording to the powers of 
some letter. 

Extract the square root of the first term, write the re- 
sult as the first term of the root, and subtract its square 
from the given expression, arranging the remainder in 
the same order of powers as the given expression. 

Divide the first term of the remainder by twice the 
first term of the root, and Guld the quotient to the part 
of the root already found, and also to the trial-divisor. 

Multiply the complete divisor by the term of the root 
last obtained, and subtract the product from the re- 
mainder. 

If other terms remain, proceed as before, doubling the 
part of the root already found for the next trial-divisor. 

174. Examples. 

I. Find the square root of 9 x^+30 a^a;^+25 a". 

9 a;*+30 aV+25 a* | 3a;'+5a' 
9x* 



6x^ + 5 a* 



30 a^x^ 
30aV+25a« 



It is usual, in practice, to omit those terms, after the first, in each 
remainder, which are merely repetitions of the terms in the given expres- 
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sion; thus, in the first remainder of Ex. 1, we leave out the term 25 a*. 
It is also usual to leave out of the written work the multiplier of the 
complete divisor. 

2. Find the square root of 

20 a;2-22 a;Hl+28 a;H9 a;«-8 a?- 12 x\ 
Arranging according to the descending powers of x, we have 

9x«-12a;»+28x*-22a;«+20a;*-8a;+l I 3a»--2a;»+4a;-l 
9x* 



6x^-2x^ 



-12 a;* 
--12a;»+ 4x* 



6x'— 4x'+4a: 



24 X* 



6x^-4x^+Sx-l 



- 6x^+ 4a;' 

- 6x^-\- 4x*-8a;+l 



It will be observed that each trial-divisor is equal to the 
preceding complete divisor with its last term doubled. 

If, in Ex. 2, we had written the expression 

1-8 a;+20 x'-22 a;'+28 a:<-12 x^ + 9x^, 
the square root would have been obtained in the form 1 — 4 a;+ 2 a;^— 3 x', 
which is the negative of 3 x'— 2 x*+4 x— 1. 

EXEBCISi: 74 

Find the square roots of : 

1. x*+4x^+^x^+4x + l. 

2. 4a*-4aH17a2-8a + 16. 

3. 25x*-30a?«-a?H6a;+l. 

4. 9 x^+24 x^+2S x^+16 x+i. 

5. 36 n« + 12 n*- 60 n'+n^- 10 n +25. 

6. a*-8a«6+22a^62_24a6H9 6\ 

7. 4x^ + 12 x^y + 13 xY +6 xy^+y\ 

8. x'^ + U x^+S6 x*-U x^-S4 x^+49. 

9. 16a«-40aV+aV+30aV+9x". 

10. x^'-2 x^-x^+6 x^-S x^-4 x+4. 

11. 4 a«-20 a5+41 a^-52 0^+46 a^-24 a+9. 
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175. Square Root of Arithmetical Numbers. — The square 
root of 100 is 10 ; of 10000 is 100 ; etc. 

Hence, the square root of a number between 1 and 100 is 
between 1 and 10 ; the square root of a number between 100 
and 10000 is between 10 and 100 ; etc. 

That is, the integral part of the square root of an integer 
of one or two digits, contains one digit ; of an integer of three 
or four digits, contains two digits ; and so on. 

Hence, if a point be placed over every second digit of 
an integer, beginning at the units* place, the number of 
points shows the number of digits in the integral part 
of its square root. 

176. Square Root of any Integral Perfect Square. 

The square root of an integral perfect square may be found 
in the same way as the square root of a polynomial. 
Required the square root of 106929. 



106929 
a2= 90000 



300+20+7 
=a-\-b-\-c 



2 a +6= 600+20 

20 



16939 
12400 



2a+2 6+c=600+40+7 

7 



4529 
4629. 



Pointing the number in accordance with the rule of § 175, we find 
that there are three digits in its square root. 

Let a represent the hundreds' digit of the root, with two ciphers 
annexed; 6 the tens' digit, with one cipher annexed; and c the units' 
digit. 

Then, a must be the greatest multiple of 100 whose square is less than 
106929; this we find to be 300. 

Subtracting a*, or 90000, from the given number, the result is 16929. 

Dividing this remainder by 2 a, or 600, we have the quotient 28+ ; 
which suggests that h equals 20. 

Adding this to 2 a, or 600, and multiplying the result by 6, or 20, we 
have 12400; which, subtracted from 16929, leaves 4529. 
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Since this remainder equals (2 a+2 6+ c)c (} 172, III), we can get c 
approximately by dividing it by 2 o+ 2 6, or 600+40. 

Dividing 4529 by 640, we have the quotient 7 + ; which suggests 
that c equals 7. 

Adding this to 600 + 40, multiplying the result by 7, and subtracting 
the product, 4529, there is no remainder. 

Then, 300+20 + 7, or 327, is the required square root. 

177. Omitting the ciphers for the sake of brevity, and 
condensing the operation, we may arrange the work of the 
example of § 176 as follows : 

106929 L327 
9 



62 


169 
124 


647 


4529 
4629 



The numbers 600 and 640 are called trial-divisor 8 ^ and the niunbers 
620 and 647 are called complete divisors. 

We then have the following rule for finding the square 
root of an integral perfect square : 

Separate the number into periods by pointing every 
second digit, beginning with the units' pla.ce. 

Find the greatest square in the left-hand period, and 
-write its square root as the first digit of the root ; sub- 
tract the square of the first root-digit from the left-hand 
period, and to the result annex the next period. 

Divide this remcdnder, omitting the last digit, by twice 
the part of the root already found, and annex the quo- 
tient to the root, and also to the trial-divisor. 

Multiply the complete divisor by the root-digit last 
obtained, and subtract the product from the remainder. 

If other periods remain, proceed as before, doubling the 
part of the root already found for the next trial-divisor. 

Note I. It sometimes happens that, on multiplymg a complete divisor 
by the digit of the root last obtained, the product is greater than the 
remainder. In such a case, the digit of the root last obtained is too 
great, and one less must be substituted for it. 
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Note 2. If any root-digit is 0, annex to the trial-divisor, and annex 
to the remainder the next period. (See the illustrative example of § 179.) 

178. Ex. Find the square root of 4624. 

4624 |_68 
36 



128 



1024 
1024 



The greatest square in the left-hand period is 36. 

Then the first digit of the root is 6. 

Subtracting 6', or 36, from the left-hand period, the result is 10; to 
this we annex the next period, 24. 

Dividing this remainder, omitting the last digit, or 102, by twice the 
part of the root already found, or 12, the quotient is 8; this we annex to 
the root, and also to the trial-divisor. 

Multiplying the complete divisor, 128, by 8, and subtracting the pro- 
duct from the remainder, there is no remainder. 

Then, 68 is the required square root. 

179. To find the square root of a number which is not 
integral. 

Ex. Find the square root of 49.449024. 

We have, V5Slig5^=Ji^^= V^S. 

\ 1000000 Vioooooo 

49449024 | 7032 
49 



1403 


4490 
4209 


14062 


28124 
28124 



Since 14 is not contained in 4, we write as the second root-digit, in 
the above example; we then annex to the trial-divisor 14, and annex 
to the remainder the next period, 90. (See Note 2, § 177.) 

Then, \/49.449024= ^5?? =7.032. 

1000 

The work may be arranged as follows : 

49.449024 | 7.032 
49 



1403 


4490 
4209 


14062 


28124 
28124 
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Then, if a point be placed over every second digit of 
any number, beginning with the units' place, and ex- 
tending in either direction, the rule of § 177 may be ap- 
plied to the result and the decimal point inserted in its 
proper position in the root. 

EXEBCISE 75 

Find the square roots of the following : 

1. 5776. 5. 508369. p. 3956.41. 

2. 15376. 6. 65.1249. lo. 96.4324. 

3. 67081. 7. .156816. ii. .00321489. 

4. 21904. 8. .064516. 

180. Approximate Square Roots. 

If there is a final remainder, the number has no exact 
square root; but we may continue the operation by annexing 
periods of ciphers, and obtain an approximate root, correct 
to any desired number of decimal places. 

Ex, Find the square root of 12 to four decimal places. 

12.00060606 I 3.4641+ 
9 



64 


300 
2 56 


686 


4400 
4116 


6924 


28400 
27696 



69281 I 70400 

181. The approximate square root of a fraction may be 
found by taking the square root of the numerator, and then of 
the denominator, and dividing the first result by the second. 

If the denominator is not a perfect square, it is better to 
reduce the fraction to an equivalent fraction whose denomi- 
nator is a perfect square. 

Ex. Find the value of V| to five decimal places. 

We have. - ^ = JI = ^ = M^ = .61237+. 
\8 \16 Vie 4 
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Find the first five figures of the square root of : 



*i. 2. 


5. .3. 


2. 3. 


«-f 


3. 5. 


7. f. 


4. 7. 


8. |. 



13. 48. 

14. 50. 

'5« gy- 
re. .056. 




9. 11. 

10. 12. 

11. .067. 

"• If- 
17. .00074. 

i8. The side of a square is 5; find the diagonal correct to 
four decimal places. 

19. In an equilateral triangle, ABCy the 
altitude, DJB, passes through the middle 
point of the base. If one side of the triangle 
is 8, find the altitude, correct to three decimal ^' 
places. 

182. Cube of a Binomial. — We find by actual multipli- 
cation : 

{a+by^a^ + 2ab + b^ 

a +b 

a« +2 a^b + ab^ 

a^b + 2 ab^ + 6» 
(a +by=:a^^Sa^b+ 3 ab^ + b^ 

That is, the cube of the sum of two numbers is equal 
to the cube of the first, plus three times the square of 
the first times the second, plus three times the first 
times the square of the second, plus the cube of the 
second. 



Again, 



(a-hy=a^-2ab +b^ 
a —b 



a^-2a^b+ aV 
- a^b +2a6'-6» 



(a - 6)3 = a^ -3 d'b +3 a6^ - b^ 

* The values of examples (1) and (2) are of frequent occurrence and 
are important. 
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That is, the cube of the difference of two numbers is 
equal to the cube of the &:st, minus three times the 
square of the fbrst times the second, plus three times 
the first times the square of the second, minus the 
cube of the second. 

1. Find the cube of a +2 6. 

We have, (a+2 6)»=a»+3 a'(2 6) + 3 a(2 6)»+(2 6)» 

2. Find the cube of 2 a;'— 5 y'. 

(2 s^- 5 y^y = (2 x»)»- 3(2 rc»)»(5 y») +3(2 x')(6 y»)»- (5 y«)» 
=8 x«- 60 x«y'+ 150 xV^ 125 y\ 

The cube of a trinomial may be found by the above 

method, if two of its terms be enclosed in parentheses ; and 

regarded as a single term. 

3. Find the cube of x^—2 x— 1. 

{x^- 2 X- ly =[(a;»- 2 x)- 1]» 

= (x»- 2 xy- 3(a:»-.2 xy+Z{x^- 2 a;)- 1 
=«"- 6 a;"^ + 12 x*- 8 x'- 3(x*- 4 x'' + 4 x*) + 3(a;'- 2 »)- 1 
=x«- 6 a;»+12 x*- 8 a?»- 3 a?*+ 12 x»- 12 x»+3 x'- 6 x- 1 
«x«- 6 aj»+9 x«+4 x»- 9 x'- 6 x- 1. 

EX£BCIS£S 77 

Cube each of the following : 

1. a^b—ab^. - a? . 3 9. a+6+c. 

si' 

2. x+4. 0^0 '®- a-2fe-3c. 

6. 8x2-3y^ 

3- c-5. 7. 2m-6. "• 3d+4c»+i. 

4. 3x^1. 8. 9a?'-4y2. 12. 3a^+2 6»'. 

183. Cube Root of a Polynomial. The cube roots of cer- 
tain polynomials of the form 

a3+3a2fe+3a6H6' 

can be found by inspection. 

Ex. Find the cube root of 8 a'-36 a'6»+54 a6*-27 b\ 

We can write the expjpession as follows : 
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(2 a)»-3(2 a)K3 fe»)+3(2 a)(3 6»)»-(3 60". 
By § 182, this is the cube of 2 a -3 &^ 
Then, the cube root of the expression is 2 a —3 6'. 

EXEBCISE 78 

Find the cube roots of the following : 
. I. x»+6a;» + 12a;+8. 

2. 27a'-27aH9a-l. 

3. mH15m*+75mH125. 

4. a'-12a26+48a62-64 6'. 

5. 125 x^ + 150 x^y+^ xy^-^8 y\ 

6. 216a'-108a26 + 18a6'~6». 

7. 27a;«-135a:'^+225a:*~125x». 

8. 64 <»- 144 t^u + lOS tu^-27 w». 

9. 8A'+60A2ifc+150AP + 125ifc». 
10. 1-18x^108 a:*- 216a;*. 

Xni. THEORY OF EXPONENTS. IRRATIONAL NUMBERS 

184. In the preceding portions of the work, an exponent 
has been considered only as a positive integer. 

Thus, if m is a positive integer, 

a^= aXaXaX —torn factors. (§ 6) 

The following results have been proved to hold for any 
positive integral values of m and n : 

a'"Xa"=a'"+'»(§50). (1) 

(ary=ar(^S5). (2) 

185. It is desirable to use exponents which are not posi- 
tive integers; and we now proceed to assign to them the 
most convenient definitions and then prove the rules for 
their use. New meanings are conformed to the old laws. 
Thus our new exponents are to obey the old index law 

a"»xa"=a"*-^". (1) 

(a'«)'* = a'~». (2) 
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Let it be required to find such a meaniDg iox fractional^ 
negative and zero exponents. 

186. Meaning of a Fractional Exponent. 

Let it be required to find a meaning for a'. 

If (1), § 184, is to hold for all values of m and n, 

c^Xa^Xa^= a*"^*"^* = a*. 

Then, the third power of a' equals a*. _ 

Hence, a* may be defined as the cube root of a', or a^= v a*. 
Consider the general case : p 

Let it be required to find the meaning of a^, where p and 
q are any positive integers. 

If (1), § 184, is to hold for all values of m and n, 

o'xa'Xa'X -to 9 factors = a* * * =a' =aP. 

Then, the g'th power of a' equals a''. 

p p 

Hence, a' must be the qth root of a'', or a* = Vo^. 

Hence, in a f ractioncil exponent, the numerator denotes 
a power, and the denominator a root. 

For example, a* = "^^o^ ; 6^ = V^; a;' = "i^x ; etc. 

This statement indicates that in expressions affected by a fractional 
exponent, both a root and a power are to be taken. 

"EXERCJBB 79 

Express the following with radical signs : 

1. aK 3- 7m^. 5- a*6*. 7. 8 aW. 9. x^yh^. 

1 n Sp 

2. xK 4. 5 A 6. x'y^'. 8. lOn^x^. 10. 2a"'b^c\ 
Express the following with fractional exponents: 

11. <^\ 13. V^. 15. S<^b\ 17. 9^m>?^. 

12. <^. 14. ^n*. 16. 4^2 18. ^^>^. 

19. ^^^^, 20. </g^V^'<^^. 
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187. Meaning of a Zero Exponent 

If (1), § 184, is to hold for all values of m and n, we 
have a'^xa^^ar''^''--ar. 

Whence, a° = — - = 1 . 

a*" 

This meaning may be illustrated as follows : 
Arithmetically, ~i " ^» 

Algebraically, a^-i-a^=^ a®. 

Therefore, a°= 1. (5 4, ax. 4) 

We must then define a^ as being equal to 1. 

188. Meaning of a Negative Exponent. 

Let it be required to find a meaning for a~^. 

If (1), § 184, is to hold for all values of m and n, 

a-»xa'-a-»+'=a«=l (§ 187). 

Whence, a""'=— • 

a' 

Consider the general case : 

Let it be required to find the meaning of a~*, where s 
represents a positive integer or a positive fraction. 
If (1), § 184, is to hold for all values of m and n, 

a-'Xa'=a-'+'=a^=l (§187). 

1 
Whence, o *= — • 

We must then define a~* as being equal to 1 divided by a*. 
For example, a~^ = — ; a~^ = -^J ^ x~^y~^ = — -; etc. 

189. It follows from § 188 that 

Any factor of the numerator of a fraction may be 
transferred to the denominator, or any factor of the 
denominator to the nxmierator, if the sign of its expo- 
nent be changed. 
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Thus, ?^ = --?— « ±2.±^ « ±^ , etc. 

cd* a-^cd* d* b-'c' 

IIXEBCISE 80 

Express with positive exponents: 

1. x~Sf^. 5. a~^m~^. 9* rn'^rr^. 

2. aV^ 6. m~T^x^ 10. 8 a~^6-*V. 

3. m~*n*. 7. 4a~*n~^ 11. 6m~%"'^a?*. 

4. 3n-*x. 8. bx^y'^z"'^. 12. 7 a""^w~®a?"*. 

Transfer all literal factors from the denominators to the 
numerators in the following: 

13. —* 15. r- 17. — = — 19. — 7-r 

a* ^ 3 o 2m5 9m-^a;"* 

14. — :;^- 16. --• 18. — • 20. . 

Ifi ax ^ 5np ^ 4n"^v~* 

Transfer all literal factors from the numerators to the 
denominators in the following : 

4 a'' TnT^rT^ ^ 6a~^6' ^ 9w~'n * 
21. -— . 23. — 25. jj — 27. -— . 

3 2 C« ^yi 

.2. ?*. 24. 52f^'. 26. ?!^. 28. ^^I^. 

190. Since this is an elementary course, the student is 
only expected to read §§ 191 to 194, then use § 196 in apply- 
ing the principles involved. 

191. We obtained the definitions of fractional, zero, and 
negative exponents by supposing equation (1), § 184, to hold 
for such exponents. 

Then, for any values of m and n, 

a'^xa^^a"*"^". (1) 

The formal proof of this result for positive or negative, integral or 
fractional, values of m and n will be found in the Second Course. 
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192. — =a'"~'* /or all values ofm and n, 

a"" -^ -^ 

By § 189, ^=a«Xa-~=a'»-^ by (1), § 191. 



a' 

The proof of this result in the case where m and n are positive integers, 
and m>nt is given in § 63. 

193. To prove equation (2), § 184, for any values of m, 
and n, considering three cases, in each of which m may have 
any value, positive or negative, integral or fractional. 

I. Let n be a positive integer. 

The proof given in § 85 holds if n is a positive integer, 
whatever the value of m. 

II. Let n=»-, where p and q are positive integers. 
Then, by the definition of § 186, 

{a'^y-=</{cJy=^'V^^ (§ 193, 1)=a^ . 

III. Let n = - «, where « is a positive number. 
Then, by the definition of § 188, 

(0"' = 7^, = 4ii (5 1^3, I or II)=a-«'. 
Therefore, the result holds for all values of m and n. 

194. To prove the result 

(a6)"=oW, 

for any fractional or negative value of n. 

The proof of this result in the case where n is any positive 
integer, was given in § 86. 

I. Let n= -, where p and q are any positive integers. 
By § 193, [(a6)^p = (a6)^=a^fe^ (§ 86). (1) 



p p 



By §86, (a'6')«=(a')«(6'')«=aP6P. (2) 

From (1) and (2), [(a6)«]'=(o^6»)». , 



THEORY OP EXPONENTS 163 

Taking the qth root of both members, we have 



p p 



II. Let n=— «, where s is any positive integer or positive 
fraction. 

Then, (afe)-'=-i---=4i(5 86, or § 194, I)-a-'6-'. 

195. The value of a numerical expression affected with a 
fractional exponent may be found by first, if possible, ex- 
tracting the root indicated by the denominator, and then 
raising the result to the power indicated by the numerator. 

Bx. Find the value of (-8)*. 

By §193, (-8)*-[(-8)*P=(-?/^)'=(-2)'=4. 

This holds only for real numbers. 

196. Remember that the exponent laws given in §§ 50, 
63, 88, 168, hold whether the exponents be integrcil or 
fractionckl either positive or negative, i.e. In multiplica- 
tion, add exponents of like letters ; in division, subtract 
exponents of like letters in the divisor from those in the 
dividend ; in involution, multiply the exponents by the 
index of the power ; in evolution, divide the exponents 
by the index of the root. 

1. Find the value of d'Xa''^. 

We have, a'Xa""*=a'-*=o-'. 

2. Find the value of axy/a^. 

By § 186, axVa}=aXai^a''^i=:ai, 

3. Multiply a+2 a*-3 a* by 2-4 a"*-6 a"*. 

a-{-2ai -3ai 

2a+4ai- 6ai 
-4ai- 8ai+12 

- 6a^-12 + 18a~* 

2 a -20 ai +18a"i 
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It must be carefully observed, in examples like the foregoing, that the 
zero power of any number equals 1 (§ 187). 

4. Find the value of -^ — • 

\4^ a* 

5. Divide 18 xy-^-2S+x~^y]-6 x'Y 

by 3 a?*y""*+a?*— 2 x~*y. 



18 a:y-»-23+aj~fft/+6 x-y 
18a:i/-^+6a;^.V~^-12 



6 xiy-^-2 x'i-Z x~h 



-Qxiy-^-11-^ x~iy+6x-Y 
-6xiy-^- 2-{-4x~^y 

- 9~Sx~h+^x-hf^ 

It is important to arrange the dividend, divisor, and each remainder in 
the same order of powers of some common letter. 

6. Find the value of (o')-^ 

We have, § 193, III, (a^)-* =a»X-8 =a-io. 

7. Find the value of (a~')~^ 

8. Find the value of (v^)*. 

EXERCISE 81 

Multiply the following : 

I. a* by a*. 7- o"^V^s by a'-^'^x^. 

'• ^' ^y ^"- 8. m-^r* by -l-A:*. 

3. a ^ by a\ 3 ^-? 

4. 2 a^ by a'^ ^^ ^ b^ ^i 

5. 4 aUy 6 al ^^ 3 ^-J^ ^^ ^ ^^K 

6. 12 a:-^ by V^, 
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Divide the following : 

11. a?* by x^. 15. 6V^ by Z\^. 

12. a* by a*. 16. 3 x'^y^ by 4 a:""*y. 

13. c by c""*. 17. 12 a-^6*c by 6 a~*d. 

14. 4 a?"* by 7 a;"'. 18. 14 a~*6* by-7 aft*. 
Simplify : 

19. (a^a*+l)a"*. 20. (a;-H2a;-* + l)4 a:^ 

21. (4a-* + 10a-2+25)(2a-2-5). 

22. a?-H2a-^a?-'-15a-V 

a;-»+5a-^ 
23. (a;2-l)-^(a?* + l). 24. n-^-rr^-^rT^-l. 

25. (n~*— n"^)-^(n"'— 1). 

26. (2 n"*-5-6 n*)(3 n""*-4). 

27. (a-*+2 a~*6-H9 6-*)-5-(a-H2 a"VH3 a"V'). 
Find by inspection : 

28. (a*+6*)(a*-6*). (§89.) 31. (2a*+3 6*)(5a*+3 6*). 

29. (.a*+6*)». (§91.) 32. (a^-8 6)-^(a*-h2fe*). 

30. (a-H2fe-»)(a-*~6 6-»). 33. (16 a-25c)-^ (4 a^-Sc*). 

34. Factor 4 a— 4a^-hl. (Call the first term a perfect 
square.) 

35.49-36 6. Factor, using § 89. ' 36. (c*-2d*)'= ? 
Supply the missing term in the following trinomial squares: 

37. a+2aV. 1 1 
^ _ 1 40. 25 a*- 10 a*. 

38. 9c+12c*. 

39. a?+9. 41. 16c*+36d*. 
Find the values of : 

42. (a?-V)*- 45. (V^V^*)*. 48. 36"~l 51. 512^ 

43. (aM)"^, 46. 81"i 49. (-8)V. 

44. (n-V^)--*. 47. (-32)*. 50. 729""*. 



*^' a^+fci a-b fe^+e-y ^ 
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Extract the square root of : 

52. 16 a~*m*. 

53. 4a"*+20a"*+21a"*-10a"* + l. 

54. 4a*+4a*-19-10a"*+25a""*. 

Simplify the following, expressing all the results with posi- 
tive exponents : 

■55, - — z^ . — . s6. ^^ ^» 57. • • 

*^ c-' ah ^ a«+* . a^-' ^ 5^ a* 

58. (2"+*-2 . 2»)(2-2 • 2-»-^). 

0+6 a^+b^ 61. (a*+a'"*)»-4=? 

Extract the square root of : 

63. a+2ah^+b. 64. 2+2V^+3. (See § 91.) 

65. Is 6+2(18)^3 a perfect square? 

IRBATIONAIi NUMBIIBS 

197. A Surd is the indicated root of a number, or expres- 
sion, which is not a perfect power of the degree denoted by 
the index of the radical sign ; as V^, "VE, \/x-\-y^ or (3)*. 

198. A monomial is said to be rational when it is rational 
and integral (§ 57), or else a fraction whose terms are ra- 
tional and integral. 

A polynomial is said to be rational when each of its terms 
is rational. 

An expression is sa id to be irrational when it involves 
surds; as 2 + \/3, or Va + l-Va. 
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199. A rational number is a positive or negative integer, 
or a positive or negative fraction. 

A numerical expression involving surds is an irrational 
number.* 

200. If a surd is in the form b\/a, b is called the coeji- 
dent of the surd, and n the index. 

201. The degree of a surd is denoted by its index; thus, 
^5 is a surd of the third degree. 

A quadratic surd is a surd of the second degree. 

For example, the square roots of positive arithmetical numbers not 
belonging to the set 

1, 4, 9, 16, 25, 36, 49, etc., are quadratic surds. 
The cube roots of arithmetical numbers not belonging to the set 

1, 8, 27, 64, 125, etc., are cubic surds. 

SEDUCTION OF A SUBD TO ITS SIMFLEST FORM 

202. A surd is said to be in its simplest form when the 
expression under the radical sign is rational and integral 
(§ 57), is not a perfect power of the degree denoted by any 
factor of the index of the surd, and has no factor which is a 
perfect power of the same degree as the surd. 

203. Case I. When the eocpression under the radical sign 
is a perfect power of the degree denoted by a factor of the 
index. 

Ex. I. Reduce VS to its simplest form. 

We have, ^='^5^=2*(§ 186) = 2*= \^. 

Ex. 2. Reduce \/l6 to its simplest form. 

We have, ^i6=[(2*)i]* = (22)i=4* = ^4. 

In many radical forms, operations are more simple 
when the quantities are reduced to forms with fractional 
exponents. 

* Note that we do not define irrational number. The two most impor- 
tant irrationals, — t and « (the base of a system of logarithms), — have 
been proved not to involve surds. 
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EXSBCISE 82 

Reduce the following to their simplest forms: 

1. \/25. 5. ^^. 9. ^^"243. 13. V'216 a«x». 

2. V^. 6. V^. 10. v'sia. 14. V^64 a«6". 

3. V^. 7. v'64. II. V^144 xY' 15. V^8 a"t". 



10/ 6 / 12, 



4. V\2h. 8. V81. 12. ^/27n«a:^^ 16. V625x^y. 

204. Cas£ II. When the expression under the radical 
sign is rational and integral,^ and has a factor which is a 
perfect power of the same degree as the surd. 

1. Reduce "^54 to its simplest form. 

We have, ^54 = (27 • 2)*=27i • 2i=&)i • 2^=3 • 2i=Si/2. 

2. Reduce Vs a^b — 12 a*6^ + 12 ab^ to its simplest form, 

\/3a»fc-12a'6'+12a5» = V(a'-4a6 + 4 62)3a6 
« Vo^^T^bTiT^ V3a6= (a-2 6) V^^. 

We then have the following rule : 

Resolve the expression under the radical sign into two 
factors, the second of which contains no factor which is 
a perfect power of the same degree as the surd. 

Extract the required root of the first factor, and mul- 
tiply the result by the indicated root of the second. 

If the expression under the radical sign has a numerical 
factor which cannot be readily factored by inspection, it is 
convenient to resolve it into its prime factors. 



3. Reduce "2/1944 to its simplest form. 

^1944 = ^28X3* = (2» • 3'')3=(2» • 3')* • (3*)i=2 • 3 • (32)^=6^/9. 



4. Reduce Vl25xl47 to its simplest form. 

Vl25Xl47=\/5»X3X72=\/5*X7^xV5X3=5X7X\/l5=35V^. 
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EXEBCISE 83 

Bedaoe the following to their simplest forms : 

1. (45)* 4. V^75. 7. ^54. lo. V^4. 

2. (12)*. 5. VTB. 8. (128)*. II. VEoOa^. 

3. (96)*. 6. (27)*. 9. V^192. 12. \/98x'y-49xy. 

13. [(a4-3)(a2-9)]*. 

14. V(2 oH2 ay-4:y^) (3 a- 3 y). 

15. [(«H9)a:]*. 19. \^63 x^y • 75 a;y • 98 z. 

16. \/(a:'+6a?+9)a?. 20. V98 • 196. 

17. V(aH2a6+4 6>^ 21. (5145)*. 



18. VaH4 a6+4 b\a-b). 22. Vs a^-24 aH48 a. 

23. \/l8 0^6+60 a^ftHSO ab\ 

24. V(6 a;H5 a;y-4 y^) (3 ic2-2 a^-8 y'). 

205. Case III. When the expression under the radical 
sign is a fraction. 

In this case, we multiply both terms of the fraction by 
such an expression as will make the denominator a per- 
fect power of the same degree as the surd, and then pro- 
ceed as in § 204. 

Ex, Reduce ^ — ^ to its simplest form. 

Multiplying both terms of the fraction by 2 a, we have 

ZSXBBCISB 81 

Reduce the following to their simplest forms : 

I. v^. 3. v^Y- s. Vff. 7. ^. 9. v^. 

a. V|. 4. V^. 6. V^. 8. \/|. 10. \/^. 
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^ ^2a+b ^ a+b 

1 ^/2a2-a-15 ^ x» ^/Sx^-lS a;H-27 

14. "V X5. -;; \ 

206. To Introduce the Coefficient of a Surd under the 
Radical Sign. 

The coefficieut of a surd may be introduced under the radi- 
cal sign by raising it to the power denoted by the index. 

Ex. Introduce the coefficient of 2'^3 under the radical 
sign. _ _ _ 

2^3 = ^8X^3 = ^8X3 = ^/24. 

A rational expression (§ 198) may be expressed in the form of a surd 
of any degree by raising it to the power denoted by the index, and writ- 
ing the result under the corresponding radical sign. 

EXBBGISE 86 

Introdude the coefficients of the following under the radical 
signs: 



'- (2a+6)>/Iiri. 



I. 2V3. 3- 6V^. 5- 2-5/5. 

a. 6\/2. 4. 5i/3. 6. 3V|. 

S. (3 x-2 y)^/i, ^^^o^J^+oE^. 
o+3'o'-a-6 

9. (o+&)\^- II. 1 V4fl2-qfc» 

a+b 2o-36 ^° ** * ' 

ADDITION AKD STrBTEU.C!TION OF 8UBD8 

207. Similar Surds are sards which do not differ at all, or 
differ only in their coefficients ; as 2^ ax' and 3V ax*. 

Dissimilar Surds are surds which are not similar. 

208. To add or subtract similar surds (§ 207), add or 
subtract their coefficients, and multiply the result by their 
conunon surd part. 
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1. Required the sum of V20 and V45. 
Reducing each surd to its simplest form (§ 204), 

V^+ \/^ = N/4X5+ V/9X5 =2 V^+3 V^5 =5\/5. 

2. Simplify VlWl-V}. 

We then have the following rule : 

Reduce each surd to its simplest form. 
Add or subtract the similax surds, and indicate the 
addition or subtraction of the dissimilar. 



ilXERCISE 86 



Simplify the following : 

1. Vl2-f-V48. 

2. \/50-\/i8. 

3. 2V2 + \/i28-V98. 

4. Vi254-V^180H-\/80. 

5. ^2+^16. 



6. i/^0 + </l3~5. 

7. \/32-v^. 

V175 Vll2_\^44 
3 



8. V2504-\/490-Vl0. 

9. V44-\/2754-V89i. 

10. V32+V4S + \/S0. 

11. V54-V^245-V320. 

13. VI|-V^4-V|. 



/" 



15 



532 

16. 7\/27-V75-24\/5-27V^. 
18. ft^Vso^ H-a6 V^50 a^b^-a^Vl2S ab\ 



19. vT^8+i2^2:H^4-V^27a;3-72a;H48x. 



20. 2V12 x^'+m xy+75 y2-V48 x2--72 xy+27 y\ 
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TO REDUCE SUBDS OF DIFFERENT DEGREES TO EQUIVA- 
IiENT SURDS OF THE SAME DEGREE 

209. Ex. Reduce V2, i^S, and v5 to equivalent surds of 
the same degree. 

By § 186, \/2"= 2* = 2t^ === v'2^= V^, 

\/5=5^=5A = v'5» = V'l25. 
Rule: 

Express the surds with fractional exponents, reduce 
these to their lowest common denominator, and express 
the resulting expressions with radical signs. 

The relative magnitudes of surds may be determined by reducing 
them, if necessary, to equivalent surds of the same degree. 

12/ S/ — 12/ — 

Thus, in the above example, v 125 is greater than V81, and v81 than 

V^64. ^ 
Then, VS is greater than ^^, and ^3 than V^. 

EXERCISE 87 

Reduce the following to equivalent surds of the same 
degree : 

1. V2 and i/s. 4. v^, ^, Vc. 

2. ^5 and v^. 5. Vc^, ^?/^, x^a^-bK 

3. "^2 and V^. 6. Is \/2 greater than ^^3? . 

7. Compare ^ and >^^. 

8. Write in order of magnitude \/4, 'vG, Vi5. 

9. Which is greatest V3, \/l5, V'253? 
10. Which is greatest ^3, V2, V4? 



MUliTIPUOATION AND EVOLUTION OF 8URDB 

210. I. Multiply Ve by VI5. 

\/6X\/i5=V6Xl5=V2X3X3X5==N/32X2X5=3v1!0. 

2. Multiply V2o by V4a\ 
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Reducing to equivalent surds of the same degree (i 209), 

= V^'a'X2*o*=V2«a«X2a=2av/2o'. 
We then have the following rule : 

To mrdtiply together two or more surds, reduce them, 
if necessary, to surds of the same degree. 

Multiply together the expressions under the radical 
signS; and write the result under the conunon radical 
sign. The result should be reduced to its simplest form. 

3. Multiply Vs by v^5. 

By §186, \/5=5i=5* = V^5«. 

Then, \/^X\/5 = \/5»X\^5 = V^==5i=5J==i^5» = ^25. 

4. Multiply 2\/3H-3V2 by 3>/3-\/2. 

2V3 + 3\/2 
3\/3- VS 

18+9\/6 

~2\/6~6 
18+7V6-6 = 12 + 7\/6. 
To multiply a surd of the second degree by itself simply removes the 
radical sign; thus, V3X\/3=3, or 3* • 3i=3i+i=3. 

5. Multiply 3vTTi-4\/x by vTTx-|-2\/x. 

3\/l+a;-4\/ic 
\/l + x-{-2\/x 



3 {X+x)-Wx+x^ 

3 (l+a;)+2V^+x^-8a;=3-5a;+2\/x+^. 
EXEBCISi: 88 

Multiply the following : 

1. V3 by \/27. 4. (108)* by (192)*. 

2. i^36^ by ^6^. 5. ^72 by ^^12. 

3. 10* by 30*. 6. VI by Vf 
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7. Vj^byV^. II. i^7 ab^hy Vfab. 

8. Va^-b^ by V^^. 12. -?/5^ by Vl25 aft. ' 

9. ^3 by V2. 13. 24-3* by 3+2^ 
10. V^byV?. 14. 5H-V7-24-V5. 

15. (5 + V7)(24-V5). 

16. Expand (Va+Vft)" (§91). 

17. Expand [(a)*+7(6)*][(a)*-5(&)i]. 

18. Expand (\/3aH-VT6)(\/3a--vT6). 

19. Expand [3. 2^- 2 -3*^. 

20. Expand (\/i-f \'^H-\/3)^ 

21. Expand (2\/3)', (3i/2)^ (4V^)*. 

22. Expand (V^)^ 
(VlL2y=(12)* (§ 193) =12i=2\/3. 

23. Expand (v^)^^^ 

24. Expand (V^ a^ft)'. 

25. Expand {Wa-b+SVa+by. 

Expand and express result in the form a +2^6: 

26. (5 + V3)2=25H-10V3+3=28+2 • 5V3=28+2\/75. 

27. (5*-3^)2. 30. (V^6-2\/3)^ 

28. (2*H-3*)^ 31. (7+4V3)2. 

29. (V5+V7)^ 32. [3 + (2)if. 

33. (2.2*+3.3i)2. 
Supply the missing term in the following trinomial squares: 

34. 4+2\/l2+? 35. 7 + 2V^14. 36. 144-2(14)^. 

37. Extract the square root of 74-2v 12. 

38. Extract the square root of 5+2(6)^. 
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Note that in SQuaring a binomial, one or both of whose terms are affected 
by the exponent i, the square reduces to a binomial surd if both terms of 
the binomial to be scruared are numerical. (Compare Examples 27-36.) 
Also the part 2( )^ corresponds to the middle term of the examples tn § 91. 
In 2(ab)^ if ab can be so factored that the sum of these factors is equal to 
the other term, the square roots of these factors connected by the sign of the 
irrational term wiU be the square root of the binomial surd. 

39. Find the square root of 8 +2(15) ^ 

15=5 -3 and 5+3=8. 
Hence by the above rule, 

V8+2(15)* = V5 + V3. 

40. [17+6(8)*]*=[17+2(72)*]* 

=[17+2(8 • 9)4]i 
=9i+8i 
=9i+(2')i-2i 
= 3+2\/5. 

Find the square roots of the following binomial surds : 
Remember that the coefficient of the radical must be 2. 

41. 3-2V2. 45. 23 + 2. 132^ 49- 37-640*. 

42. 11+2(30)*. . 46. 29+2.54*. 50. 4 + (15)*. 

43. 14+6\/5. 47. 55+3V24. 51. 5 + V2I. 

44. 24+2-140*. 48. 12-\/i08. 52. 55-20V^. 

53. 44-4(72)*. 54. 53-\/600. 

DIVISION OF MONOMIAL SUBDS 

211. ^/bJ)^\/aX\/b. 

Whence, -^ = V^. 

Va 
Rule : 

To divide one monomial surd by another, reduce them, 
if necessary, to surds of the same degree. 

Divide the expression under the radical sign in the 
dividend by the expression under the radical sign in the 



176 



ALGEBRA 



divisor, and write the result under the oommon radical 
sign. The result should be reduced to its simplest form. 

1. Divide i^405 by i/W. 

We have, ^ = ^*/^ = ^8i-^273<l=3^3. 

2. Divide i/l by Vg. 

Reducing to surds of the same degree ({209), 

6 



Vi^^^ (2jj_ ^ \/2* _ ^ 6/ 2* ^ 6/2^^ 6/ 2X3» ^i 6/— 
V6 6^(2X3)* ^^2^5^ ^23X33 \3- \ 3« ^^^• 

3- Divide VlO by \/40. 

We have, V^io = loi = 10^ = (10»)*^(5« • 2»)i 

Then, V^ =^2i^' V= (5^)i = 5* =i/5. 



Vio 



2*- 5 



BKEBCISE 89 



Divide the following : 

1. \/60 by V3. 

2. (72)* by (2)*. 

3. V48 by V32. 

4. 75* by 60*. 

5. 6-3* by 2.3*. 

6. ^32 by ^4. 

7. 45* by 9*. 

8. V^ by Vis. 

9. Vl2 by Vie. 



0. 20\/l2 by 8\/3. 

1. (6a26)Hy (96 &c3)^V 

2. V3a^ by vTa. 



3. V27a:» by ^^36 x\ 

4. Vp by Vj. 

5. (ff )^ by (f 1)1 

6. \/i by Vf . 

7. (H)* by (M)*. 

8. (j2)Hy2.3*. 



EVOLUTION OP SURDS 

s 



212. I. Extract the cube root of v27 x^. 

i^(\/277»)=(\/(3 x)')^=[(3 a;)J]J=(3 x)*=\/3«. 
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2. Extract the fifth root of VG. 

\/{^Q) = (ei) i = 6 rs = v^. 

Then, to extract any root of a surd, 

If possible, extract the required root of the expression 
under the radical sign ; otherwise, multiply the index of 
the surd by the index of the required root. 

If the surd has a coefficient which is not a perfect power of the degree 
denoted by the index of the required root, it should be introduced under 
the radical sign (§ 206) before applying the rule. 

Thus, \/(4 V2) =a v/(\/32) = \/2, 

or \/(4\/2) = (4 . 2b* = (2^ • 2*)^ =2? • 2^=2 A . 2tV=2A= V2. 

EXBBCISE 00 

Find the values of the following : 

1. \/(\^). 5. ^^(v^9a2 4-12a^-4). 9. v^(16a*\/3a). 

2. ^(\/8 a36«). 6. ^(V49). 10. V(2xy/4x^). 

3. V(^?/l3). 7. \/(8li^l6). II. \/(\/343). 

4. \/(v'243ic5). 8. \/(2^3 a^ft). 12. ^(2 n^x/lGn^). 

REDUCTION OF A PBACTION WHOSE DENOMINATOB IS 
IBKATIONAL (§ 198) TO AN EQUIVAIiENT FRACTION HAV- 
ING A RATIONAL DENOMINATOR 

213. Case I. When the denominator is a monomiaL 

The reduction may be effected by multiplying both terms 
of the fraction by a surd of the same degree as the denomi- 
nator, having under its radical sign such an expression as 
will make the denominator of the resulting fraction rationaL 

Ex, Reduce 0/ — - to an equivalent fraction having a 

V 3 a^ 

rational denominator. 

Multiplying both terms by ^9 a, we have 

5 5^9a 5^9a S^oTg 
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EXEBCI8E 81 

Reduce each of the following to an equivalent fraction 
having a rational denominator : 

2 /5 3 ^96 

I. -^- 3. -V -. 5- -r-:=- 7. 



Vs ^2 ^l i/Wb 

1 J^ g g^ g 9 

214. Case II. When the denominator is a binomial con- 
taining only surds of the second degree, 

5— \/2 

1. Reduce -= to an equivalent fraction having a 

6H-V2 
rational denominator. 

Multiplying both terms by 5 — \/2 (5 — \/2 is called the conjugate of 
5+\/2), we have 

5-\/2 ^ (5-\/2)» ^ 25-10\/2-f2 ^.>QQ g^v ^ 27-10\/2 
5+V^2 (5 + \/2)(5-\/2) 25-2 ' 23 

2. Reduce — ^^ ^^^^ to an equivalent fraction having 

2\/a-3\/a-6 
a rational denominator. 

Multiplying both terms by 2\/a + 3\/a— 6, 

3\/a-2Va-& ^ (3Vfl-2\/a-b)(2\/q-t-3\/o-&) 

2\/a-3\/a^ (2Va-3\/a^)(2Vo+3V^a^) 

_ 6a-f-5\/a\/a-6-6(q-6) _ 6& + 5\/a^-a& , 
4a-9(a-6) 96-5a 

Rule : — Multiply both numerator and denominator of 
the fraction by the denominator with the sign between 
its terms changed. 

HXKECISE 92 

Reduce each of the following to an equivalent fraction 
having a rational denominator : 

3 8 4 -(2)* 

I. — : . 2. -• 3. 5^. 

V3 + V2 3-(5)^ 4-f(2y 



\^ 
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a + Vb VlO--6V^2 ^ ^ (x^+a^)^+a ^ 

Vx^—a^ ^x 

8. eM^±^*. ^' ^~^* 

x^+(x+y)^ ^ 

3-(a-3)* 5-2*+6* ,, y/x^2±\ 

10. ^^ ^» II. ! • 12. • 

3 + (a-3)* 3.2*-6* Va;-24-2 

Add the following fractions : 

(The common denominator is more readily found if the denominators 
of the fractions are first rationalized.) 

X4. 2^^6 + 1 _j_ 5+^. ^^ {x + \f-+2 3v^ 

215. The approximate value of a fraction whose denomi- 
nator is irrational may be conveniently found by reducing 
it to an equivalent fraction with a rational denominator. 

Ex. Find the approximate value of — to three places 

of decimals. 2 — V j 

1 ^ 2j-\/2 ^ 2-f V^ ^ 2 + 1.414»» ^j^ ^^^_ 

2-V2 (2-\/2)(2+V2) 4-2 2 

The \/2 and the Vo are important values and are of frequent occur- 
rence in mathematical investigation. 

EXEBGISE 93 

Find the values of the following to three places of deci- 
mals: 

3 1 1 

I. =• 2. 



V5 V2 \/3 
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3 



6. -^ 8. 



3->/3 * \/5-l * VlO 

1^5 1 



5+2V7 2V3-4 * v1S-2 

216. Important Property of Quadratic Surds (§201). 
I. A quadratic surd cannot equal the sum of a rational 
expression and a quadratic surd. 

For, if possible, let Va^b+\/c, 

where 6 is a rational expression, and Va and Vc quadratic 
surds. 

Squaring both members, a = 6'H-2 ftVc+c, 

or, 2 6Vc=a— ft^— c. 

Whence, Vc = — —7 — • 

2 

That is, a quadratic surd equal to arational expression. 
But this is impossible; whence, Va cannot equal 6+ ^c. 

11. If a-^-y/b^c-^-y/d^ where a and c are rational eoc- 
pressionsj and vfr and Va quadratic surds^ then 

a=c, and Vb=Vd. 

If a does not equal c, let a^C'\'x; then, x is rational. 
Substituting this value in the given equation, 

c4-a;4- V^=c4- Vd, or x+Vb=Vd. 

But this is impossible by § 216. 
Then, a=c^ and therefore 'vb = \/d. 

That is, an equation of the form a4- v6=c-h Vd may be 
written as two equations, 

a=c, b=d. 

217. Solution of Equations having the Unknown Num- 
bers under Radical Signs. 

I. Solve the equation (x'— 5)^— a:= — 1. 
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Transposing — «, ix^—5p=x—l. 

Squaring both members, x*— 5= x*— 2x4-1. 
Transposing, 2 x = 6 ; whence , x = 3 . 

(Substituting 3 for x in the given first member, and taking the positive 
value of the square root, the first member becomes 

(9-5)*-3=2-3=-l; 

which shows that the solution a:=3 is correct.) 

Where no sign occurs before a radical the positive sign is understood. 

Also, in equations of the type, Vx+3 + V^?+9 — Vx— 3 = \/x, 
usage requires that we regard only the given sign before the radical 
rather than the double sign that naturally belongs to a radical. 

Rule : — Transpose the terms of the equation so that 
a surd term may stand alone in one member ; then raise 
both members to a power of the same degree as the 
surd. 

If surd terms still remain, repeat the operation. 

The equation should be simplified as much as possible before per- 
forming the involution. 



2. Solve the equation V2x—i + V2 a: +6 =7. 

Transposing \/2 x- 1, V2x+6 = 7-V'2x-l. 
Squaring, 2x+6 = 49-14\/2 x-1+2 x-1. 

Transposing, 14\/2a;-l=42, or \/2a;-l=3. 

Squaring, 2 a;— 1=9; whence, x= 5. 

Substitute a;=5 in the given equation to verify the result. 

SXEBOISE 94 

Solve the following equations, verifying each result : 

(Any radical may be changed to a form with fractional exponents and 
the exponent form is often more easily solved.) 

1. (2a; + l)*-5=0. g, 2 ^^ -(2 2z)K 

2. v^^rf7+5=8. ' (2+8)^ (2-2 2)i 

3. (4 <«- 19)^=2 <-l. 6. V5m-24+4 = V'6m. 

4. Vu^-n+u=n. 7. (i;)*+(v-3)*=3. 
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8. (3£±M!:i13^=1 (§147). 
(3 a; +24)*+ (3 a:)* ^ 

9. Vw-3-Vw+21 = -2V^. 
10. (8x^+3Qx^)^'-3=2x. 

V a;+a+ V a?— g __ ^ (Rationalize denoioinator, or use 

12. (^«_5<-2)* + (<H3<+6)*=4. 

13. Vx+15-Vx+3=2Vi. 
x4. (2a:+8)i+(2a:)V ^^ 

(2a;+8)*-(2a:)* 
IS. Va:-2 a-Vx-6 a=2Vx-5 a. 

IMAGINABY NUMBKEtS 

218. If a Dumber involves an indicated even root of a 
negative number it is called imaginary. Such numbers de- 
pend upon a new unit, V — 1 or (—1)^ ; as V^, V — 3. 

In contradistinction, rational and irrational numbers (§ 199) 
are called real numbers. 



219. An imaginary number of the form V— a is called a 
pure imaginary number, and the sum of a real and an 
imaginary is called a complex number; as a+6V--l. 

220. Meaning of a Pure Imaginary Number. 

If Va is reaZ(§218), we define Va as an expression such 
that, when raised to the second power, the result is a (§ 165). 

To find what meaning to attach to a pure imaginary num- 
ber, we assume the above principle to hold when Va is 
imaginary 

Thus, V — 2 means an expression such that, when raised 
to the second power, the result is —2; that is, (V— 2)^ or 
(-2*)2=-2. 

In like manner, (V^l)2=(-li)2=-l; etc. 
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OFEBATIONS WITH IMAGINABY NUMBERS 

221. By § 220^^^5)2= (-5*)^= -5. (1) 
Also, (\/5\/^)2=(V5)2(\/ri)2=5(_i) = _5^ (2) 
or (\/Z5)2=(5i)2 . (.iJ)2=5(_l)___5^ 
From (1) and (2), (\/^)2=(V5\/3i)2. 

Whence, V^^ V5\/3i, or 5*(- 1)1 

Then, every imaginary square roo t can be eocpressed as the 
product of a real number by V — 1. It is advisable to re- 
duce every imaginary to this form before performing the 
indicated operations. 
\/— 1 is called the imaginary unit; it is often represented by i. 

222. Addition and Subtraction of Imaginary Numbers. 

Pure imaginary numbers may be added and subtracted in 
the same manner as surds. 



1. Add V^i and V^^. 

By §221, V^ + \/^^=2(-l)i+6(-l)i=8(-l)4. 

2. Subtract 3- V^ from 1 + V^^^. 

In adding or subtracting complex numbers, we assume that the rules 
for adding or subtracting real numbers may be applied without change. 

Then, 1 + V^^-(3-\/^) = H-4\/^-3+3\/^ 

= -2+7>/^. 

EXEBCISE 95 

Simplify the following : 
I. (-9)* + (-25)*. 3. V^^-V^, 

5. V-(x + 2y-V^^, 



7. 3\/^^+2V-144 + V'^^. 

8. 2(-16)*-5(-49)*-8(-121)*. 
g. V- 16 a;2- V- 9 x^-V- 4 x\ 
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10. \/-4 a2-4 ab-b^-V^9a^+6 ah-b\ 

11. Add2+(-3)*to5 + (--27)i. 

12. Add 6--V-64 to l-\/-49. 

13. From 2 + V^ take 8-V-25. 

223. Positive Integral Powers of V — l or — 1^ 

By §220, (-li)»=(-l)J.(-l)i=-l. (By adding exponents.) 
Then, (\/~l)»=(-ll)*-(-l)*=-l-(-l)i=-V^; 

(\/^)*=(-li)* •(-!)* = 1.- li=\/^l,etc. 

Thus, the first four positive integral powers of \/— 1 are %/— 1, —1, 
— V— 1, and 1; and for higher powers these terms recur in the same 
order, the sixth power being Uke the second, etc. 

224. Multiplication of Imaginary Numbers. 

The product of two or more imaginary square roots can 
be obtained by aid of the principles of §§221 and 223. 



1. Multiply V^ by V-3. 

By §221, -2i- -3i=2i- -lisi--!* 

=2i-3i-(-li)*=6i(-l) (§223) =-V6. 

2. Find the product of V^, V^^, and V-25. 

\/^X\/^^X\/^^==3V^X4\/^X5\/^ 
= 60(\/^)« = 60(-\/^) (§223) = -60V^^. 



3. Multiply 2+5\/^ by 4-3\/^. 

In multiplying complex numbers, we assume that the rules for multi- 
plying real numbers may be applied without change. 

2+ SVSV^ 

8+20v'5\/^ 
- 6\/5\/^-15(5)(-l) 



8 + 14n/^ +76=83 + 14\/^ 
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4. Expand (\/--5+2V^)2 l^y the rule of § 91. 

(-5i+2--3i)»=(5i--li+2-3i--li)» 

= (5i)'. (-li)2+4 . 5i. -li • si- -li+2» • (ziy - (-1*)' 
= -5+4-15l-(-li)»+4--3 
=: -5-4 • 15i-12= -17-4\/i5. 

SXBBCISE 96 

Multiply the following : 

1. (-4)* by (-9)*. 5. ^^1^ by V^ei. 

2. (-36)* by (-16)*. 6. (-9)* by (-18)*. 

3. V^ by \/^. 7. 3 + (-3)* by 2 + (-2)*. 

4. (- 196 a^)* by (-144 a*)*. 8. 5+4\/^ by 2-V^. 

g. 3vC:x+2V^ by 2\/^+3V3^. 



10. 8V^, SV^, -3V^-4, and 2V^. 

11. >/^^, \/-49, V^^, and V- 100. 
Expand the following by inspection : 

12. [2 + (-3)*]^ 14. (5\/^+3vC:3)^ 

13. (5-^/^)^ 15. [6+4(-3)*][6-4(-3)*]. 

16. (\/-3 a:+y)(V-3 a;-y). 

17. [(-5 a?)*+7*][(-5 a:)^5*]. 

x8. (8\/i:2+3V^)(8\/ir2-3vC:6). 

19. (a+6V^)(a-6\/^). 

20. Add (a+bV^) to (a-iA/^). 

a+6V — 1 and a—b\/—l are called conjugate imaginaries. Note 
that their sum and their product are real. 

225. Division of Imaginary Numbers. 
X. Divide v"^^ by V^. 
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2. Divide VT5 by V^. 

V-3 V3V-^ V3\A-1 

3. Reduce —^ ; — to an equivalent fraction having: a 

real denominator. 

Multiply bojth numerator and denominator of the fraction by the 
conjugate of the denominator, i. e., Vo — V — 2, that is, the denomi- 
nator with the sign between its terms changed. 



(§89) 



3-(-2) ^^"^^^ 

_ 3-2\/^-2 _ l -2^/^ 
3 + 2 5 

BXISBCISE 97 

ft 

Divide the following : 

1. -20Hy -5*. 5. -\/32 by -V^. 

2. vCIs by V^. 6. (ISO)* by -(10)*. 

3. -36Hy -12*. 7. -V^'^^ by V^. 

4. -(-12 0^6)* by (3 a6)*. 8. -Va by V^\ 

Reduce each of the following to an equivalent fraction 
having a real denominator : 

9. l-^. „ 3\/^+2V^ 

2-V-3 • 3vC:^-2\/^' 

2-(-3)* 2V35+5 
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XIV. QUADRATIC EQUATIONS 

226. A Quadratic Equation is an equation of the second 
degree (§ 75), with one or more unknown numbers. 

A Pure Quadratic Equation is a quadratic equation in- 
volving only the square of the unknown number ; as, 2a;^=5. 

An Affected Quadratic Equation is a quadratic equation 
involving both the square and the first power of the unknown 
number; as, 2a;'— 3 a?— 5=0. 

In § 103, we showed how to solve quadratic equations of the forms 
<ix^+bx=0, ax*H-c=0, x*+aa;+6==0, and ax^+hx+c=Of 
when the first members could be resolved into factors. 

PUBE QUADRATIC EQUATIONS 

227. Let it be required to solve the equation 

a;2-4=0, 
or a:' =4. 

Taking the square root of each member, we have 

for the square root of a number may be either + or — 

(§ 168). 

But the equations —a: =2 and x=—2 are the same as 
x=—2 and a? =2, respectively, with all signs changed. 

We then get all the values of x by equating the positive 
square root of the first member to the it square root of the 
second. 

The graph of a quadratic expression, with one unknown 
number, a?, may be found by putting y equal to the expres- 
sion, and finding the graph of the resulting equation as in 
§151. 

In the equation x* — 4 = placing 

that is, substituting y—0, and finding values for y by sussigning values 
0, 1, 2, etc., to Xf we have 



5^^?: 



X 


y 





-4 


1 


-3 


2 





3 


5 


4 


12 


-1 


-3 


-2 


-0 


-3 


5 


„4 


12 



Comiecting these 
points (A), (S), (O, 
etc.. we find, that 
they tonn a emooth 
curve, that the low- 
est point of the curve 
ia on the^-axis, that 
the curve cro 



s the 
9 at ±2. That 

is, the curve «'- 4=0 crosses the line y=Q (the ar-axis) in two pointe 
and that these pointe of intersection (2, 0), (—2,0) correspond to the 
algebraic solution of i'-4=0 in S227. 

In general, it will be found that the graph of every equation of the 
second degree (j 75) in two variables (unknown numbers) is a curve. 
The above geometrical picture shows in a graphical way why a quad' 
tatic equation has two roots. 
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Find the graph of : 

I. a:*- 9=0. 



. a:'- 16=0. 



. a:»-25=0. 



22S. A pure quadratic equation may be solved by redu- 
cing it, if necessary, to the form x'=a, and then equating x 
to ± the square root of a (§ 227). 

I. Solve the equation 3a;'+7=— — +35, 

Clearing of tractions, 12 i:'+28=5a;'+140. 

Transposing, and uniting terms, 7i' = H2, or a;' = 16. 

Equating x to the ± square root of IS, x=^±i. 
Verify by substituting x= ±4 in the given equation. 
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2. Solve the equation 7 a:^— 5=5 x^— 13. 

Transposing, and uniting terms, 2 x' = — 8, or x'= — 4. 

Equating x to the ± square root of — 4,x=±v' — 4 

= ±2V^ (§ 221). 

In this case, both values of x are imaginary (§ 219) ; it is impossible to 
find a real value of x which will satisfy the given equation. 

Verify by substituting in the given equation. 

Make a graph of x^=—4. 

In solving fractional quadratic equations, any solution which does not 
satisfy the given equation must be rejected. 

Thus, let it be required to solve the equation 

x^-7 ^ 1 L.. 

xHx-2 x+2 x-l 

Multiplying both members by (x+2)(a;— 1), or a;*H-x--2, 

x^ — 7=x—l—x — 2, or x*=4. 
Extracting square roots, x= ±2. 

The solution a; ==—2 does not satisfy the given equation; the only 
solutionis x=2. 

SXE2BCIBE 99 

Solve the following equations and verify each result : 

I. 8 1;2- 24=7^2+25. 3. 3(2 <-|-4)«4-4(3 <- 2)^-256. 

5 4 13 4a?^ 2 7a;^2 

Sx^ 5x^ m 3 Sx 12 a? 

2a;'+4 3a;^-7 _ll 
5 3 15 

6. 3-^^-2^!±? = ?!z3. (§132, Ex 3.) 

12 5x^+4. 4 ^^ ^ 

7. ^/ioT^-VlO=^=2. 8. iJ!!±3_8V-l^l 

7 2 14 

3 a t+5b 



t-bb 3a+10 6 



=0. Solve for U 



4 07^-1 , 3a:2-4 2x^-3 
10. 1 = • 
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t+a , t—a 
II. -^H 



a+c a—c 



t^a t+a a^c a+c 

12. Vx^+2==-x- ^ 



(§ 133, Exs. 1, 2.) 



Vx^+2 

The following equations occur in the study of physics. 
Solve in the first six equations for the number which appears to the 
second power. 



13. S=^gt\ 




14. E=\mv^. 


16. H=(PBt. 



x7./= 



mv' 



18. /? = 



R 

M 



D 




19. If the square of a certain number divided by 4 is 
added to twice the square of the number divided by 32, the 
sum is 20 ; find the number. 

20. One number is five times another, and the difference 
of their squares is 216 ; find the numbers. 

2 1. If one angle of the right triangle ABC 
is 30^, the hypothenuse is twice the shorter 
side. The side opposite angle B is 10 v3; 
find CB and explain your negative root. ^' 

22. A ladder 25 feet long standing in a court, will reach 

a window on one side of the court 20 feet 
from the ground. If turned on its foot as 

^^ an axis it will reach a window in the op- 
posite wall 15 feet from the ground. Find 
distance across the court and explain your negative roots. 

23. Two camps, A and fi, are at oppo- 
site sides of a lake. In order to find the 
distance between them, a line BC was 
measured at right angled to AB. BC was 
found to be 441 feet. AC was measured 
and found to be 735 feet. Find AB. 

24. In a semicircle, if the perpendicular DP be dropped 
from a point P in the circumference to the diameter AB^ DP 
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is a mean proportional between the segments AD and DB, 
If the perpendicular DP is 6, find AD and 
DB^ the radius of the circle being 10. If 
DP is 10 and the radius 6, what effect does 
it have on your solution ? Draw the figure. 

25. When a body falls from rest from any point above the 
earth's surface, the distance, S, which it traverses in any 
number of seconds, /, is found to be given by the equation 

in which g represents the Velocity which the body acquires 
in one second ; 9= 32. 15 feet, or 980 centimeters. 

A stone fell from a balloon a mile high ; how much time 
elapsed before it reached the earth? 

26. In the equation ^=?r\/-, ^ represents the time required 

by a pendulum to make one vibration, I represents the length 
of the pendulum, and g is the same as in Problem 25. Find 
the length of a pendulum which beats seconds. 

27. If a pendulum which beats seconds is found to be 
99.3 centimeters long, find from the above equation the value 

of 9' B 

28. The area of an equilateral triangle y^ 
ABC is 16V3^ Find the altitude DB. 

29. Two balloons start at the same time 
from St. Louis on a long-distance race. 
One strikes a northwest current carrying it ^ 

30 miles an hour; the other strikes a southwest current 
carrying it 25 miles an hour. At the end of the second hour 
each balloon is one mile from the earth. How far apart are 
they? 

30. Two automobiles start from A at the same time, one 
going north at 18 miles an hour, the other going east at 15 
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miles an hour. How far apart are they at the end of the 
A first hour ? 

31. Z) is due west of C, A is due north of Z>, and the 

distance from C to Z> is 84 miles. At 2 p. M. a train 

leaves C for D, running 40 miles an hour. At 2 : 30 P. M. a 

train leaves D for A^ running 44 miles an hour. How far 

Q apart are they at 3 P. M. ? 




32. A window in the form of a rect- 
angle surmounted by a semicircle is found 
to admit the most light when its height and 
width are equal. If the area of this win- 
dow is 32.1372, find the width. 



AFFECTKD QUADRATIC EQUATIONS 

What must be added to ic^+4a: to form a perfect trino- 
mial square? (Exercise 30.) What must be added to a?^+ lOa? 
to form a perfect trinomial square ? 

229. First Method of Completing the Square. 

By transposing the terms involving x to the first member, 
and all other terms to the second, and then dividing both 
members by the coefficient of a;^, any affected quadratic 
equation can be reduced to the form x^+px=q. 

We then add to both members such an expression as will 
make the first member a trinomial perfect square (Exercise 
30); an operation which is termed completing the square. 

Ex. Solve the equation x^+Z x=4:. 

A trinomial is a perfect square when its first and third 
terms are perfect squares and positive, and its second term 
plus or minus twice the product of their square roots (Exer- 
cise 30). 

Then, the square root of the third term is equcd to the 
second term divided by twice the square root of the first* 
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Hence, the square root of the expression which must be 
added to ar^+ 3 a? to make it a perfect square is 3 a? -5-2 a:, 
orf. 

Adding to both members the square of |, we have 

a:2+3a:+(|)'=4+f«^;^. 

Equating the square root of the first member to the ± 
square root of the second (compare § 227), we have 

^+1== it- 
Transposing |, iJ?v=— f +f or — f— f=l or —4. 

Rule: 

Reduce the equation to the form x^-^-px^q. 

Complete the square, by adding to both members the 
square of one-half the coefficient of (c. 

Equate the square root of the first member to the ± 
square root of the second, ajid solve the linear equations 
thus formed. 

230. I. Solve the equation 3a:*— 8 a?==— 4. 

Dividing by 3, x»- ^ = - ^, 

o o 

which is in the form x*+px = q. 

Adding to both members the square of - , we have 

:,._8^ + /4Y^_4^16^1 
3 W 3 9 9 

Equating the square root of the first member to the ±. square root 

0,4, .-|.i|. 

Transposing — > a;=-±-=2or-' 

If the coefficient of x^ is negative^ the sign of each term 
must be changed. 

2. Solve the equation — 9 a?^ — 21 a: =10. 

Dividing by -9, x'+ ^= - ^. 



Adding to bobh membeiB the equare of ^ 

Extracting square roots, x+ -= ± -■ 
Then, X 1: 



Solve the following eqnations and verify each resalt : 
r. P+it=32. 6. 12P-/:=1. 

a. m"-«=6. 7. 9i*-3(=2. 

3. v*-~8v=-12. 8. 9('-9i=-2. 

4. m*-2m=15. 9. 9 ('+9 (=4. 

5. 4a:=+4a:=3. 10. 162'-82=15. 
231. The graphs of affected quadratic equatious can be 

readily constructed by the method uaed in § 227. 
Construct tbe graph or geometrical picture of 



i'-*-6-0. 


(1) 






a;i-a:_6 = 3/. 


W) 




For 


eiample. 




8ubstitutingi=0in(2), wehavey=-6, 




Substituting z=2 in (2), we have y= -4, etc 






X 


V 





-6 




-6i (A) 




-6 




-6i (fl) 




-4 (O 




-2J (D) 




(E) 




« 


-1 


-5i (0) 




-4 (ff! 


-2 


(K) 


-3 


6 
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Solving x'— X— 6^0 

or (x-3)(x+2)=0, 

we have, xs=3 or —2. 

In the graph of this affected quadratic equation note 

(a) that the lowest poiut of the curve is not on the y-axiB ; 
(6) that the curve crosses the x-axis in two points (x=3, x= — 2) cor- 
responding to the algebraic solution. 

The graph of every equation of the form x^+px=q or 
ax^+bx+c^'O is a curve of the above form and is called a 
parabola. 

EXSBOISE 101 

Construct the graph of the following equations and com- 
pare the points of intersection with the algebraic solution : 

1. x^-x-2=0. 4. 8a?H6a:=-l. 

2. a:2-8a:+15=0. 5- 8a:2-2a:=l. 

3. x^+dx=-S. 6. 3 a?'- 17 a?- 6=0. 

232. Second Method of Completing the Square. 

Every affected quadratic equation can be reduced to the 
form ax^+bx+c=0, or aa?'+6a?=— c. 

Multiplying both members by 4 a, we have 

4 a^x^-^4 abx^—4L ac. 
We complete the square by adding to both members the 

square of or 5. (If the coefficient of x^ is a perfect 

square, the trinomial square may be completed by adding to 
both members the square of the quotient obtained by dividing 
the coefficient of x by twice the square root of the coefficient 
ofx\ §229.) 

Then, 4aV+4a6a;+62=62-4ac. 

Extracting square roots, 2 aa:+6== ±\/6^— 4 oo. 

Transposing, 2 ax=^ — 6 ± ^/V^\ac, 

Whence, a:= =*=-- • 

2a 
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EuLE : — Reduce the equation to the form «aj' + fta? s: — c. 

Multiply both members by four times the coefficient 
of o;^, and add to each the square of the coefficient of x 
in the given equation. 

The only advantage of this method over the preceding 13 
in avoiding fractions in completing the square. 

I. Solve the equation 2x^—7 a: =—3. 
Multipl3dng both members by 4X2, or 8, 

16a:*-56a;=-24. 
Adding to both members the square of 7, 

16 x2-66a;+7*= -24+49=25. 
Extracting square roots, 4 x — 7= ±5. 
Then, 4x = 7±5 = 12 or 2, and a;=3 or ^* 

EXEBCISB 102 

Solve the following equations using the second method ; 
verify all results : 

1. 3m'+10m=-3. 6. 15mH16m+l=0. 

2. 6<'-13<=-6. 7. 12a;2-lla:«-2. 

3. 2r2-^15r+26=0. 8. Qx^+llx^l. 

4. 6wH3w-2=0. g. &x^-7x=^2{). 
s^a?'+2a:-l=0. lo. \0(f-\-^q-=^l. 

v2^. Solution of Affected Quadratic Equations by Formula. 
It follows from § 232 that, if aar'+te+c^O, 

then ""^-^a ^^> 

This result may be used as ^formula for the solution of 
any affected quadratic equation in the form aa;^+6a; + c=0. 

I. Solve the equation 2 a:'+5 a:— 18=0. 
Here, a=2, 6=t5, and c= — 18; substituting in (1), 

j._ -•5=lr>/25:H44 _ -5±13 _g ^^ 9 
4 4 2 
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2. Solve the equation — 5 ar^+14 a?+3=0. 

Here, a =—5, 6 = 14, c=3; substituting in (1), 

-14zfcVl96"t-60 -14d:16 1 ^^ « 

x^ ^ = — or o. 

-10 -10 5 

3. Solve the equation llOx^— 21a:= — 1. 

Here, a = 110, 6=-21, c=l; then, 

j.^ 21ifc\/441-440 _ 21±l ^ 1 ^^ J_. 
" 220 220 10 11* 

Particular attention must be paid to the signs of the coefficients in 
making the substitution. 

EXJGBCISE 103 

Solve the following equations by formula : 

1. 4a;'-7a;=-3. 6. 8arH2a?=3. 

2. 9mH22w=-8. 7. 3/'-2/=40. 

3. 8/2+10^=3. 8. m'-h7m«18. 

4. 3i;'-8v-3=0. 9. 28ar2-a:-15=0. 

5. 12=23 e-5e^ 10. 5a:2-17a:+6=0. 

234. The formula in §233 is important in determining 
the nature of the roots of a quadratic equation, also in de- 
termining the relation between the roots and the coefficients 
in the equation. 

In ax^+bx'hc=0, 

-b-^Vb^-^ac -b-Vb^-^ac 
by § 233, x= ^ or 

Call the first root ri and the second r-i* 

I. li b^— 4 a^ is positive, 

Ti and r2 are real and unequal. 

i:x.,x^-2x-S=0, 6^-4ac=4+32=+. 
Solving, x=4or— 2. 

See Figure 1, Plate III. 

II. If 62_4ac=0, 

Tx and Ta are real and equal. 
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£a?., a:'-2x+l=0, ft'-rl ac=4-4=0. 
Solving, a; = l or 1. 

See Figure 2, Plate III. 
IIL If 6'— 4ac is negative^ 

Ti and fg are imaginary (§218). 
Ex.y x^-2 x+S=0, 6^-4ac=4-12. 

Solving, g^ ^^^^~^ -^=l + V^^orl-\/^. 

See Figure 3, Plate III. 

The intersection of the curve with the a:-axis is imaginary. 

Imaginary roots always occur in conjugate pairs (§ 214). 

Note that these three equations differ only in the third 
terms and that this difference seems to have the effect of 
raising or lowering the curve with respect to the x-axis. 

Adding the values of n and rg, in 

- b+Vb^-iac _ -b- Vb^-4ac 

r , fg , 

2a 2a 

we have r^ +r2= ^ — = ^^ • 

2a a 

Finding their product, 

2 a %a^ a 

Hence, if a quadratio equation is in the form 

the sum of the roots equals minus the ooeffioient of ob 
divided by the coefficient of a5*, and the product of the 
roots equals the independent term divided by the coeffi- 
cient of fiC*. 

X. Find by inspection the sum and product of the roots of 

3a:'-7a:-15=0. 

The sum of the roots is -, and their product — r-^, or —5. 

2. One root of the equation 6 x' -1-31 a;= — 35 is —J; find 
the other. 
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The equation can be written 6 x'+31 x+35=0. 

31 
Then, the sum of the roots is — ^^• 

6 



Hence, the other root is ""^~(— I) 



;).or-| + Z.or-|. 



We may also find the other root by dividing the product of the roots, 

We may find the values of certain other expressions which 
are symmetrical in the roots of the quadratic. 

3. If Ti and rg are the roots of aa;'+6a;-|-c=0, find the value 
of riHnrj-l-rj^ 

We have, r^ + r^r^ + r^' = (rj + r^) ' -r r^r^. 

But, *'i+^9 ~ — * *"^d ^1^2 ~ ~* 

€L €L 

Whence, V+^i^a+V=-!-- = ^^^- 

4. Determine by inspection the nature of the roots of 

Here a=2, 6= -5, c= - 18; and 6'-4 ac=25+ 144«160. 
Since 6'— 4 oc is positive, the roots are real and unequal. 
Since &'— 4 ac is a perfect square, both roots are rational. 

EXBBCISE 104' 

Find by inspection the nature of the roots, the sum and 
product of the roots, and construct the graph of each of the 
following 8 problems : 

1. xH8x+7==0. 5. a;'+2 a;-|-4=0. 

2. a;'-a:-20=0. 6. 9x^-j-ex-l=-^0. 

3. 4x^-x-5=0. 7. 9a;'+6a;+l=0. 

4. 6a:Ha:=0. 8. 25a;2-4«0. 
9. One root of a;' -I- 7 a: =98 is 7; find the other. 

Note that your definitions §§ 39, 60 are involved in these examples. 

10. One root of 5 a?'— 17 a:-|-6=0 is ^ ; find the other. 

11. Is 5 a root of x^-\-5 a?-l-5=0? 
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If ri and r2 are the roots of ax^-¥bx+c^O^ find the values 
of: 

12. J—i-^. 13. -4-- 14. — H — ^• 

I5« f*i H-^2 • [Hint: {x+yy+(x—yy contains but two terms.] 

EXEBCISE 105 

Solve the following equations by the method which seems 

best adapted to the example under consideration, verifying 

each result : 

(In solving any equation, we reject any solution which does not 
satisfy the given equation.) 

I. 4t^+St=10. . ^14~V ^A 

10. 4 2/+ ^ = 14. 

2. '49a;H49a;+10=0. y+1 

3. 5h'-\-i2h — 4. II. _? ^m^l^. 

4. 32v-48v'^ 3. ^"^ ^ ^ 

5. 9m2+6m=19. 

6. 2r«~15r=-13. 

7. 12ir2+5a:+l=0. M 



12. V3+a?-a:2=2a?-3. 

13. ^5 5+ll=V3*+l+2. 
a:-2 x+4: 7 



x+5 x—S 3 
8. 10-21 *;- 10 P=0. (Compare Ex. 19, Exercise 56.) 

2t+3 2/+9 ^ ^ a;4-l x+S 8 

• 8+t 3<+4 x+2 a?+4 3 

2a?2+3a?--5 3a;2+4ir-l 



16. 



17. 



2a?2~a;-l 3a:2-2ir+7 

2<^-4<-3 _ <'-4<-f2 
2t^-2t+3 t^-St+2' 



18. ^i ?-^=l+ ^ 



m2-4 3(m+2) 2-m 

19. Vs y+7 = \/4 I/+3 + V2 1/+2. 

20. 1 1 =3. 

x—1 x—2 x—S 

(Compare Ex. 14.) 
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21. (a;-2)(a?-|-3)(x-4)=0. 23. x^+x+l^O, 

22. (a?-3)(2a;H13a;+20)=0. 24. x^=l. 

25. -i-+J— JL=«Z. 

1 3 6 



26. 3- 



a;+2 2(2a:"-3) (a:+2)(2a:-3) 



^ oj-fl . ir-l-2 2a?-|-13 
27, 1 = . 

a?— 1 a;— 2 ar-fl 

28. /'= — 8. (The roots are the three different cube roots of —8. 

Compare Ex. 24.) 

Vv Vv-\-2 5 



ag. 



Vv-\-2 Vv 6 



2,2 m2+3m-16 

30, 1 = — • 

m— 2 m—5 m^— 7m+10 
31. x^-faa?— 6a:— a6=0. 

We may write the equation x^+ia—b)x=ab. 
Multiplying both members by 4 times the coefficient of x^, 

4 x' + 4(a — 6)a; = 4 06. 
Adding to both members the square of a — 6, 

4a?H4(a-6)x+(a-6)'=4a5 + a*-2a6 + 62 

Extracting square root, 2 a?+ (a — 6) = ±(a+6). 

Or, 2x=-(a-6)±(a + 6). 

Then, 2 a;= -a+6 + a+6=2 6, 

or 2a?=— a+6 — a— 6=— 2 a. 

Whence, x = 6 or — a. 

If several terms contain the same power of x, the coefficient of that 
power should be written in parenthesis, as shown in Ex. 1. 

For the solution of literal affected quadratic equations, 
the methods of § 232 are usually most convenient. 

« 

The above equation can be solved more easily by the method of § 103 ; 
thus, by § 101, the equation may be written 

(a;+a)(a;-6)=0. 

Then, x+a=0, or a;=— a; 

and x—b=Of or x=b. 

Several equations in Exercise 105 may be solved most easily by the 
method of § 103. 
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32. Solve the equation (m— l)a?'— 2m^a?=— 4m^ 
Multiplying both members by m — 1, and adding to both the square 
of m', (m-l)V-2m\m-l)x+m*=-4tm\m-l) + m* 

=m*— 4 w'-f 4 m'. 
Extracting square root, (in—l)x—m^=± (m* — 2 w) . 
Then, (m— l)a?=m'+m*— 2 m or m*— m'+2m 

=2 w(w— 1) or 2 w 

Whence, x=2wor-^^- 

m— 1 

33« a?'— ma:=m'; solve for x, 
34. a:'-7^=m^ solve for m. 

Solve the following for x : 

35. x^— 2aa?= — 6a+9. 38- x^—m^kx+mPx^m^k^. 

37. a;^+na:+a?=— n. va+a? 

40. (a-|-6)a?^+(3a+6)a?= — 2 a. 

41. Va?— a-l- V2 x+S a=5 a. 
Solve for t : 

42. V5a'ht+V5a-t=2\A, 43. '^<'-V27fT=<-l. 

44. V<+9 a+ V25 a-<= V2 <+32 a. 

45. S^Vot+^gt\ 

40, = 1. 47. =— , 

(Compare Ex. 14.) 

48. Solve for or: t=7r\-' 

9 

49. Solve for 5: F=V2gr5. 

-^ c^i .^ r 2n— 3 a • 3n4-a 10 

50. Solve for n : 1- ■ — = — • 

3n-|-a 2nSa 3 

51. Solve for w: S=^[2a+(n-l)d]. 
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PROBLEMS INVOIiVINa QUADRATIC EQUATIONS WITH 

ONE UNKNOWN NlhlBER 

235. In solving problems which involve quadratic equa- 
tions, there will usually be two values of the unknown num- 
ber ; only those values should be retained which satisfy the 
conditions of the problem. 

1. A man sold a watch for $21, and lost as many per cent 

as the watch cost dollars. Find the cost of the watch. 

Let a; = number of dollars the watch cost. 

Then, a; = the per cent of loss, 

and X X -^ » or -^ = number of dollars lost. 

100 100 

By the conditions, -^^^ = x — 2 1 . 

^ 100 

Solving, a;=30or70. 

Then, the cost of the watch was either $30 or $70; for either of these 

answers satisfies the conditions of the problem. 

2. A farmer bought some sheep for $72. If he had bought 
6 more for the same money, they would have cost him $1 
apiece less. How many did he buy ? 

Let n= number bought. 

72 
Then, — = number of dollars paid for one, 

n 

72 
and = number of dollars paid for one if 

"^ there had been 6 more. 

By the conditions, — = + 1 . 

n n+o 

Solving, n=18or— 24. 

Only the positive value is admissible, for the negative value does not 
satisfy the conditions of the problem. 

Therefore, the number of sheep was 18. 

If, in the enunciation of the problem, the words " 6 more ** had been 
changed to " 6 fewer," and " $1 apiece less " to " $1 apiece more," we 
should have found the answer 24. 

3. If 3 times the square of the number of trees in an 
orchard be increased by 14, the result equals 23 times the 
number ; find the number. 
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Let X 3s number of trees. 

By the conditions, ^ x' + 14 « 23 x. 
Solving, x=7 or |. 

Only the first value of x is admissible, for the fractional value does not 
satisfy the conditions of the problem. 
Then, the number of trees is 7. 

4. U the square of the number of dollars in a man's assets 

equals 5 times the number increased by 150, find the number. 

Let x*s number of dollars in bis assets. 

By the conditions, x' = 5 x + 1 50. 

Solving, X = 15 or — 10. 

This means that he has assets of $15, or liabilities of $10. 

SXSBCISB 106 

Verify all results. 

1. What number added to its reciprocal gives ^? 

2. Divide 17 into two such parts that three times the square 
of the greater shall exceed twice the square of the less by 115. 

3. Find three consecutive numbers such that if the square 
of the second number be subtracted from the sum of the 
squares of the first and third, the remainder will be 38. 

4. The sum of two numbers is 3 and the sum of their 
cubes is 7 ; find the numbers. 

5. Two rectangles have their corre- 
sponding sides in the ratio of 5 to 2. In 
the greater the ratio of the length to the 




breadth is ^. The area of the greater is 375 ; find the area of 
the less. 

6. A farmer bought a certain number of sheep for $300. 
Having lost 7, he sold the rest for $2 a head more than they 
cost him, and gained $44. How many did he sell? 

7. A rectangular field is twice as long as it is wide. If 20 
rods were subtracted from the length and the same amount 
were added to the width, the field would be square and would 
contain 22^ acres. Would this change decrease or increase 
the area of the field ? 
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8. A fast train's schedule from New York to Chicago is 
12 miles an hour faster than a slow one, and requires 5 less 
hours to travel 960 miles. Find the rate of each train. 

Q. If the product of three consecutive numbers be divided 
by each of them in turn, the sum of the quotients is 107; 
find the numbers. 

10. The area of a trapezoid is equal to the product of one- 
half the sum of the parallel sides and the j c 

altitude. Find the sides and altitude of ^ \v 
trapezoid ABCD in which J.Z) is 8 feet '^ e d 

more than J5(7, and EB 2 feet less than J5(7, the area being 
55 square feet. Are there two such trapezoids ? 

11. A merchant soldja bill of goods for $24, making as 
many per cent as the goods cost dollars. Find the cost. 

12. Find two numbers whose difference is 4, and the differ- 
ence of whose cubes is 3088. 

13. The area of a certain square field exceeds that of an- 
other square field by 1008 square yards, and the perimeter of 
the greater exceeds one-half that of the smaller by 120 yards. 
Find the side of each field. 

14. A and B set out at the same time from places 247 
miles apart, and travel toward each other. A's rate is 9 
miles an hour; and B'3 rate in miles an hour is less by 3 
than the number of hours at the end of which they meet. 
Find B's rate. 

15. A man buys a certain number of shares of stock, pay- 
ing for each as many dollars as he buys shares. After the 
price has advanced one-fifth as many dollars per share as he 
has shares, he sells, and gains $980. How. many shares did 
he buy ? 

i6. The two digits of a number differ by 1 ; and if the 
square of the number be added to the square of the given 
number with its digits reversed, the sum is 686. Find the 
number. 
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17. A merchant sold two pieces of cloth of different qual- 
ity for $105, the poorer containing 28 yards. He received for 
the finer as many dollars a yard as there were yards in the 
piece ; and 7 yards of the poorer sold for as much as 2 yards 
of the finer. Find the value of each piece. 

18. In a circle with centre at (7, the tan- p, 
gent PT 18 B, mean proportional between 
the whole secant PD and the external part 
P£J. If the tangent is 8, and the diameter 
IJD is 12, find PK 

19. A and B gained in trade $2100. A's money was in the 
firm 15 months, and he received in principal and gain $3900. 
B's money, which was $5000, was in the firm 12 months. 
How much money did A put into the firm? 

20. The formula for the volume of the frustum of a cone is 
V=l TT ^(^^-fr^-f i?r), in which r is the radius of the upper 

base, H the radius of the lower base, A the 
altitude and V the volume. If F=872 tt, 
r=10and ^=6; find H. I [ 

21. A square garden plot containing 
144 square feet has two walks of equal 

width intersecting at right angles to each 

other and to the sides of the garden. 
The area of the walk is one-half the area 

of the entire square; find the width of the 
walk. 

22. A square piece of tin is to be made 
into a rectangular box by cutting a square 
— out of each corner and folding up the sides. 
The pieces cut out are 6 inches square; 
the volume of the box, 1944 cubic inches. How large was 
the sheet of tin ? If a cubical box had been cut from this 







1 


1 




X-12 


1 
1 

1 
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sheet of tin, would its volume have been greater or less than 
that of the first box formed ? 

23. In a* right-angled triangle, ABG^ one 
side is 5 more than the other, and the hypote^ 
nuse^ is 5 more than the longer side. Find 
the dimensions. Draw diagram explaining 
your solutions. 

24. If a body is thrown downward with an initial velocity, 

Vq, then the space it passes over in t seconds is found to be 

£:iven by the equation 

^ ^ ^ S=v,t+\g^. 

A stone was thrown downward with a velocity of 40 feet 
per second from a balloon a mile high; g is 32.15. How 
many seconds elapsed before the stone reached the earth ? 

25. In the equation F=—^, M and m represent the 

masses of any two attracting bodies, as, for instance, the 
earth and the moon, d represents the distance between these 
bodies, and F the force with which they attract each other. 

If the moon had twice its present mass and were twice as 
far from the earth as at present, how much greater or less 
would the force of the earth's attraction be upon it than at 
present? 

26. In the equation £= J mi;^, E represents the energy of 
a moving body, the mass of which is m and the velocity is v. 
Compare the energies of two bodies, one of which has twice 
the mass and twice the velocity of the other. 

27. When a bullet is shot upward with a velocity, v, the 
height, jS, to which it rises is given by the equation 

v=-V2gS. 

Find with what velocity a body must be thrown upward to 
rise to the height of the Washington monument (655 feet). 
(See Problem 25, ExercJse 99.) 
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236. Equations in Quadratic Form. 

An equation is said to be in the quadratic form when it is 
expressed in three terms, two of which contain the unknown 
number, and the exponent of the unknown number in one of 
these terms is twice its exponent in the other; as, 

a:«-6a;»«16; x^-\-x^ -12=^0) etc. 

In equations in quadratic form, the simplest method for the ' 

beginner to apply is to let some letter represent the lowest 
power of the unknown quantity in the given equation. 

1. x*— 6a;'=16. Let y=a;^ 

Then, y*-6 2/-'16=0. 

Whence, y = 8 or — 2, 

a;»=8or-2, 

a;=2or -^^2. 
Verify these roots. 

2. 2 a:+3V^=27. Let y^x^ or \/x. 

Then, 2i/H3y=27, 

(2y+9)(y-3)=0, 

y=3or-|, 

VS=3or -?, 

x=9or^- 
4 

Verify these results. 

3. 2«-«-35 5-*-|-48=0. Leta;=5-*. 

Then, 2 x^-SS x+48=0. 

3 
Whence, ir = 16or-» 

2 

8-4 = 16 or?, 
2 

1=16 or ?, 
«* 2 

«4=i-or?. 
16 3 

2 



i«-<^ 



s= ± - or ± ^,„ 
2 \3 
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EXEBCISE 107 

1. z*-29z'^ 100. 5. 2a;-H61a;-*-96=0. 

2. y-H19y-»=216. ^^ 32xH-, = -33. 

4. m'-3m*=88. g. 4Vx*-|-6=llVx'. 

9. (2a:2-3a:)2-"8(2a:2-3a?)=9. 
10. (5m+12)-5(5m+12)*^ 4. 

FACTOBINa 

237. Factoring of Quadratic Expressions. 

A quadratic expression is an expression of the form 

In § 94 we showed how to factor certain expressions of 
this form hy inspection ; we will now derive a rule for fac- 
toring any quadratic expression ; we have, 

ax^-\-hx^-c^a{ x^-\ h - 

a a> 






V 2a 2a J\ 2a 2a 

by § 89. 
But by §233, the roots of ax^-\-bx+c=0 are 

6 . Vb^-4ac , b Vb^-^ac 
1 and — • 

2a 2a 2a 2a 

Hence, to factor a quadratic expreBsion, place it equal 
to zero, and solve the equation thus formed. 

Then the required factors are the coefficient of x^ in 
the given expression, x minus the first root, and x minus 
the second* 
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1. Factor 6 07^+7 a;— 3. 

Solving the equation 6 x^+T a;-3=0, by §233, 

^ -7±\/494-72 -7±n 1 ^^ 3 
X = " = = — or — • 

12 12 3 2 V- 

Then, 6a;»+7a;-3=6/'x-|Vx+|^ 

2. Factor 4+ 13 a:- 12 a:^ 

Solving the equation 4 + 13a;-12a:*=0, by§ 233, 

n^ '. ' ' -13 J:\/l694-192 _ -13 ±19 , 1 ^, 4 
x= = = — or -• 

-24 -24 4 3 

Whence, 4+13a?-12a;»=-12/'a:+ jVa;-^^ 

=<-l)x(-)('-|) 

= (l + 4a;)(4-3a;). 

3. Factor 2 a:2-3a:y-2y2-7x+4y+6. 
We solve 2a;'-a;(3 y+7)-2yH4 y + 6=0. 

By § 233, ^^ 3y+7±V(3y+7)'+16.v^-32y-48 

4 

^ S y+7 ±V25 y^+10 y+i _ S y +7 ±{5 y+l) 

4 4 

^8id:gor -2y+6 ^2y+2orIl2dJ[. 
4 4 2 

Then, 2 a;'-3 xy-2 y*-7 a;+4 y+6 

=2[a:-(2y+2)]rx-^:^l 

= (a;-2y-2)(2x+y-3). 
EXEBCISE 108 

Factor the following : 

1. 4x2-12ar-7. 4- t^+t + 1. 

2. x^+x-U. 5. 6t^+St+2. 

3. 25a;2-10a:-ll. 6. 36m*-5m-l. 
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7. 20x^-13 3:4-1. lo. 6-c-2c^ 

8. aH2a+2. ii. SvH 18i;~5. 

9. x*-\-x, 12. a^4-4a-fl. 

13. a2+a6-6 6Ha+13 6-6. 

14. 2a:^-a?y-yH3a?+3y-2. 

15. 2x^-4:xy+x-6y^-^lSy-6. 

16. 6aH7a6-4a-3 624.5 6-2. 

238. We will now take up the factoring of expressions of 
the forms x*+ax^y^+y\ or x*+y*^ when the factors involve 
surds. (Compare § 96.) 

1. Factor a*-f 2 0^6^25 6*. 

= {a^+5b'y-iab\/sy 

= (a» + 5 6H 06 V8) (a» + 5 6» - ofcVS) 

= (aH2 a6V2 + 5 6»)(a»-2 ab\/2 + 5 h^, 

2. Factor a;*+l. 

a;*4-l = (a;*4-2a;' + l)-2a;» 
= (a:»+l)2-(a;\/2)» 
= (x^ + x\/2 + l)(x*-x\/2'^l). 

EXEBCISE 100 

In each of the following obtain two sets of factors, when 
this can be done without bringing in imaginary numbers : 

I. x^-7 x^+4. 4. 4aH6aH9. 

2 a*'\-b\ 5. 36a:*-92a:H49. 

3. 9m*-llmHl. 6. 25m^+2SmV-\-16n\ 

Solve the following: 

7. a;'+l=0. (The three roots are the three different cube roots 
of -1.) 

8. a?^+2 a;2+4=0. 9. a;^+8a;=0. 

10. Find the three different cube roots of 27. 
• (Compare Ex. 24, Exercise 105.) 
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XV. SIMULTANEOUS QUADRATIC EQUATIOlfS 

239. On the use of the double signs ± and T- 

If two or more equations involve double signs, It will be 
understood that the equations can be read in two ways ; first, 
reading all the upper signs together ; second, reading all the 
lower signs together. 

Thus, the equations a?= ±2, y= ±3, can be read either 

a;*=-l-2, y=+3, or a;=— 2, y=— 3. 
Also, the equations x^ ±2, ^b= T 3, can be read either 
a?=+2, y=-3, or a?=-2, t/-=+3. 

240. Two equations of the second degree (§ 75) with two 
unknown numbers will generally produce, by elimination, an 
equation of the fourth degree with one unknown number. 

Consider, for example, the equations 

{x^-\-y=^a. (1) 

\x-^y'^h. (2) 

From (1), y=^a'-x^\ substituting in (2), 

x+a^~-2 ax^-\-x*=b; 

an equation of the fourth degree in x. 

The methods already given are, therefore, not stifficient for 
the solution of every system of simultaneous quadratic equa- 
tions, with two unknown numbers. 

In certain cases, however, the solution may be effected. 
In the present work we shall consider only five simple types; 

241 . Type I. When one equation is of the second degree, 
and the other of the first. 

Equations of this kind may be solved by finding one of 
the unknown numbers in terms of the other from the first 
degree equation, and substituting this value in the other 
equation, 




The points A and £ ore tlie only points common to both curves 
Their coOrdinatos, (4, 4) and (1, —2), satisfy both equatiooa aud corre- 
spond to the two algebraic solutions. 

In general there are two solutions of a quadratic equation and linear 
equatioD in two unknown quantities, 

PLATE IV 
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y-2a:=-4. 



Ex J ^ -^^. (1) 

•' - (2) 

From (2) y = 2a;-4. (3) 

Substituting in (1), 4a?'-16a;+16=4a;, 

4a;'-20a:+16=0, 
a?»-5a:+4=0, 
whence, x=4 or 1. 

Substituting in (3) , ^ = 2 a; - 4 

=8-4, or 2-4 
=4, or -2. 

The aolution isa;=4, y=4; ora;=l,y=— 2. Verify by substituting 
in the given equations. The graphs of these equations are given in 
Plate IV. 

242. Type II. When the given equations are symmetrical 
with respect to x and y ; that is, when x and y can be inter- 
changed without changing the equation, 

Eqaations of this kind may be solved by combining them 
in such a way as to obtain the values oi x+y and x—y. 

(1) 
(2) 

Multiply (2) by 2, 2 a:y = - 14. (3) 

Add (1) and (3), a;*4-2 xy+y'=36. or x-\-y= ±6. (4) 

Subtract (3) from (1), a;'-2 xt/ + y' = 64, or a:-y= ±8. (5) 

Add (4) and (6), 2 x=6±8, or -6±8 

Whence, a;=7, —1, 1, or —7. 

Subtract (5) from (4), 2 y = 6T8, or -6=F8. 

Whence, y= — 1, 7, —7, or 1. 

The solution is a;= ±7, y==Fl; or, a;= ±1, t/ = T7. 

Verify by substitution. 

In subtracting ±8 from 6, we have 6T8, in accordance with the nota- 
tion explained in § 239. 

In operating with double signs, ± is changed to T, and T to ±, 
whenever + should be changed to — . 

The graphs of these equations will be found on Plate V. Note the 
symmetrical arrangement of the points of intersection. 



Ex* Solve the equations \ ^ i 

\ xy=-7. 
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243. Type III. WTien one equation is of the third degree 
and the other is of the first degree. 

Certain forms of systems of first and third degree equa- 
tions may be reduced to Type I or Type II by dividing one 
equation by the other. 

£- f.»+y»=18. (1) 

U+y= 3. (2) 

Dividing (1 ) by (2) , x^-xy+y^=6. (3) 

Use Type II, squaring (2) and subtracting the result from (3), 

-3xt/=~3. 
-x2/=-l •"•* (4) 

Adding (4) to (3), x^-2xy+y^=5. _ * (5) 

x-y='±V5. (6) 

Solving (6) and (2) by addition and subtraction : 

3 + \/5 ^^ 3-\/5 

a;= — - — , or — - — » 

2 2 

S-VE ^^ 34-\/5 

v= .or • 

^ 2 ' 2 

The solution is a; =^±^, y= ^""^^ or 

S-VE ,._ 34-V5 

2 ' ^ 2 

Verify by substitution in the given equations. 

244. Type IV. When each equation is in the form 

In this case, either x^ or y^ can be eliminated by addition 

or subtraction. 

^x''\- 4y2=76. (1) 

3}f^-lla?2- 4. (2) 

Multiply (1) by 3, 9 x2 + 12 2/^=228. 

Multiply (2) by 4, 12y^-44a;»= 16. 

Subtracting, 53 a:' = 212. 

Then, a;' =4, and a; = ±2. 

Substituting x= ±2 in (1), 12 + 4 y'=76, or 4 t/»=64. 

Then, y* = 16, and y = ±4. 
The solution is x=2, y= ±4; or, a;= -2, y— ±4. 



I. Solve the equations 



1 


^^M 




■ 








1 




■SM 


1 


1 







x' + y 


= 50 


X 


y 





±5V2 


±1 


± 7 {A} 


±2 


±V46 


±3 


±V4I 


±4 


±6\/3 


±5 


±5 


±6 


±VT4 


±7 


± 1 {0} 



X 


y 


1 


-7 


2 


-7/. 


3 




4 


-■4 


5 


-% 


6 


-Tb 


7 


-1(0 


— I 


+ 7 (.4) 


— 2 


+ -/2 



In equation (1) since both x and y appear only in the second power, 
the doable sign octura in each substitution, aothat for every pair of 
numerical values we obtain four points on the curve. E. g. (±1, ±7) 
gives the four points A, B, C, D. The graph of equation (2) Is in two 
branches. (See Ex. 4, | 345.) In general two equations of tlie second 
degree in two unknowns give four solutions, 
PLATE V 



sa 



to 



b< 



pi 



tl 
tl 

Oj 
01 

1 



01 
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In this case there are four possible sets of values of x and y which 
satisfy the given equations : 

1. a;=2, y=4. 3. a;=-2, y=4. 

2. a;=2, y=-4. 4 a;=-2, 2/=-4. 

It would not be correct to leave the result in the form a;=±2,y=±4, 
for this represents only the first and fourth of the above sets of values. 

The method of elimination by addition or subtraction may 
be used in other examples. 

2. Solve the equations . ^ "^ ^^ ' 

^ [7x2+6y=33. (2) 

Multiply (1) by 3, 9 x^-\2 y=141. 

Multiply (2) by 2, 14a;Hl2y= 66. 

Adding, 23x^=207. 

Then. a:' =9, and a:=±3. 

Substituting a:= ±3 in (1), 27—4 y=47, and y= —5. 

It is possible to eliminate one unknown number, in the above exam- 
ples, by substitution (§ 157), or by comparison (§ 158). 

245. Type V. When each equation is of the second de- 
gree, and homogeneous; that is, when each term involving 
the unknofjon 7iumhers is of the second degree with respect to 
them (§59). 

Certain equations of this type can be solved by the methods 
of §§ 242 and 244. The method of Type V should be used 
only when the example cannot be solved by Type II or 
Type IV. 



Ex, Solve 



x^-2xy=^ 5. (1) 

a;2+ y2^29. (2) 



Dividing (1) by (2), ^^^ = ^^ 

x' + y ' 29 

or *2Qx^-bSxy=bx^ -\-,by^. 

Then, by^-\-h&xy -24;r';=0, or (5y-2a;)(y+12a;)=0. 

Solving for y, y = -=- , or — 12 x. 

5 

Substituting these values in (1) we have 

x^-^=b, or a;'+24a:'=5. 
o 
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Whence, 



The solution is 



Zx^^2y^= 66. 
.2 4-5^2=189. 

3a:-5 2/' = -116. 
a?+4y2 = i21. 

a?8+y8=91. 
+y = 7. 



(3x 
''{9x 

r4<HM^« 61. 

• I <2 +6^2 = 159. 

ra;»-y3^-117. 

• |aj -y =-3. 

^- Uy=-15. (Type II.) 

rz2_,.^2_122. 

^- |z H-^; =^40. 

rxHP=26. 

1 kx=5, 

2 uv=42. 

r/JH/S2=45. . 
fl -S = 3. 



a; = ±5, or fl;=± — p- 

V5 
«= ±5 was obtained through 

n 

y= — -, whence y= ±2. 
5 

«= ± -— was obtained through 

V5 

12 
y = — 12 x, whence y = =F -^ • 

x=±5,y=±2, or a:=±-L,y==F ^ 
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• \r+S =3. 



12 



5 
6 



lO. 



II. 



12. 



(L' + LM-\- 
'^- U-if=l. 

'a:i/=25. 



'^* U+y=io. 

ra:y=24. 

i6. j 

J 4 AH 7P=32. 
'^* 13/^2^11*2= -41. 



9«2^6m2«205. 
4<2_|.9^2^13g 

4 AH 7P=.32. 



i8. 



2aj 3y 



19. 



289 
36 



20. 



xy=ab. 
x^y=a—b. 



21. From 'v = gr^ and S= -gt^^ find -v in terms of S and jr. 
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find H in terms of C, R, and t. 



33- From E^FS, F^ma. S = ^ai\ and v^at, find E 
terms of m and v. 

^^ I x'+ y'=25. ^^ f p'+pq-5q'=25. 

\x^—xy^ 4. I p'+4(('-=40. 

f5;r»-y'= I. |2a;'-xy=28 

lxy-3i,^=-10. U»+2y*-18. 

QBAPHS 
246. I. Consider the equation x^+y*~25. 
This meana that for any 
point on the graph, the square 



of the 



plus the square 
of the ordinate, equals 25. 

But the square of the ab- 
scissa of any point, plus the 
square of the ordinate, equals 
the square of the distance of 
the point from the origin; for 
the distance is the hypob 



of a right triangle, whose other 

two sides are the abscissa and 

ordinate. Then the square of 

the distance from of any 

point on the graph is 25; or, 

the distance from O of any nt. i. 

point on the graph is 5. 

. Thus, the graph is a circle of radius 5, having ita centre at O. 

(The graph of any equation of the form x'+y'=a is a circle.) The 
graph of (1) Plate V is a circle. 

3. Consider the equation y*=4 x+4. 

lt^=0, !/'=4,ory=±2. U.B) 
Iti = l, j/'=8.ory=.±2\/2. {C. D) 
Ifi=.-1, y =0. Etc. (E) 

The graph extends indefinitely to the right. of YY'. (Fig. 2.) 

If X is negative and < — 1, y' is negative, and therefore y imaginary; 
then, no part of the graph lies to the left of E. 



(The graph of Ex. 2 is a 
'parohola ; as also is the graph 
of any equation of the form 
y^=ax or y'^ax + h. The 
graph of (1) S 241 is a para- 
bola.) 

?. Consider the equa- 
tion a;'-|-4y'-"4. 

In this case it is con- 
veoieut to firat locate the 
points where the graph in- 
tersects the axea. (Fig. 3.) 

Ify=0, a:'"4, 

ora:=±2. (A, A") 
lfi=0, 4i/'=4, 

ory=±l. (B. BO 
Putting i=±I, 4 y"-3. 




- - M j " b 

TT | y' " 



If X has any value >2,or <— 2, y' is negative, aiuly imaginary; tbea, 
no part of the graph lies to the right of A, or left of A'. 
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If y has any value >l,or < — l.i 
no part of the graph lies above B, • 

(The graph of Ex, Sisanellipae; 
<A the form ax'-i-hy'=c.) 



is negative, and x imajpnary ; then, 
r below B'. 
as also is the graph of any equation 



4- ^. 


■^l it ^' 


^^ ^" ^ 


S>"' 8^ 


^ ,zf 


^ / 


^ 7 , 


^ \ J 


\. .' 


' 


zr f \^^ 


'' ^ ^ 


/ \ _ 


' ^ \ 


-yir- ; c^ 




^^ \ \ ^s, 


1 1 f 



4> Consider the equation x'— 2^^=1. 

Here a:' — 1=2 j/', or !/' = ^-^- 

If a;=±i,j,>-o,(irs*=0. U',d) (Fig.4.) 

If X haa any value between 1 and — 1 , y' is negative, and y imaginary. 

Then, no part of the graph hes between A and A'. 



If 



= ±2, J/'= 



^>l: 



(B, C, B', O 



The graph has two branches, B^Cand B'A'C", each of which extends 

to an indefinitely great distance from 0. 

(The graph of Ex. 4 is a Ai/pfrbofa ; as also ia the graph of any equation 
of the form os'- V = c, or iy=o.) The graph of (2) Plate V is a 
hyperbola. 

SZSBCISB 111 

Find the graphs of the following sets of equations, and in each case 
verify the points of intersection by comparing with tiie algebraic solution ; 

'■ \x~y=\. '■ |2a:+3j/=4. 
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^' \xy=lO. ^* I a:+2y=-2. 

^* l3a;-y=8. " |4a;-9y=6. 

247. In solving problems which involve simultaneous equa- 
tions of higher degree, only those solutions should be retained 
which satisfy the conditions of the problem. 

EXKBOISE 112 

X. The sum of the squares of two numbers is 34 and their 
difference is one-fourth of their sum. What are the numbers? 

2. The sum of the squares of two numbers is 52 and their 
product is 24 ; find the numbers. 

3. The sum of the sides of a triangle, ABC^ is 18 inches. 
The sides AB and BC are equal, and the 
side ^C is 17 less than the square of the 
side BC. Find the length of each side. ^^ ^c 

4. In a number consisting of two digits, the first digit is 
equal to the square of the second, and if 5 times the first 
digit be divided by 3 times the second, the quotient is ^ less 
than twice the second digit ; find the number. 

5. If the length of a rectangular field were increased by 2 
rods and its width diminished by 3 rods, its area would be 
70 square rods ; and if its length were decreased by 2 rods 
and its width increased by 3 rods, its area would be 110 
square rods. Find the length and width. 

6. A tangent TP is a mean proportional t_ sV^ 
between the whole secant DP and the ex- 
ternal segment EP. If EP equah the 
radius of the circle and TP is 3V^3, find 
the area of the circle. 
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7. The perimeter, aH-6+c+d, of a rect- 
angle is 36, and the area of the rectangle is 
80. Find the sides. 

8. A farmer bought 15 cows and 20 sheep 
for 1720. He bought 3 more cows for $320 
than he did sheep for $30. Find the price of each. 

9. The sum of the numerator and denominator of a frac- 
tion is 7. If the numerator be diminished by 1, and the de- 
nominator be increased by 1, the product of the resulting 
fraction and the original fraction is ^. Find the fraction. 

10. If 7 be added to the numerator of a fraction the value 
of the fraction becomes 7. If the square of the denominator 
be subtracted from the square of the numerator the result 
is 7. Find the fraction. 

11. The area of a triangle ABC is one- 
half the product of the base, AC^ and the 
altitude, DB. The area is 48 square feet. 
BC is 10 feet and its square is equal to 
the sum of the squares of BD and DC, 
AD = DC. Find AC and BD, Can more than one such tri- 
angle be drawn ? 

13. A triangle ABC has the angles B and C equal. The 
angle A is 60° more than the square of the number of degrees 
in the angle B. The sum of the three angles is 180°. Find 
the angles. 

13. A travels from C to D. Two hours after he leaves C, B 
starts out to overtake him, traveling 3 miles per hour fainter 
than A. Had A traveled 1 mile per hour slower, B would 
have overtaken him 12 miles nearer to C. Find A's rate. 

14. In a triangle with a right angle at 
C, the altitude drawn from C to the hypote- 
nuse is a mean proportional between the 
segments, a and 6, of the hypotenuse. We ^' 
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know ako that JSC^^fe'+fc*. IfilC=12, CjB=9, and AB= 
15, find a, b and A. 

15. The sum of two numbers is to their difference as 7 is to 
2. The ratio of their product is to the product of their sum 
and difference as 45 is to 56 ; find the numbers. 

(Is the statement or the solution the more difficult?) 

16. In a right cone, we know from geometiy that 

S^ttRH, 
and r=i^/iM, / 

where 5= lateral surface, /2= radius of base, / 
F^ volume, If = slant height, -4=altitude, /^'^"T^'*J'^\ 

K iS=60^ and H=10, find V. (Remem-^ ___£:^ 

ber that because of the right angle at Z), H^=A^+R^.') 

XVI. THE BINOMIAL THEOREM 
FOBITIVS INTEQBAIi EXPONENT 

'249. A Series is a succession of terms. 

A Finite Series is one having a limited number of terms. 
An Infinite Series is one having an unlimited number of 
terms. 

250. In §§ 91 and 183 we gave rules for finding the square 
or cube' of any binomial. 

The Binomial Theorem is a formula by means of which 
any power of a binomial may be expanded into a series. 

25 1 . Proof of the Binomial Theorem for a Positive Inte- 
gral Exponent. 

The following are obtained by actual multiplication : 

(a-hxy=a^'\'2ax +a:^; 

(a+xy=^a^+S a^x+3 aa:*+a:»; 

(a+a;)*=aH4 a^x+6 aV+4 ax^+x*; etc. 
In these results, we observe the following laws : 
1. The number of terms is greater by 1 than the exponent 
'>f the binomial. 
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2. The exponent of a in the first term is the same as the 
exponent of the binomial, and decreases by 1 in each suc- 
ceeding term. 

3. The exponent of x in the second term is 1, and in- 
creases by 1 in each succeeding term. 

4. The coefficient of the first term is 1, and the coefficient 
of the second term is the exponent of the binomial. 

5. If the coefficient of any term be multiplied by the ex- 
ponent of a in that term, and the result divided by the expo- 
nent of X in the term increased by 1, the quotient will he the 
coefficient of the next following term. 

252. If the laws of § 251 be assumed to hold for the ex- 
pansion of (a+x)\ where n is any positive integer, the expo- 
nent of a in the first term is n, in the second term n— 1, 
in the third term n— 2, in the fourth term n— 3, etc. 

The exponent of x in the second term is 1, in the third 
term 2, in the fourth term 3, etc. 

The coefficient of the first term is 1 ; of the second term n. 

Multiplying the coefficient of the second term, n, by n— 1, 
the exponent of a in that term, and dividing the result by 
the exponent of x in the term increased by 1, or 2, we have 

^-^ as the coefficient of the third term ; and so on. 

1-2 

Then, (a+a;)'»=a''+na'»-*a? + ^?^^^?— i^a^'-V 
' ^ ^ 1-2 

n(n-l)(n-2) ^,_,^, (1) 

1-2-3 ^ ^ 

Multiplying both members of (1) by a + a;, we have 

1.2 1.2-3 

1-2 
Collecting the terms which contain like powers of a and x^ 
we have 
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(o+x)»+»=a»+H (n+ l)a»a;+r^^^^ +w1a''-»a:' 

r w(w-l)(n-2) n(ra-l) n ,_,^, 
L 1.2.3 1-2 J 



=a»+'+(n+l)o"a:+nr^ +l1a"- V 
, n(n— l)rw— 2 , i~l -_, . . 

+ 1T2 L-3"+T "■ 

Then, (o+a:)»+»=o"+»+(n+l)a»x+wr^1o"-V 

^ n(n-l) rn+l-l ,_,^,^„, 

=o»+»+(n+l)o»x+ (2±i}!?o»-'a;» 

1 • 2 

+ ("+^M"-^)o''-V+.... (2) 

1 • 2 • 3 

It will be observed that this result in equation (2) is of 
the BVLxne form in n+1, that equation (1) is in n, and equa- 
tion (2) was obtained by multiplying equation (1) by a+a:; 
which proves that, if the laws of § 251 hold for any power 
of a +37 whose exponent is a positive integer, they also hold 
for a power whose exponent is greater by 1. 

But the laws have been shown to hold for (a+o:)*, and 
hence they also hold for (a+a?)^; and since they hold for 
(a+a;)^, they also hold for (a+o:)® ; and so on. 

Therefore, the laws hold when the exponent is any positive 
integer, and equation (1) is proved for every positive integral 
value of n. 

Equation (1) is called the Binomial Theorem. 

In place of the denominators 1*2, 1 • 2 • 3, etc., it is usual to write 
[2, [3, etc. 

The symbol \n, read " factorial-n," signifies the product of the natural 
numbers from 1 to n, inclusive. 

The method of proof in § 252 is known as McUhemoHcal Induction. 
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253. Putting a=l in equation (1), § 252, we have 

254. In expanding expressions by the Binomial Theorem, 
it is convenient to obtain the exponents and coefficients of 
the terms by aid of the laws of § 251. 

1. Expand (a4-a;)\ 

The exponent of a in the first term is 5, and decreases by 1 in each 
succeeding term. 

The exponent of a; in the second term is 1, and increases by 1 in each 
succeeding term. 

The coeflScient of the first term is 1 ; of the second, 6. 

Multipl3ring 5, the coefficient of the second term, by 4, the exponent 
of a in that term, and dividing the result by the exponent of x increased 
by 1, or 2, we have 10 as the coefficient of the third term; and so on. 

Then, {a+xy==a^+5a*x+10aV+10 a*x* + 5ax*+x\ 

It will be observed that the coefficients of terms equally distant from 
the ends of the expansion are equal. 

Thus the coefficients of the latter half of an expansion may be written 
out from the first half. 

If the second term of the binomial is negative^ it should 
be written, negative sign and all, in parentheses before ap- 
plying the laws ; in reducing, care must be taken to apply 
the principles of § 88. 

2. Expand (1—xy. 

(l-x)« = [l + (-x)]« 

= l«+6-l»-(-a;) + 15-l*-(-x)»+20-l»-(-x)» 

+i5'V'{-xy+6'i'{-xy+{-xy 

= l-6x+15x^-20x^ + 15x*-Qx^+x*, 

If the first term of the binomial is an arithmetical number, it is con- 
venient to write the exponents at first without reduction; the result 
should afterwards be reduced to its simplest form. 

If either term of the binomial has a coefficient or exponent 
other than unity, it should be written in parentheses before 
applying the laws. 
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3. Expand (3m'-^)*. 

(3 m} - ^n) * = [(3 m») + ( - n*)]* 

= (3 m2)*+4(3 m»)»(-ni) + 6(3 m»)»(-nl)» 

+ 4(3m2)(-ni)» + (-nJ)* 
= 81 w» - 108 m*ni + 54 w*n ? - 12 m»n + nl 

EXBBCISE 113 

1. (c+d)*. 5. (ab'^'C^y. p. (2a*-5 6^)*. 

2. (x + iy. 6. (a; + 3y)*. lo. (a-«-2 6*)*. 

3. {a-b)\ 7. (2a-6)^ ii. (a:* + 2 6i)^ 

4. (m-ifc)». 8. (4A + 3A:)\ la. (l-a:^)*. 

13. (2a* + 3 6*)«. 15. (3x^-^\ 

, , \ 2a:V 

X4. (2ai + 3a-ir. ,a. (3 a'i+^r. 

255. To find the rth or general term in the expansion of 
(a+a;)^ 

The following laws hold for any tenn in the expansion of 
(^a+xY^ in equation (1), §252: 

1. The exponent of x is less by 1 than the number of the 
term. 

2. The exponent of a is n minus the exponent of x. 

3. The last factor of the numerator is greater by 1 than 
the exponent of a. 

4. The last factor of the denominator is the same as the 
exponent of x. 

Therefore in the rth term, the exponent of x will be r— 1. 
The exponent of a will be n— (r— 1), or n—r+l. 
The last factor of the numerator will be n— rH-2. 
The last factor of the denominator will be r— 1. 
Hence, the rth term 

_ n(n'-l)(n-2)'"(n-r+2) ^n^r+i^r-t qn 

1.2.3..-(r-l) ' ^ _ 
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In finding any term of an expansion, it is convenient to 
obtain the coefficient and exponents of the terms by the above 
laws. 

Ex. Find the 8th term of (3 a*-^-^". 

We have, (3 ai-6-0" = [(3 a*) + (-6-0]". 

In this case, n = ll, r=8. 

The exponent of ( — 6~0 is 8 — 1, or 7. 

The exponent of (3 ai) is 11 — 7, or 4. 

The first factor of the numerator is 11, and the last factor 4 + 1, or 5. 

The last factor of the denominator is 7. 

Then, the 8th term = \^ ' j^^ ' ^ ' ^ '/ '/ ' ^ (3 Jy{-b''V 

1-2-3-4-5-6-7 

= 330(81 a»)(-6-0 = -26730 a^b-\ 

If the second term of the binomial is negative, it should be written, 

sign and all, in parentheses before applying the laws. 

If either term of the binomial has a coefficient or exponent other than 

unity, it should be written in parentheses before applying the laws. 

EXERCISE 114 

Find the : 

I. 5th term of (c+dy. 5. 6th term of (a'^+b'^y^ 

.. 5th term of (.+ 1)-. ^ ^^^^ ^^^ ^^ /^,_ fciy . 

3. 7th term of (a+2 by. \ 2 J 

4. 8th term of (a^+b^K 7. 5th term of (a* -3 «*)". 

8. 4th term of (c-»-5 cdy\ 

9. Middle term of ^3 aH ^". 

THE METRIC SYSTEM 
Linear Measurb 

The standard unit of Linear Measure in the Metric System 
is the Meter. It is determined by taking one ten-millionth 
part of the distance from the earth's equator to either of its 
poles, measured on a meridian. It is equal to 39.37 inches. 
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The problemB in this book make use of the following sab- 
diyisiona of the Meter : 

10 Millimeters (miii.) = l Centimeter (cm.) 
10 Centimeters » i Decimeter (dm.) 

10 Decimeters = 1 Meter (m.) 

MaAsnitBs of Wbioht 

The Gram ia the unit of weight. It is equal to the weight 

of a cubic centimeter of distilled water at its greatest density. 

The following multiples of the gram are used in problems 

in this book : 

10 Grams (g.) = 1 Dekagram (Dg.) 
10 Dekagrams = 1 Hektogram (Hg.) 
10 Hektograms = 1 Kilogram (Kg.) 

XVn. HINTS ON CHECKING 

256. It is sometimes desirable to check a result by nu- 
merical substitutions. Any number may be substituted for 
the letters involved in the problem, but since all powers of 1 
are 1, a substitution of 1 for a letter above the first power is 
not an accurate check. It is best not to use a numerical 
check when other means are convenient. 

In addition : Check : Let a=2, 6=2, c=l. 

a+26-3c 2+ 4-3= 3 

-2a- 6+5c -4- 2+6«~ 1 

-3a-6b + 7c -6-12 + 7 = -11 

9a-46- c 18- 8-1 = 9 

5a-96+8c = 10-184-8= 

The horizontal and vertical additions being identical is a fair, not 
an absolute check. 

In subtraction : Check : Let a = 6 = c = 1 . 

a+ 26- c= 1+ 2-1 = 2 

- 4 a+13 6 + 4 c = - 4 + 134-4 ^ 13 

5 a- 11 6-5 c= 5-11-5 = -11 

Or add the difference to the subtrahend. The sum should be the 
minuend. 
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In multiplication : Check: Leta=6=»2. 

2a- b 4-2= .2 

3a +46 6+8 = 14 

Qa^-Sab 

+ 8a6-46» 



6a* + 5a6-4 6»=24 + 20-16=28 

If the multiplicand and multiplier are homogeneous, the 

product will also be homogeneous, and its degree equal to 

the sum of the degrees of the multiplicand and multiplier. 

The Illustrative examples in § 53 are instances of the above law; thus, 
in Ex. 2, the multiplicand, multiplier, and product are homogeneous, 
and of the third, first, and fourth degrees, respectively. 

The student should, when possible, apply the principles of 

homogeneity to test the accuracy of algebraic work. 

Thus, if two homogeneous expressions be multiplied together, and the 
product obtained is not homogeneous, it is evident that the work is not 
correct. 

Multiplication may be checked by using the multiplier as 
the multiplicand and the multiplicand as the multiplier. 

In division: 

The product of the divisor and quotient should equal the 
dividend. If the dividend and divisor are homogeneous^ the 
quotient will be homogeneous, and its degree equal to 
the degree of the dividend minus the degree of the divisor. 

In factoring : 

The product of the factors should equal the given expres- 
sion. 

In fractions : 

Since fractions involve the four fundamental operations, 
addition, subtraction, multiplication, and division, the four 
checks above given will suffice. 

In equations : 

Reject any root which does not satisfy the given equations. 
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PREFACE 

In the preparation of this text the author acknowledges 
joint authorship with Robert L. Short, Technical High School, 
Cleveland. 

A knowledge of the more elementary parts of algebra is 
presupposed. For this reason some definitions and rules for 
operation are assumed as already known to the pupil. 

Attention is called to the generalization and bringing together 
of related topics. Chapter III is an example of this feature. 
Here all forms of the exponent are treated. This gives oppor- 
tunity to regard the logarithm as a decimal exponent and to 
make the Ibgarithmic operation laws intelligible. The intro- 
duction of all linear equations and inequalities in Chapter II 
shows their solution directly dependent upon the four funda- 
mental operations. It is thought that the introduction- of the 
idea of functionality and of algebraic forms taken directly from 
the calculus will be found helpful to those who expect to 
pursue the study of mathematics further. 

The treatment of factoring is thorough and so taken up that 
Synthetic Division becomes the natural method for factoring 
many higher forms and for solving equations of higher degree. 

It is hoped that the treatment of variation as a proportion 
■will remove the reluctance with which most pupils approach 
that subject in connection with their work in science. 

In scope this text is sufficient preparation for most courses 
in mathematics which require thorough knowledge of the 
operations of algebra. 

WEBSTER WELLS. 
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I. THE FUNDAMSNTAL LAWS FOR ADDITION AND 

MULTIPLICATION 

1. The Commutative Law for Addition. 

If a man gains $8, then loses $3, then gains $6, and finally 
loses $ 2, the effect on his property will be the same in what- 
ever order the transactions occur. 

Then, the result of adding +$8, -$3, + *6, and -$2, 
will be the same in whatever order the transactions occur. 

Then, omitting reference to the unit, the result of adding 
+ 8, — 3, -{-6, and — 2 will be the same in whatever order the 
numbers are taken. 

This is the Commutative Law for Addition, which is : 

The suxQ of any set of numbers will be the same in 
whatever order they, may be added. 

2. The Associative Law for Addition. 

The result of adding b-\-c to a is expressed a -f (6 + c), 
which equals (6 4-c) + a by the Commutative Law for Addi- 
tion (§ 1). 

• But (6 4- c) 4- a equals 64-c4-a ; and b-}-c+a equals a+b+c, 
by the Commutative Law for Addition. 

Whence, a 4- (ft 4- c) = a + 6 -f c. 

Then, to add the sum of a set of numbers, we add the 
numbers separately. 

This is the Associative Law for Addition. 

3. The Commutative Law for Multiplication. 

The product of a set of numbers will be the same in 
whatever order they may be multiplied. 

1 
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The sign of the product of any number of terms is inde- 
pendent of their order ; hence, it is sufficient to prove the 
commutative law for arithmeticcU numbers. 

Let there be, in the figure, a stars in each row, and a in a row. 
5 rows. ••♦... 

We may find the entire number of stars by multiply- ••♦... 
ing the number in each row, a, by the number of ••♦... 
rows, 6. 

Thus, the entire number of stars is a x 6. h rows. 

We may also find the entire number of stars by multiplying the num- 
ber in each vertical column, &, by the number of columns, a. 
Thus, the entire number of stars is 5 x a. 

Therefore, axh^h y^a, 

which is the law for the product of two positive integers. 
Again, let c, d, e, and / be any positive integers. 

Then, - x - = ; for, to multiply two fractions, we 

d f dxf 

multiply the numerators together for the numerator of the 

product, and the denominators together for its denominator. 

Then, 5.x- = ^-^^; since the commutative law 'for multi- 
' d f fxd' 

plication holds for the product of two positive integers. 

Hence, -x-=^x-; which proves the commutative law 
d f f d 

for the product of two positive fractions. 

4. The Associative Law for Multiplication. 

To multiply by the product of a set of numbers, we 
multiply by the numbers of the set separately. 

The result of multiplying a by be is expressed a x (be), 
which equals (be) x a, by the Commutative Law for Multi- 
plication. 

(be) X a equals bca, which equals abe by the Commutative 
Law for Multiplication. 

^^^ence, a X (be) = abe. 
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This proves the law for the product of three numbers. 

The Commutative and Associative Laws for Multiplication may be 
proved for the pfoduct of any number of arithmetical nambefB. 
(See the author's Advanced Course in Algebra, §§18 and 19.) 

5. The Distributive Law for Multiplication. 

The law is expressed (a + 6)c = oc 4- ^c. 

We will now prove this result for all valiies of a, 6, and c. 

I. Let a and b have any values, and let c be a positive 
integer. 

Then, (a + b)c = (a + 6) + (a + &) 4- ••• to c terms 

= (a + a-H ••• to c terms) -|- (6 + 6 + ••• to c terms) 

(by the Commutative and Associative Laws for Addition), 
= ac-\- he. 

II. Let a and 6 have any values, and let c = -, where e and 
/are positive integers. ^ 

Since the product of the quotient and divisor equals the dividend, 

Then, (a + 6) x - x/= (a 4- ft) x e = ae + 6«, by L 

Whence, (a + 6)x-x/ = ax^x/4-&x-x/. 

/ / / . 

Dividing each term by/, we have 

(a + 6)x- = ax-+6x^. 
/ / / 

Thus, the result is proved when c is a positive integer or a 

positive fraction. 

III. Let a and b have any values, and let c = — g, where g 
is a positive integer or fraction. 

(a + 6)(- gf) = - (a 4- ft)S^ = - (ag + bg), by I and II, 
= - ag -bg = a(- g) H- 6(- g). 

Thus, the distributive law is proved for all positive or nega- 
tive, integral or fractional, values of a, &, and c. 
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■&«'. 1. Find the sum of ax and bx. 

aie + bx==(a + b)x. 
Ex. 2. Find the sum of 3 a6c« and - 5 »,«r. 
3 abcx+{-. 5 mca;)=(3 a& _ 5 ,«)^ 



^. To subtract two similar termQ ^r.A u . 

added IS called the difference. This T!" , ^® number 

ing the sign of the subtrahend and JdiTtlf "* *° *''^'^^- 
minuend. «*^uiiig tne result to the 

^a?. 3. Subtract 3 aa? from 5 aaj 9 ^^ 1 1 ^ 
Hence 2 ao. is the difference "^ "^^'^ '^ ^ «^ is 5 aa.. 

^a?. 4. From 15m take -8w pKo • 
tally) of -8«., we have 15 «. +71 = 23 ^'^^ *^« «1^ (mex.- 

The written work should appear in this form : 



16 w* 
23 w 



.0. Tl,„, law, .„^, i.,„ „„Hip,i„«« „, „ 

-'fte ?a«o of signs. 

^^' law of coefficients. 
The law of exponents. 
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The product of two terms of like sign is positive ; the 
product of two terms of unlike sign is negative. 

To the product of the numerical coefficients annex the 
letters ; giving to each an exponent equal to the sum of 
its exponents in the factors. 

The same three laws enter into division, except that quotient 
takes the place of product and the exponent of the divisor is 
subtracted from the exponent of the same letter in the divi- 
dend. (Make a rule for division of monomials.) The reason 
for such rule follows readily when division is defined as the 
process of finding one of two numbers when their product and 
one of the numbers are given. 

1 1 • An equation is a statement that two numbers are equal. 

12. If an equation is true for all finite values of the un- 
known numbers involved, it is an identical equation or identity. 

13. If an equation is true only for a definite set of values 
of the unknown numbers involved, it is an equation of condition. 

14. An equation may not be true for any values of the un- 
knowns involved. It is then said to have no roots. 

15. If when a number is substituted for an unknown in an 
equation, the equation becomes identical (§ 12) for that num- 
ber, the equation is said to be satisfied. 

The roots of an equation are the numbers which satisfy it. 
A root of an equation is also called a solution of the equation. 

. 16. Some principles used in the solution of equations are a 
set of generally accepted truths called axioms. The axioms 
most frequently in use are : 

1. If the same number, or equal numbers, be added to 
equal numbers, the resulting numbers will be equal. 

2. If the same number, or equal numbers, be sub- 
tracted from equal numbers, the resulting numbers 
-will be equal. 

3. If equal numbers be multiplied by the same num- 
ber, or equal numbers, the resulting numbers will ^'^ 
equal. 
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4. If equal numbers be divided by the same number, 
or equal numbers exoept 0, the resultiufir numbers ^wiH 
be equal. 

17. To solve an equation is to find its roots. 
The following steps indicate the process : 

Jo;- 6 = 15. . (1) 

Add 5 to each member, (Ax. 1) 

Jx = 15 + 6 = 20. (2) 

Multiply each member by 3, (Ax. 3) 

2 a; = 60. • (3) 

Divide each member by 2, (Ax. 4) 

X = 30. (4) 

18. Two equations are equivalent when every solution of the 
one is a solution of the other. 

Thus equations (1), (2), (3), (4) are equivalent. 

The axioms of algebra enable us to transform an equation 
into an equivalent one which may be more easily solved than 
the given one. 

BXEBCISIS 1 

I. Add 3a — 2 5 + 5c, 6^9a- 11 c, 3c+6 — 2a, 6 — c — a. 

a. From the sum of 7 x — Sy+ 4:Z and —2x-\-5z-{-y take 
the sum oi x — y — z and y-^z — dx. 

9 

3. Add 3(m + n)— 5s4-«; — 8(m + n) + 4< — 11 s; 

8s— 9(m +n)— 5«; 6(m+n) — 4s-h3f. 

4. From ^p— ig + r take the sum of ip-h^q-hir and 
^p-^q-ir. 

5. Subtract aa 4- % + c^ from m^x — y + dz. 

6. Subtract (c—d)x—(c+d)ytvom(2c-^5d)x+(4:C^3d)i/. 

7. Take mv + x from md — a?, 

8. From 4 a6*c + 5 rt6 (c -f (Z) — 9 a^ftc^ take 

(3a + 5)6«c-a5(cH-cf). 
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9. Simplify (oj^ - 4aj2-|- 5aj - 1)- (2 a5«-h 5aj* - a?- 7) + 

10. Simplify (x + !)(«- 2) (« - 3) - (a? - 2)* + (aJ* - 1). 

11. Simplify (x + yy — (x — y)\ 

12. Simplify [4 a:^ - (2 a? + 5)] [2 a^ - (a; - 3)]. 

13. Multiply 4ix^'\-xy-'y^hy3x^^5xy-^4:y'. 

14. Multiply ax-\'by + cz by bx — ay + cz, 

1 5. Multiply 4 (m + ^0* — 5 (m + n) + 7 

by (m + n)« + 2(m4-n) + l. 

16. Multiply 0^*+^ + «"/ + 2/* by aj" — 1/*. 

17. Expand (4 a + 3 6)^4 a - 3 by. 

18. Multiply ia2-ia5 + f&'by-2a4-i&. 

19. Multiply a^ + a'b' + b^ by a^ - a'b' + b^. 

20. Multiply a^—asy+y^ — xz — yZ'^z^hyx + y'^z. 

21. Multiply aj* 4- aa; H- 6aj + aft by a? + c. 

22. Divide 6a;«-19aj* + 12aj* + 5a^ + 4aj2-6a?-2 

by2aj*-3a?-l. 

23. Divide a}^ + b^^ hy a^ + b\ 

24. Divide 32 m* - 243 n^ by 2'm - 3 n. 

25. Divide yi^a«4-A^'^y i« + l&- 

26. Divide a^ — b^ by a** + a^ft" + 6**. 

27. Divide |a^H-^a*y + i/ by |a? + i2^. 

28. Divide 9 r^s* + 15 r*-38 ?^s-8 s*- 26 rs» by 5 r*+4 a*-r& 

29. Divide 7 m*"+* - 8 m-'+^ri*'-^ - 12 n**-* by m'+' - 2 n^-». 

30. Divide a;8^(^^5)a^_(g^2__5^5^^_l_g^2^ by 3.^.3^^ 

Solve the following equations and verify results : 

31. (aj + 2)(a?-5) = a;2-4aj-4. 



8 ALGEBRA 

33. 6(a;-3) + 5(4aj-7)+l=0. 

33. fv-4-h|v-|v = Jv-f . 

34. |(3aj~2)--^(3«-2) = |(3aj-2)-17. 
3S (y-4)(y + 3)(y-2) = (y-l)«-l. 

^15 21 6 ■*'3" 

37. ab + ax + SV'-2a^ = 4:bc — bx+cx—(^'~ac, Solve for oj- 

1 

38. y — e = (x — d). Solve for a?. 

m 

39. (a4- 6 + c)(a;--2a) — (a;— c)(a-f-6) 

= (a-6-c)*-(a*+&«). 

^^ax—b,bx — c,cx — ark 
40. 1 1 = 0. 

a b c 

19. It is sometimes convenient to indicate operations of 
addition and subtraction. For this purpose parentheses are 
used. The various forms of parentheses are: parentheses (), 
braces \ \ , brackets [ ], and the vinculum . 

A positive sign before parentheses indicates that the number 
within is to be added. Hence, parentheses preceded by a 4- 
sign may be removed without changing the signs of the terms 
within. ' 

Ex. 2a + 35 + (3a— 564-c) = 2a + 36 + 3a — 56 + c. 

A negative sign before parentheses indicates that the num- 
ber within the parentheses is to be subtracted. Hence, paren- 
theses preceded by a — sign may be removed if the + signs of 
the terms within be changed to — and the -- signs to + (§ 9). 

Ex,l. 5a + 36-(4a + 7 5)=5a + 36-4a-76 = a-4 6. 

Ex. 2. 5a+36-(-4a+76)=5aH-354-4a-76 = 9a-46. 

If the expression contains two or more parentheses, one 
within the other, remove one at a time beginning with the 
• parentheses. 
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Ex. 5 a + {3 a - (5 6 + 2 a)} = 

5a4-{3a-66-2a} = 
5a4- 3a — 66-2a = 
6 a - 5 6. 

BXESBCISE 2 

Simplify the following by removing the signs of aggregation, 
and then uniting similar terms : 

I. 9 m +(— 4 m -f- 6 w) — (3 m — w). 

3. 2a;-32/-[5« + 2/]+{-8aJ-72/}. 

3. 4y«-2a^-[-4aj2-7a^-|-5/]+(8«'-9ajy). 

4. 3 a* - 5 06 - j - 4 a^ + 2 a6 - 9 6^1 - 7 a^ -^ 6 cU) + ly". 

5. 5a— (7a— [9 a + 4]). 

6. 7aj-{-8y-10aj-ll2^j. 

7. 6mn + 5 — ([— 7mw — 3]— { — 5mn— 11|). 

8. 2a-(-3&4-c-}a-6|)-(3a + 2c-[-26 + 3c]). 



9. 37-[41-jl3-(56-28 + 7)n. 

10. 9m— (3n 4- {4m — [w — 6m]|— [m-f-7 w]). 

11. In each of the above expressions find the value if 
a = l, 6= — 2, c= — 3, m = 5, n = 2, aj=s — 4/2^ = — 1. 

20. A number may be enclosed in parentheses preceded by 
a 4- sign without changing the sign of its terms, but if a num- 
ber is enclosed in parentheses preceded by a — sign, each plus 
term placed in parentheses is changed to minus and each minus 
term to plus. 

EXERCISE 8 

In each of the following expressions, enclose the last three 
terms in parentheses preceded by a — sign : 

1, a — b — c +d, 3. a? + ^y — scy^ — y*. 

2. m» + 2m« + 3m + 4. 4. a^-4:b^ -^121-9. 
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5. 4a^ — 2^ — 2y« — ««. 7. aj* — 2a^ + 3^ + 3aj — 4y. 

DEGREE OF A RATIONAL EXPRESSION 

21. A monomial is said to be rational and integral when it 
is either a number expressed in Arabic numerals, or a single 
letter with unity for its exponent, or the product of two or 
more su(Jh numbers or letters. 

Thus, 3 a^ft*, being "equivalent to 3 • a • a • 6 • 6 • 6, is rational and inte- 
gral. 

A polynomial is said to be rational and integral when each 

3 
term is rational and integral ; as 2 a^ a6 -f- <^. 

22. If a term has a literal portion which consists of a single 
letter with unity for its exponent, the term is said to be of the 
Ji7'st degree. 

Thus, 2 a is of the first degree. 

The degree of any rational and integral monomial (§ 21) is 
the number of terms of the first degree which are multiplied 
together to form its literal portion. 

Thus, 5 ab is of the spcond degree; 8 a*6*, being equivalent to 
S' a- ab b -bf is* of the jyih degree ; etc. 

The degree of a rational and integral monomial equals the 
sum of the exponents of the letters involved in it. 

Thus, ab^c^ is of the eighth degree. 

The degree of a rational and integral polynomial is the 
degree of its term of highest degree. 

Thus, 2a^b -Sc-\-cPi8 of the third degree. 

23. If a rational and integral monomial (§ 21) involves a 
certain letter, its degree with reject to it is denoted by its 
exponent. 
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If it involves two letters; its degree with respect to them is 
denoted by the sum of their exponents ; etc. 

Thus, 2 a6*x2y8 js of the second degree with respect to x and of the 
fifth with respect to x and y. 

24. An Integral Equation is one each of whose members is 
a rational and integral expression (§ 21) ; as, 

4a;-5 = |2/ + l. 

A Numerical Equation is one in which all the known num- 
bers are represented by Arabic numerals ; as, 

2a; -7 = 0:4-6. 

25. If an integral equation (§ 24) contains one or more un- 
known numbers, the degree of the equation is the degree of its 
term of highest degree. 

Thus, if X and y represent unknown numbers, 

ax— by = c ia an equation of the first 4egree ; 
a;2 -|- 4 a; = — 2, an equation of the second degree ; 
2 x^ — 3 xy"^ = 6, an equation of the third degree ; etc. 

A Linear, or Simple, Equation is an equation of the first 
degree. 

26. The equations of Exercise 1 were integral, first degree 
in one unknown number, linear. 

THEOREMS IN REGARD TO EQUIVALENT EQUATIONS 

27. If the same expression be added to both members 
of an equation, the resulting equation will be equivalent 
to the first.' 

Let A = B (1) 

be an equation involving one or more unknown numbere. 

To prove the equation A -\- C = B -\- C, (2) 

where C is any expression, equivalent to (1). 

Any solution of (1), when substituted for the unknown numbers, 
makes A identically equal to B (§ 16). 

It then makes A-\- C identically equal to B + C (§ 16, 1), 

Then it is a solution of (2). 
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5. 4 a^ — 2/^ — 2^ — 2*. 7. aj*— 2flC2/ + y*-f-3a? — 4y. 

DEQBEB OF A RATIONAL EXPRESSION 

21 . A monomial is said to be rational and integral when it 
is either a number expressed in Arabic numerals, or a single 
letter with unity for its exponent, or the product of two or 
more su(?h numbers or letters. 

Thus, 3 a^b^y being 'equivalent to 3 • a • a • & • 6 • &, is rational and inte- 
gral. 

A polynomial is said to be rational and integral when each 

3 
term is rational and integral ; as 2 aj^ — - a6 + c®. 

4 

22. If a term has a literal portion which consists of a single 
letter with unity for its exponent, the term is said to be of the 
Ji7'8t degree. 

Thus, 2 a is of the first degree. 

The degree of any rational and integral monomial (§ 21) is 
the number of terms of the first degree which are multiplied 
together to form its literal portion. 

Thus, 5 ab is of the second degree; 8 a^l^^ being equivalent to 
3 • a • a • 6 • 6 • 6, is'of the fifth degree ; etc. 

The degree of a rational and integral monomial equals the 
sum of the exponents of the letters involved in it. 

Thus, aWc^ is of the eighth degree. 

The degree of a rational and integral polynomial is the 
degree of its term of highest degree. 

Thus, 2 er^ft _ 3 c -f (12 ig of the third degree, 

' and integral monomial (§ 21) involves a 
^ee with respect to it is denoted by its 
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If it involves two letters,* its degree with respect to them is 
denoted by the sum of their exponents ; etc. 

Thus, 2 a6*x2y8 is of the second degree with respect to x and of the 
flfth with respect to x and y. 

24. An Integral Equation is one each of whose members is 
a rational and integral expression (§ 21) ; AS, 

A Numerical Equation is one in which all the known num- 
bers are represented by Arabic numerals ; as, 

25. If an integral equation (§ 24) contains one or more un- 
known numbers, the degree of the equation is the degree of its 
term of highest degree. 

Thus, if X and y represent unknown numbers, 

oic — 6y = c is an equation of the first 4egree ; 
a;2 -J. 4 a; = — 2, an equation of the second degree ; 
2 x2 — 3 xy^ = 6, an equation of the third degree ; etc. 

A Linear, or Simple, Equation is an equation of the first 
degree. 

26. The equations of Exercise 1 were integral, first degree 
in one unknown number, linear. 

THEOREMS IN REGARD TO EQUIVALENT EQUATIONS 

27. If the same expression be add^d to both members 
of an equation, the resulting equation will be equivalent 
to the first.' 

Let A=B (1) 

be an equation involving one or more unknown numbera. 

To prove the equation A-\- C = B + C^ (2) 

where C is any expression, equivalent to (1). 

Any solution of (1), when substituted for the unknown numbers, 
makes A identically equal to B (§ 16). 

It then makes A-\- C identically equal to B + C (§ 16, 1). 

Then it is a solution of (2). 
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il foUcwH from tJtis that U is never allotcable to divide both 
members of an integral equation by an expression irhich in- 
volves the unknown numbers ; for in tliis uray solutions are lost. 

J3. If both members of a fractional e<itiati<xi be nnilti- 
plied by the L.C.M. of the driven denominators, the re- 
sultin^r equation is in general equivalent to the first. 

Let all the terms be transposed to the first member^ and let 
thei3 be added, using for a comioon denominator the L. C. M. 
of the given denominators. 

The equation will then be in the form 

'1 = 0. (1) 

We will now proTe the eqnati<m 

^ = 0, (2) 

which is obtained by multiplying (1) by the L. C. M. of the given denomi- 
nators, eqaivalent to (1), if A and B have no common factor. 

Any solution of (1), when substituted for the unknown numbers, 

makes — identically equal to 0. 

Then, it must make A identically equal to 0. 

Then, it is a solution of (2). 

Again, any solution of (2), when substituted for the unknown num- 
bers, makes A identically equal to 0. 

Since A and B have no common factor, B cannot be when this solu- 
tion is substituted for the unknown numbers. 

Then, any solution of (2), when substituted for the unknown numbers, 

A 

makes — identically equal to 0, and is a solution of (1). 
B 

Therefore, (1) and (2) are equivalent, if A and B have no common 
factor. 

If A and B have a common factor^ (1) and (2) are not equivalent ; 
consider, for example, the equations ^ 

^'^^ = 0, and X - 1 = 0. 

The second equation is satisfied by the value as = 1, which does not 
satisfy the first equation ; then, the equfttious iirs aot eqaivalent. 
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34. A fractional equation may be cleared of fractions by 
multiplying both members by any common multiple of the 
denominators ; but in this way additional solutions are often 
introduced, and the resulting equation is not equivalent to the 
first. 

Consider, for example, the equation 



jcs - 1 x-1 

If we solve by multiplying both members by «* — 1, the L. C. M. of 
x^ — 1 and « — 1, we find x =—2, 

If, however, we multiply both members by (x^ — l)(a;— 1), we have 

x^ - x^ + x^ - X = 2 x^ - 2x^ - 2x + 2, OT x:^ + X — 2 =0, 

The latter equation may be solved by usjpg factors. 
The factors otx^-\-x—2 are x + 2 and x—1. 
Solving the equation a;+2 = 0, a;=~2. 
Solving the equation a;— l=0,aj = l. 

This gives the additional value x = 1 ; and \^ is evident that this does 
not satisfy the given equation. 

• 

35. If both members of an equation be raised to the 
same positive integral power (§ 66), the resultinsr equa- 
tion will have all the solutions of the given equation, 
and, in general, additional ones. 

Consider, for example, the equation a; = 8. 
Squaring both members, we have 

x^ = 9, or a;2 - 9 = 0, or (x + 3)(a;- 3) = 0. 

The latter equation has the root 3, and, in addition, the root — 3. 
We vsrill now consider the general case. 

Let A = B (1) 

be an equation involving one or more unknown numbers. 

Raising both members to the nth power, ti being ft positive integer, we 

^*^® A^ = Bn^OTA*-B^=0, (2) 

Factoring the first number (§ 103, VII), 

(J. - 5) (^»-i + A»-W + . . . + 5«-i) = 0. (3) 

Now, equation (3) is satisfied when A = B, 
Whence, equation (2) has all the solutions of (1), 
But (3) is also satisfied when 
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so that (2) has also the solutions of this last equation, which, in general, 
do- not satisfy (1). 

EQUIVALENT SYSTEMS OF EQUATIONS 

36. Two systems of equations, involving two or more un- 
known numbers, are said to be equivalent when every solution 
of the first system is a solution of the second, and every solu- 
tion of the second is a solution of the first. 



37. If 



JB = 0, 

are equations involvingr two or more unknown numbers, 
the system of equations 

^ = 0, 
mA + nB = 0, 

where m and n are any numbers, and n not equal to 
zero, is equivalent to the first system. 

For any solution of the first system, when substituted for the un- 
known numbers, makes A = and B = 0, 

It then makes ^4 = and mA + nB = 0. 

Then, it is a solution of the second system. 

Again, any solution of the second system, when substituted for the 
unknown numbers, makes A = and mA + n5 = 0. 

It therefore makes nB = 0, or B = 0, 

Since it makes A = and £ = 0, it is a solution of the first system. 

Hence, the systems are equivalent. 

A similar result holds for a system of any number of equations. 
Either m or n may be negative. 

38. If either equation, in a system of two, be aoWed 
for one of the unknown numbers, and the value found be 
substituted for this unknown number in the other equa- 
tion, the resulting system will be equivalent to the first. 

(A=B, (1) 

(7 = Z>, (2) 

be equations involving two unknown numbers, x and y. 
Let E be the value of x obtained by solving (1). 



Let 
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Let F= G be the equation obtained by substituting Etorxia (2). 
To prove the system of equations 

'x =zE, (3) 

\f=g, W 

equivalent to the first system. 

Any solution of the first system satisfies (3), for (3) is only a form of (1). 

Also, the values of x and y which form the solution make x and E 
equal ; and hence satisfy the equation obtained by putting E for x in (2). 

Then, any solution of the first system satisfies (4). 

Again, any solution of the second system satisfies (1), for (1) is only 
a form of (3). 

Also, the values of x and y which form the solution make x and E 
equal ; and hence satisfy the equation obtained by putting x for E in (4). 

Then, any solution of the second system satisfies (2). 

Hence, the systems are equivalent. 

A similar result holds for a system of any number of equations, in- 
volving any number of unknown numbers. 

39. The principles of §§ 27, 28, 29, 31, 33, 35, 36, and 37 
hold for equations of any degree. 

40. In the solution of an equation of Exercise 1, we replaced 
each equation by an equivalent one more easily solved for the 
unknown number. 

41. Elimination is the process of deriving from a system of 
two or more equations, a system containing one less unknown 
number than the given system. 

There are several methods of elimination, each method de- 
pending on a process which will form a second system* equiva- 
lent to the first. 

42. A system of equations is called Simultaneous when each 
contains two or more unknown numbers, and every equation 
of the system is satisfied by the same set, or sets, of values 
of the unknown numbers ; thus, each equation of the system 

U-?/ = 3, 
is satisfied by the set of values a? = 4, y = 1. 
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A Solution of a system of simultaneous equations is a set of 
values of the unknown numbers which satisfies every equation 
of the system ; to solve a system of simultaneous equations is 
to find its solutions. 



JSte* Solve (1) 2 

(2) 



a; - y = 1, J 



(1) 2x + 6y = 9,\ 
(8) 6x-6y = 6,J 

(1) 2a; + 5y = 9, \ 2x + 6y= d,\ 

(4) (2a;-|-6y)+6a;-6y = 9 + 5j ' 7a; = 14, J 

System II is equivalent to system I, and system III is 
equivalent to system II. 

System III gives the required solution since (4) gives Xs=z2 
and this value substituted in (1) gives y =« 1. 

Similarly it may be shown that elimination by substitution 
and by comparison involve the deriving of equivalent systems 
from the given system (§§ 37, 38). 

Unless the equations of a given system are independent a 
solution is not possible. 

43. If two equations, containing two or more unknown num- 
bers, are not equivalent, they are called Independent. 

Consider the equations 

f« + y = 5, (1) 

> + 2/ = 6. (2) 

It is evidently impossible to find a set of values of x And y which shall 

satisfy both (1) and (2). 

Such equations are called Inconsistent. 
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Solve the following equations, using Addition or Subtrac- 
tion. Substitution or Comparison : 



z. 



{Sx'h5y = 21. ^ \,x-'2y = 9. 



[7x-2y= 8. 



I2aj — y«12. 
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6. 



8. 



(4:X-Sy =1. 

(2x-y=-S. 
l6aj + 9=5=3y. 

r y = 4 + a;. 

\Sx-\y^l7. 

3x — 2y=^l^. 12. 

a; = 2^. 

.3w + 12 = — 4n. i^. 

« + 4 V=3 —1. 

i; = 2a--'16. 

(2. o \ 2x-y 
-(x — Sy) ^ 



7 5 

2^-9 2y-5 ^^Q^ 
3 5 



ll£:i:5=^_-3g. 
7 



(3« + ^ = 26, 

15-2x+|=0. 
5 

ll^=»?t + 19, 
2^-w = 10. 



14. 



6. 



15- 



x6. 



3" "' 2 

2 0? 4- 3 y - 6 a?-^y _. 
9 7 

6a; — gi/ + 10 5a?-f3y _4 
11 7 15' 

[5y-Sx-l =0. 

'y -— 3a; = a. 



17. i 



' a?-f.V4-2 3a; — .V g __x 
4 17 6' 



z8. 



19 + 1 = '- 

27 6^ "' 
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f f\ 



19. 



2 oa? - 4 6y = a* - a6 + 2 6«. 

a? -f- y = a. 

az. 



20. ^ 4 ^T-^- 



17 15 

5 12 ^ 



32. If 6 in. be added to the length and 3 in. to the breadth 
of a certain rectangle, the area is increased by 120 sq. in., but 
if 4 in. be subtracted from the length and 2 in. from the breadth, 
the area is decreased by 70 sq. in. Find its dimensions. 

33. 2 cu. ft. of water and 4 cu. ft. of ice together weigh 
355 lb. The difference between the weights of 3 cu. ft. of 
water and. 2 cu. ft. of ice is 72 lb. 8 oz. Find the weights of a 
cubic foot of each. 

24. A masonry contractor held back $ 132.50 of the wages 
due his men. His bricklayers earned $ 3 per day, and his hod 
carriers $ 1.75 pejr day. Their combined wages for a day were 
$ 256.25. He retained $ 1.50 from each bricklayer and $ 1 from 
each hod carrier. How many carriers did he employ ? 

35. A man rows a certain distance down stream at the rate 
of 3^ mi. an hour in 3-J^ hr. In returning it takes him 16 hr. to 
reach a point 5 mi. below his starting point. Find the rate of 
the current. 

36. Two trains start toward each other, one from N.ew York, 
the other from Chicago. They meet in 10 hr., 40 min., the 
distance between the two cities being 960 mi. If the first 
train starts 3 hr. earlier than the second train, they will meet 
94^ hr. after the second train starts. Find the rate of each, 
tram. 

27. A number lies between 300 and 400. If 18 is added to 
the number, the last two digits change places with each other, 
and if the number be divided by the number expressed by the 
first two digits, the quotient is lO^Ay-. Find the number. 
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38. Find two numbers whose difference is 93 and whose sum 
divided by the smaller number gives a quotient of 6f . 

29. By the law of levers, the product of the weight Wi by 
the .distance from Wi to the fulcrum, F, is equal to the product 

of the weight TFg by the dis- w^ w^ 

tance from W2 to the fulcrum. ^ 

A board resting across a pole balances when a 60-lb. boy is on 
one end and a 100-lb. boy on the other end. The board will 
also balance if a 120-lb. boy sits 2 ft. from one end and a 60-lb. 
boy sits 2 ft. from the other end. Find the length of the board. 

30. If a regular hexagon is circumscribed about a given 
circle, the difference between the areas of* the hexagon and 
circle is 32.24, and the sum of their areas is 660.56. Find the 
radius of the circle. 

GBAPHIGAL BEPBBSBNTATION 

44. A drawing or picture of given data or of an equation is 
often of value. 

45. Descartes (1596-1660) was the first mathematician to 
apply measurement to equations. 

It is impossible to locate absolutely a point in a plape. All 
measurements are purely relative, and all positions in. a plane 
or in space aire likewise relative. Since a plane is infinite in 
length and breadth, it is necessary to have some fixed form 
from which one can take measurements. For this form, 
assumed fixed in a plane, Descartes chose two intersecting 
lines as a coordinate system. Such a system of coordinates 
has since his time been called Cartesian. It will best suit our 
purpose to choose lines intersecting at right angles. 

46. The Point. If we take any point M, its position is 
determined by the length of the lines QM^x and PM=y, 
parallel to the intersecting lines OX and OF (Fig. 1). The 
values x=a and y = b will thus determine a point. The unit 
of length can be arbitrarily chosen, but when once fixed remains 
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the same throughout the problem under discussion. Q3f «= x 
and PM =!y, we call the coordinates of the point 3f. x, measured 

parallel to OX, is called the abscissa, 
y, measured parallel to OF, is the 
ordinate, QX and Fare the cobrdir 
nate axes. OX is the axis of x, also 
called the axis of abscissas. OF is 
the axis of y, also called the axis of 
ordinates. 0, the point of interseo- 
-X tion, is called the origin. 

Two measurements are necessary 
to locate a point in a plane. 

For example, a; = 2 holds for any point on the 
line AB (Fig. 2). But If in addition we demand 
that y = 3, the point is fully determined by the in- 
tersection of the lines AB and CD, any point on 
CD satisfying the equation y aa 8. 

47. The Line. ^ Consider the equation 
05 -h y = 6. 

In this equation f when values are assigned to 2, we get a valae 
of y for every such value of z. When x =0, ^=^6; ae=l, y — 6; 
x=2, y = 4; a = 3, y=8; xssS, y = l; etc., giving an infinite number 
of values of x and y which satisfy the equation. 

Laying off these values on a pair of axes, as shown in 
§ 46, we see that the points whose coordinates satisfy this 
equation lie on the line AB (Fig. 3). It is readily seen that 
there might be confusion as to the direction from the origin 
in which the measurements should be taken. This is avoided 
by a simple convention in signs. Negative values of x are 
measured to the left of the y-axis, positive to the right* In 
like manner, negative values of y are measured downward 
from the avaxis, positive values upward. XOY, YOX\ X*OY\ 
YOX, are spoken of as the first, second, third, and fourth 
quadrants respectively. (See Fig. 2.) 

By plotting other equations of the first degree with two uli- 
" nown quantities it will be seen that such an equation always 
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represents a straight line. This line AB (Fig. 3) is called the 
graph of K + y = ti and is the locua of all the points satisfying 
that equation, 

48. Now plot two simultaneous equations of the first degree 
on the same axes, e.g. a; + y = 6 and 2a: — 3j=— 3 (Fig. 4). 
We see that the coordinates of the point of intersection have 
the same values as the x and y of the algebraic solution of the 
equations. 

This is a geometric or graphical reason why there is but one 
solution to a pair of simultaneous equations of the first degree 
with two unknown numbers, A simple algebraic proof will 
be given in the next article. Hereafter an equation of the 
first degree in two variables will be called a linear equation. 



Aj .V| I I I I 

- 5L 
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49. Algebraic Proof of the Principle of §48. Two simuV 
taueous equations of the first degree cannot be satisfied by two 
different sets of values for x and y. Given the equations 

ax + bv^o, (1) 

ex+/y = k. (2) 

EliminaUng !f, (af - eb}x = c/ - hh. (3) 

Let xi and zq be the roots of (S), different in value. Substituting 

these roots, we have ,gf_ ^jj^.^ = ^Z- 6ft, 

■ e6)*j = cf— hh, 

'.I ^ Zi, .-. af= cb, or - = -, which is impossible. 



iaf- 



In general, the plotting of two graphs 



1 the a 



e AneB will 



determine all the real solutions of the two equations, t 
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co5rdinates of each point ot intersection of the graphs being 
values of x and y which satisfy both equations. 

SO. It is well to introduce the subject of graphs by the use 
of concrete problems which depend on two conditions and 
which can be solved without mention of the word equation. 

Professor F. E. Nipher, Washington Univeraiiy, St. Louis, proposeB 
the following : 

'■A person wishing a number at copies of a letter made, went to a 

typewriter and learned that the cost would be, for mimeograph work : 

$1.00 for 100 copies, 

¥2.00 tor SOO copies, 

$3.00 for 300 copies, 

$4.00 (or 400 copies, and so on. 

He tiien went to a printer and was made the following terms ; 

32.60 for 100 copies, 

$3.00 for 200 copies, 

§3.50 for 300 copies, 

84,00 for 400 copies, and eo on, a rise of 60 cents 
for each hundred. 

"Plotting the data of (1) and (2) on the aame 
axes, we have : 

I <^ ^ . " The vertical aria being chosen for the price-units, 

the horizontal axis for the number of copies. 

"Any point on line (1) will determine the price 
for a certain number of mimeograph copies. Any 
point on line (2) determines the price and oor- 
FiQ. 5. responding number of copies of printer's work." 

Numerous lessons can be drawn from this problem. One ia 
that for less than 400 copies, it is less expensive to patronize 
the mimeogi-apher. Por 400 copies, it does not matter which 
party is patronized. For no copies from the mimeographer, 
one pays nothing. How about the cost of no copies from the 
printer ? Why ? 

The graph offers an excellent method for the solution of 
indeterminate equations in positive integers. 

Ex. Solve 3 a; + 4 J/ =22 for positive integers. Plotting 
*^e equation, we have 
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We see that the line crosaes the corner of a sqnare only when x — 2 
and x — 6. For all otber integral values of x, y ia fractional. The only 
positive integral solutions are, therefore, x = 2, y = i; x = G, ^=1. 
This correspondB to the algebraic result. 



51. In the equation y=- — 

value. That is, every change in ; 



, y is dependent on x for its 

! produces a change in y. 
When two quantities are so related, the first is said to be a 
Function of the second. Similarly y =/(«), ready ia a function 
of X, means that y is equal to some expression in x. In place 
of the equation represented by Fig. 6 one might have 



f{^)- 



22-33; 






&~2x, 
i + x* 



Make a graph of each of these two functions and find their 
point of intersection. 

EXBBCISB 6 
1. f{x) = Tx-2A, find/(0),/(l),/(2),/(-4),/(3?). 
3. ^{x) = ^~2x + l, find .^(0), .^{1), ^(2). 

■ The f(x) and F(i) mean simply different functions of a. In these 
same equations /(O) means the value of the function when is substi- 
tuted for X in f{x) = 8 - 2 ic, namely, /fO) = 8. Similarly /(I) = 8-2(1) 
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Solve the following by means of graphs : 



3- 



x — 5 2a;— y~l _ 2y~2 
4 3 ~J^' 

2y + a;-l ^ a? + y 
9 4 



. , V l-8y 
-/ , . 5 a; — 19 



5- { 



/(y) = ^^. ■ ^F{x)^ 



3 
2-7a? 



INEQUALITIES 

52. The Signs of Inequality, > and <, are read " is greater 
than " and " is less than,^' respectively. 

Thus, a > 6 is read " a is greater than 6 " ; a<bis read " a 
is less than b." 

53. One number is said to be grecUer than another "when 
the remainder obtained by subtracting the second from the 
first is a, positive number. 

One number is said to be less than another when the remain- 
der obtained by subtracting the second from the first is a negcxr 
tive number. 

Thus, if a — 6 is a positive number, a > 6 ; and if a — ft is a 
negative number, a < 6. 

54. An Inequality is a statement that one of two expressions 

is greater or less than another. 

The First Member of an inequality is the expression to the 
left of the sign of inequality, and the Second Member is the 
expression to the right of that sign. 

Any term of either member of an inequality is called a term 
of the inequality. 

55. Two or more inequalities are said to subsist in the same 
sense when the first member is the greater or the less in both. 

Thus, a > 6 and c> d subsist in the same sense. 
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PROPEHTlriS OF INBQUALITIBS 

56. An inequality will continue in the same sense 
after the same number has been added to, or subtracted 
from, both members. 

For consider the inequality a > 6. 
By § 53, a — 6 is a positive number. 
Hence, each of the numbers 

(a + c)-(6-}-c), apd (a-c)-(6~c) 
is positive, since each is equal to a— b. 

Therefore, a'\-c>b-\-c, and a - c > & — c. (§68) 

57. It follows from § 66 that a term may be transposed 
from one member of an inequality to the other by changr- 
ing its sign. 

If the same term appears in both members of an inequality, affected 
with the same sign, it may be removed. 

58. If the signs of all the terms of an inequalitj^ be 
changed, the sign of inequality must be reversed. 

For consider the inequality a — b^c—d. 

Transposing every term, <? — c>6 — o. (§67) 

That is, b — a<.d-^c, 

59. An inequality will continue in the same sense 
after both nembers have been multiplied or divided by 
the same positive number. 

For consider the inequality a > &. 

By § 63, a — 6 is a positive number. 

Hence, if w» is a positive number, each of the numbers 

m(a — b) and ^ ~" ^ or ma — mb and — , is positive. 

m m m 

J. 

Therefore, ma > m6, and — > — • 

m m 

60. It follows from §§58 and 59 that if both members of 
an inequality be multiplied or divided by the same nega- 
tive number, the sign of inequaUty must be reversed- 

61. If any number of inequalities, subsisting in the 
same sense, be added' member to member, the resulting 
inequality will also subsist in the same sense. 
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For consider the inequalities a > 6, a'> b', a" > 6", •••. 
Each of the numbers, a — b, a' — b', a" — 6", •••, is positive. 
Then, their sum a — b -\- a' — b' + a" — b" + •••, 

or a + a' + a" + ••• - (6 + 6' + b" + ..-), 

is a positive number. 

Whence, a + a' + a" -\- .- > & + 6' + b" + •-. 

If two inequalities, subsisting in the same sense, be subtracted mem- 
ber from member, the resulting inequality does not necessarily subsist in 
the same sense. 

Thus, if a > 6 and a' > 6', the numbers a—b and a' — b' are positive. 

But (a — 6) — (a' — b'), or its equal, (a — a')— (^ - b'), may 1^ posi- 
tive, negative, or zero ; and hence a — a' may be greater than, less than, 
or equal to 6 — 6'. 

62. If a > 6 and a' > V, and each of the numbers a, a', b, b\ 
is positive, then ^^, ^ j^,^ 

Since a' > 6', and a is positive, 

aa'>a6' (§69). (1) 

Again, since a > 6, and b' is positive, 

a6' > &&'. (2) 

From (1) and (2), aa' > 66'. 

63. If we have any number of inequalities subsisting in the 
same sense, as a > b, a' > b\ a" > 6", •••, and each of the num- 
bers a, a', a", •••, 6, 6', 6", •••, is positive, then 

aa'tt" ... >66'6" .... 

For by §62, aa'>bb'. 

Also, a" > 6". 

Then by § 62, aa'a" > bb'b'f. 

Continuing the process vsrith the remaining inequalities, we obtain 
fi^^l^y aa'a" "' >bb'b" ''-. 

64. Examples. 

I. Find the limit of x in the inequality 
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Multiplying both members by 3 (§ 69), we have 

21 a; ~ 23 < 2 a; + 15. 

Transposing (§ 67), and uniting terms, 

19«<38. 

Dividing both members by 19 (§ 59), 

a;<2. 

23 2ic \ 
This means that, for any vahie ofa:<2, 7x < l-J ) 

2. Find the limits of x and y in the following : 

Sx-\-2y>37. (1) 

2x + Sy = 3S. (2) 

Multiply (1) by 3, 9 a; + 6 y > 111. 

Multiply (2) by 2, 4a; + 6y= 66. 

Subtracting (§56); bx> 45, and x>9. 

Multiply (1) by 2, 6 a; + 4 y > 74. 

Multiply (2) by 3, 6x + 9y= 99 . 

Subtracting, — 5 y > — 26 

Divide both members by — 6, y < 6 (§ 60). 

(This means that any values of x and y which satisfy (2), also satisfy 
(1), provided x is > 9, and y < 6.) 

3. Between what liiijiting values of a? is a^ — 4 a? < 21 ? 

Transposing 21, we have 

aj2-4aj<21, if a;2 _ 4a;- 21<0. 

That is, if (a; + 3) (a; — 7) is negative. 

Now (a; + 3) (a; — 7) is negative if x is between — 3 and 7 ; for if 
a; < — 3, both a; H- 3 and a; — 7 are negative, and their product positive j 
and if X > 7, both x + 3 and x — 7 are positive. 

Hence, x^ — 4 x < 21, if x > — 3, and < 7. 

EXERCISE 6 

Find the limits of x in tlie following : 
I. (4a; + 5)2-4<(8a; + 5)(2aj+3). 
3. (3 a; + 2)(a; + 3)- 4 a? > (3 aj - 2)(a? - 3) + 36. 
3. (aj + 4)(5a;-2) + (2a;-3)2>(3a; + 4)2-.78. 
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4. (x - 3)(aj + 4)(aj - 5) < (a> + !)(» - 2)(» - 3). 

5. a\x — 1) < 2 6^(2 x — 1) — a5, if a — 2 6 is positive. 

Find the limits of x and y in the following: 

^ f7(r-4y>41. 
3a?-4y = -ll. 

8. Find the limits of x when 

3ic-ll<24-llic, and 5aj + 23<20ic+3. 



^ ^5x+6y< 45. 



3aj + 7y = 3o. 



9. If 6 times a certain positive integer, plus 14, is greater 
than 13 times the integer, minus 63, and 17 times the integer, 
minus 23, is greater than 8 times the integer, plus 31, what is 
the integer? 

10. If 7 times the number of houses in a certain village, 
plus 33, is less than 12 times the number, minus 82, and 9 
times the number, minus 43, is less than 5 times the number, 
plus 61, how many houses are there? 

11. A farmer has a number of cows such that 10 times 
their number, plus 3, is less than 4 times the number, plus 
79; and 14 times their number, minus 97, is greater than 6 
times the number, njinus 5. How maify cows has he ? 

12. Between what limiting values of a; is aj^ + 3 a; < 4 ? 

13. Between what limiting values of a; is a?* < 8 a? — 15 ? 

14. Between what limiting values of aj is 3 ic* + 19 ic < — 20 ? 

65. If a and b are unequal numbers, 

For (a-6)2>0; or, a2-2a& + 62>0. 

Transposing — 2 a6, a'^ -\- b^ ^ 2 ah. 

I. Prove that, if a does not equal 3, 

(a + 2)(a-3)>6a-13. 
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3y the above principle, if a does not equal 3, 

a2 + 9>6a. 

Subtracting 13 from both members, 

a8 - 4 > 6 a - 13, or (a + 2) (a - 2) > 6 a - 13. 

2. Prove that, if a and b are unequal positive numbers, 

a» + 58 > a% + 6*a. 
We have, cfi '\'h^> 2 ab, or a^- ab-h b^>ab. 

Multiplying both members by the positive number a + 6, 

a^+b^>a^b + b^a, 

es:ergise 7 

1. Prove that for any value of a?, except f, 

3aj(3»-.10)>-25. 

2. Prove that for any value of x, except |, 

4a;(a;— 5)>8ic-49. 

» 

3. Prove that for any values of a and b, if 4 a does not 
equal 36, (4a+ 3 6)(4a - 36)>66(4a- 36). 

4. Prove that for any values of x and y, if 5a5 does not 
equal 4y, 6a;(5aj-62/)>22^(5a; - 82/). 

Prove that, if a and 6 are unequal positive numbers, 

5. a^b+ab^>2aV. 

6. a^ + a^b+ab^-]-¥>2ab(a + b). 



1 
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m. EXPONENTS 

66. An Exponent is a number written at the right of and 
above a number. 

It is customary to speak of the number as raised to the 
power indicated by the exponent. 

67. The laws we shall develop are to hold for any exponent, 
whether integral, fractional, positive, negative, or zero. 

68. The number raised to the power is called the Base. 

* ff 

69. Meaning of a Positive Integral Exponent. 

a^ = a' a'a. 
a^=^a* a* a* a* 

Similarly if m is a positive integer, 

aJ^^za'a^a- •• • to m factors. 

The following results have been proved to hold for any 
positive integral values of m and n : 

or, X a" = a'"+" (F. C.) * (1) 

{pry = a"»» (F. C.) (2) 

70. Meaning of a Fractional Exponent. 

Let it be required to find the meaning of a* 
If (1), § 69, is to hold for all values of m and w, 

Then, the third power of a» equals a^ 

Hence, a* must be the cube root of a^, or a^ = Vg?. 
We will now consider the general case. ^ 
Let it be required to find the meaning of a', where p and q 
are any positive integers. 

* F. C. refers to Wells's First Course in Algebra. 
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If (1), § 69, is to hold for all values of m and n, 

? ? ? •?+?+?+. -to 9 terms ?x« 

a'' xa*^ xa'' X ••• to g factors = a' « * =za'' =aF. 

p 

Then, the gth power of a* equals a'. 

? p 

Hence, a* must be the qth root of a^, or a*=^^. 

Hence, in a fractional exponent, the numerator denotes 
a power, and the denominator a root. 

For example, a* = \/a^; 6a=V6*; a?»=^v^; etc. 

A Surd is the indicated root of a number, or expression, 
which is not a perfect power of the degree denoted by the 
index of the radical sign; as V2, V5, or -y/x + y. 

The degree of a surd is denoted by its index ; thus, V5 is a 
surd of the third degree. 

A quadratic surd is a surd of the second degree. 

71. Meaning of a Zero Exponent. 

If (1), § 69, is to hold for all values of m and n, we have 

or xa^ = a"*+^ = a"*. 



a* 



Whence, a*^ = -i- = 1. 



or 



We must then define a^ as being equal to 1. 

72. Meaning of a Negative Exponent. 

Let it be required to find the meaning of a"^ 
If (1), § 69, is to hold for all values of m and n, 

a-8 X a^ = a-3+3 = a" = 1 (§ 71). 

Whence, a~' = — • 

or 

We will now consider the general case. 
Let it be required to find the meaning of a~% where s repre- 
sents a positive integer or a positive fraction. 
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If (1), § 69, is to hold for all values of m and n, 

a- X a* = a-+*= a<^ « 1 (§ 71). 

Whence, a~'=:— • 

a' 

We must then define a~* as being equal to 1 divided by a*. 

1 i 1 1 3 

For example, a~* = ~; a"*™--; 3a?""^y ■ = — -; etc., 

73. It follows from § 72 that 

Any factor of the numerator of a fraction may be 
transferred to the denominator, or any factor of the 
denominator to the numerator, if the sign of its ex- 
ponent be chansred. 

Thus, ?g==^«2!^=.2!^,eto. 

' cd* a-^cd^ d* b-^c' 

EXERCISE 8 

Express with positive exponents : 

1. a~V. 5. Sxyz'^ 9. 1 Q(hf~h, 

2. xiy'h, 6. Bc-^dK 10. 4a-*6-*ci. 

3. 2m-*?i. 7- a'^xy^ 11. 8«*m-^ 

4. a-^b^c'^ 8. 3p-\i. 12. r*«"*ri 

Transfer all literal factors from the denominators to the 
numerators : 



mn~* _ a* 



15. ^' 18 3^. ■ 7ar^-^. 
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Transfer all literal faotors from the numerators to the 
denominators : 



-U8 



'3- -5d=^' ^'- -3^- 



4 a)y~^«' 



74. Proof that a"^ * a*=z a"'^* holds for all values of m and n. 

I. Let m*=- and rj = --, where p, ^, r, and a are positive 
integers. ^ * 

We have, «« x a* = a^ X a^- = V^ X Vo^ (§ 70) 

= \/a^ X a"' = Va'"+«'' = a «• (§ 70) = a« •. 

We have now proved that (1), § 69, holds when m and n are 
any positive integers or positive fractions. 

II. Let m be a positive integer or fraction ; and let n = — g, 
where g is a positive integer or fraction less than m. 

By § 74, I, a"*-« x a* = a'"-«+« = oT", 

Whence, a""' = — ='a"* x a"' (§ 73). 

a" 

That is, a™ x a"' = a"*-*. 

III. Let m be a positive integer or fraction ; and let n = g, 
where g is a positive integer or fraction greater than m. 

By § 73, or X a-« = -^^ = -^t; (§ 74, II) = a-'. 

IV. Let m= — p and n= — g, where p and g are positive 
integers or fractions. 

Then, a"^ X a-^' = — = — ( 74, I) = a'^^. 

Then, arxa'' = a"*"^" for all positive or negative, integral or 
fractional, values of m and n. 
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BXBBCISB G 

Multiply the following : 

1. a^ by a~i 4. •2^a6-* by -^/c^. 

2. 3 x^y'h by x^iys^. 5- ^h ^7 -^j 

3. 2 c*(i by 3 Vcd*. 6. a*b<^ hy ab'^c'K 

7. 3 ary by - 2 a^fz. 

8. aj» + aj»2/* + y » by «» — 3^». 

9. 3 a? — 1 + aj~^ by 6 aj + 2. * 

10. x^'-'2x*y*+y^ by Va+Vy. 

11. aj* + 2 a? — a?"* + 1 by a? + ar^ + 1. 

13. — - — aj* + a? — V5 + 1 by V« + 1. 



xr^ 



liiride the following : 

^3- «'bya^ ,^ 8 aift"! ^? by 2 a-»6c«. 

14. ajiybyaj-y. ly. 5 m*n"Hy 2 m"^rA 

15. SVxf by aj"V^- i^- a+2aV + 6 by a* +6^. 

19. m'i + 3 m~^n^ + 3 m'^n + n^ by m"* + n^. 

20. 6 a^ - 6 aj-2 - 12- 11 a? + 23 a?"^ by 2 a; + 1 - 3 aj-\ 

a I. 9 x^y^ — 6 «%"* — 5 + 12 x'^y + 4 aj~*y* by 3 a? + 4\/^. 

22. 2 a;* - 7 a;* + 4 a;"i - 1 1 + 12 ajHy 2 a;* + 4 - 3 aji . 

Find the values of the following : 

^ ^ 29. (a?"Hoi) *. 

24. (m-^-J. 27. (-27)*. 

25. (v^2j"i 28. (8-i/. 30. (Va«)""^. 



EXPONENTS 37 

75. To prove the result 

{aby = a"6^ 

for any fractional or negative value of n. 

The proof of this result in the case where n is any positive 
integer, was given in F. C. v 

I. Let n =-2, where p and q are any positive integers. 

l(abfy = (aby = a/'b^ (F. C). (1) 

(a«6«)« = (a«)«(&»)« = a^bf. (2) 

From (1) and (2), [(a6)«]« = (a«6«)«. 

Taking the qth root of both members, we have 

p p p 
(a6)« = a«6«. 

II. Let n = — 8, where s is any positive integer or positive 
fraction. 

Then, (ab)-'= -i- = -i- (§ 74, IV) = a-'b". 
'^ ^ (aby a'b'^ ' ^ 

EXERCISE 10 

Find the values of the following : 

I. (a'b^y. 6. (25 a*)-*. 

l_\-j 7. (32alv^*. 



2> I 1 



^^^ ^ 8. (343 6*c->di)-*. 

3. (i>"V)"*- /9!nr*2*\~* 

/3a-'6^c^ -» 
5. (-v/iV^i '**■ V4a!-V*- 
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BXEBCISE 11 

Illttstrative Examples. 

Ex. 1. Reduce V| to its simplest form. 

A surd is said to be in its simplest form when the expression 
under the radical sign is rational and integral, is not a perfect 
power of the degree denoted by any factor of the index of the 
surd, and has no factor which is a perfect power of the same 
degree as the surd. 

8 = 2«. To be a perfect square the exponents of the factors of the 
denominator must be even numbers. Hence multiplying both terms of 
the fraction by 2, we have, 

If /li \/l4 

Ex, 2. Reduce V25 to its simplest form. 

</25 =\'V25=V5. 

Ex. 3. Express 5^/7 entirely under the radical sign. - 

5V7= V5S V7, or (6*)i(7)i- 
By § 75, (52)i(7)i = (5* . 7)i =^ V175. 

Ex. 4. Reduce (5)i, ^/3 to the same degree. 

The L. C. M. of the indices of the roots is 12. Hence, 

5^ = 5^ 3i«3A 
The surds are now of the twelfth degree. 

Ex. 5. Find the product of Vi5 and V72. 
(45)^ (72)i = (32 . 5)i • (3« • 2^)4 = (2^ . 3* • 5 • 2)4 

= 2. 3^^(5.2)4 = 18 VlO. 
Reduce the following to their simplest form ; 

1. -v^- 4-. (72)*. 7. 6(32aVy*)i 

2. (27 a^)*. 5. -^128 a'b'. 8. 7(80)*. 

. (45)*. 6. S^2iy0aFx, 9. (686)*. 
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10. 4-V/486. 13. (a;-y)(a«»m»)i 

11. ■V4.a^-5a?y. 14- (4 «« - 24 «& + 36 6')^. 



13. («« - 2 a*6 + aft^i 15. V(a^+3a;+2)(a^+6a!+8) 

16. 0*. 18. (i)*. 30. 2V^. 

„ 1/18 m^N* . 34. J ^P . 

Express entirely under the radical sign : 

: '^, ^' '-<^)' 

28. a(b<f)K 32. -^Vm2 + m7i-2 7il 

Eeduce the following to equivalent surds of the same degree : 

34. V3, Vi. 37- ^-^y 3V^. 

35. (2)*, (i)*, (5)*. 38- (a-aj)*, (a+aj)* (a^+a^i 

36. (a;V)*, (^)K i^^y")^' 39- ^^+1^? \/«^^. 

* 

Simplify the following : 

40. (18)i + 3(50)4-2(72)i. 42. ^/54^-^/260-2</i2S. 

41. 2(27)i-5(48)*+ll(75)i. 43- 1(12)*-! (i)* + (3)i 

44. 8^v^-2</405 + 18-v'^. 
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45. (24a»aj)i + 2(54a»r^i-5(6a«aj)i. 

48. </2a«-3(4a«a^i + 6-v/8aV. 

Multiply the following : 

50. V90 by V63. 56. Vo^ by \/a^. 

51. (35)i by (105)*. 57. 2(5)* by 3(15)*. 

52. ^UhjVl. 58. 5\/40by 6(5)*. 

fA* /7a^ 
54. ^2by</4. ^^ \^^l A27&y V15a, 

55- (*)* by (i)^ by (I)*. 60. V3^ • (2 a^)* . (6 ir»)*. 

61. 3 (2)* -5 (3)* by 4 (2)* + 3 (3)*. 

62. 6 V7 + 6 V2 by V7 - 4 V2. 

63. 2(8x-)*-9(2y)*by(2aj)*^3(2y)*. 

64. 3(a-l)*4-4(2a4-5)*by2(a-l)*-10(2a + 5)*. 

65. 5V|-2Viby4V| + 9Vi. 

Divide the following : 

66. V72 by v'G. 70. (8 a«)* by (16 a*)*. 

67. 2Vi25by4V5. 7i. V722^ by V2a^. 

72. (#by(i)*. 

68. (192)Hy (12)i ,3. sV^ by 6^^. 

69. (612)J by (16)*. 74. (li)Hy(9)i 



53- (3)*by(2)i ^3a\i /7a»\i ^26»\i 

59- 



86. ^- 90. 
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Find values of the following : 

75. (aVhy. 80. aI ^a" - 2 a6 + 6=*. 

76. [{(4)*]'. 81. [3 + 2(6)ij. 
77- (3</2^y. 8a. (4V5-2V7)'. 

78. [(3)*]i. 83. [3(3)i-6(2)4][3(3)i + 3(2)i]. 

79. [(3a)i]i 84. (7Vn-6V3)(7Vii + 5V3). 

Express each of the following with a rational denominator : 

85. -^- 89. ^i:^. 

2-V3 

3(4)^-2(3)^ 
2 (3)i + (10)i 

(a + 6)J-(a-&)i 

88. ^^^ni^. 92. (^+y^)^ + (^-y^)^ 

LOQABITHMS 

76. Any number may be expressed as a power of some num- 
ber chosen as base. 

For example, 4 = 2^, 8 = 2*, 64 = 2*, etc. Numbers between 
4 and 8 would be expressed by 2* where n is 2 plus some frac- 
tional number. In such a- case the exponent is called the 
Logarithm of the Number to the Base 2. 

E.g. 2 is the logarithm of 4 to the base 2 ; 3 is the logarithm of 8 to 
the base 2, etc. 

77. The Common System of logarithms has 10 for its* base. 
Every positive arithmetical number may be expressed, 

exactly or approximately, as a power of 10. 

Thus, 100 = 102; 13 = 10^"«>- ; etc. 



V2 


2a 


VB 


X 


(x)i + (a)i 


a + ftl. 
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When thus expressed, the corresponding exponent is called 
its Logarithm to the Base lo. 

Thus, 2 is the logarithm of 100 to the base 10 ; a relation 
which is written logiol00 = 2, or simply log 100 = 2. 

Logarithms of numbers to the base 10 are called Common 
Logarithms, and, collectively, form the Common System, 

They are the only ones used for numerical computations. 

78, Any positive number, except unity, may be taken as the 
base of a system of logarithms ; thus, if a' = m, where a and 
m are positive numbers, then x =: log« m. 

A negative number is not considered as having a logarithm. 
79- By §§ 71 and 72, 

10« = 1, 10-^ = h^'^' 

10^ = 10, 10-2 = 1-^ =.01, 

102 ^ 100 10-3 = -l = .001, etc. 

' 10^ ' 

Whence, by the definition of § 76, 

logl = 0, log .1 = -1 = 9^10, 

logl0 = l, log .01 = -2 = 8-10, 

log 100 = 2, log .001 = - 3 = 7 - 10, etc. 

The second form for log.l, log. 01, etc., is preferable in practice. 
If no base is expressed, the base 10 is understood. 

80. It is evident from § 79 that the common logarithm of 
a number greater than 1 is positive, and the logarithm of a 
number between and 1 negative. 

81. If a number is not an exact power of 10, its common 
logarithm can only be expressed approximately ; the integral 
part of the logarithm is called the charctcteristic, and the deci- 
mal part the mantissa. 

Yov example, log 13 = 1.1139. 

Here, the characteristic is 1, and the mantissa .1139. 
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A negative logarithm is always expressed with a positive 
mantissa, which is done by adding and subtracting 10. 

Thus, the negative logarithm — 2.5863 is written 7.4137 — 10. 
In this case, 7 — 10 is the characteristic. 

The negative logarithm 7.4137 — 10 is sometimes written 8.4137 ; the 
negative sign over the characteristic showing that it alone is negative, the 
mantissa being always positive. 

Eor reasons which will appear, only the mantissa of the 
logarithm is given in a table of logarithms of number; the 
characteristic must be found by aid of the rules of §§ 82 
and 83. 

83, It is evident from § 79 that the logarithm of a number 
between i ^^^^ jq is equal to + a decimal ; 
10 and 100 is equal to 1 -|- a decimal ; 
100 and 1000 is equal to 2 + a decimal ; etc. 

Therefore, the characteristic of the logarithm *of a number 
with one place to the left of the decimal point is ; with two 
places to the left of the decimal point is 1 ; with three places 
to the left of the decimal point is 2 ; etc. 

Hence, the characteristic of the logarithm of a number 
greater than 1 is 1 less than the number of places to the 
left of the decimal point. 

For example, the characteristic of log 906328.51 is 5. 

83. In like manner, the logarithm of a number between 

1 and .1 is equal to 9 + a decimal — 10 ; 
.1 and .01 is equal to 8 + a decimal — 10 ; 
.01 and .001 is equal to 7 -f a decimal — 10 ; etc. 

Therefore, the characteristic of the logarithm of a decimal 
with no ciphers between its decimal point and first significant 
figure is 9, with — 10 after the mantissa ; of a decimal with 
one cipher between its point and first significant figure is 8, 
with — 10 after the mantissa ; of a decimal with tioo ciphers 
between its point and first significant figure is 7, with — 10 
after the mantissa ; etc. 
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Hence, to find the characteristic of the logarithm of a 
number less than 1, subtract the number of ciphers be- 
tween the decimal point and first significant figure from 
9, writing — 10 after the mantissa. 

For example, the characteristic of log .007023 is 7, with — 10 
written after the mantissa. 

PBOPEBTIBS OF LOGARITHMS 

84. In any system^ the logarithm of 1 is 0. 

For by § 71, a° = 1 ; whence, by § 78, log„ 1 = 0. 

85. In any system tlie logarithm of the hose 18 1. 
For, a^=^a\ whence, log, a = 1. 

86. In any system whose base is greater than 1, the logarithm 

of is —CO* 

For if a iat greater than 1, a~* = — = — = 0. (The discus- 
es* 00 

sion of this form will be found in § 127.) 
Whence, by § 78, log„ = — oo . 

No literal meaning can be attached to such a result as loga = — oo ; it 
must be interpreted as follows : 

If, in any system whose base is greater than unity, a number approaches 
the limit 0, its logarithm is negative, and increases indefinitely in abso- 
lute value. 

87. In any system, the logarithm of a product is equal to the 
sum of the logarithms of its Jhctors, 

Assume the equations 

a' = m] , , ^ ^^ faj = log„m, 

; whence, by § 78, ^^ ' 

a^ = n\ [y = log^n. 

Multiplying the assumed equations, 

a' xa* = mn, or a''^^ = mn. 
Whence, log„ mn = x-\-y = \og„ m + log, n. 

* 00 stands for a number greater than any assigned number. See § 126, 
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In like maimer, the theorem may be proved for the product 
of three or more factors. 

By aid of § 87, the logarithm of a composite number may 
be found when the logarithms of its factors are known. 

Ex. Given log 2 = .3010, and log 3 = .4771 ; find log 72. 

log 72 = log (2 X 2 X 2 X 8 X 8) 

= log2 + log2 + log2 4- log8 + log3 

= 3 X log2 + 2 X logs = .9030 + .9642 = 1.8672. 

EXBBCISB 12 

Given log 2 = .3010, log 3 = .4771, log 5 = .6990, log 7 = .8451, 
find: 

1. log 15. 4. log 125. 7. log 567. 10. log 1875. 

2. log 98. 5. log 315. 8. log 1225. 11. log 2646. 

3. log 84. 6. log 392. 9. log 1372. 12. log 24696. 

88. In any system, the logarithm of a fraction is equal 
to the logarithm of the numerator minus the lograrithm 
of the denominator. 

Assume the equations 

'aj = log,m. 



a*-=^m 



W — n 



; whence, 



y = log, n. 



Dividing the assumed equations, 



a* m __„ m 

— = — or a* ' = — 

a' 71 ' n 



m 



Whence, log, — = x—y = log^m — log^n. 

n 



Ex. Given log 2 = .3010; find log 5. 

log 5 = log — = log 10 - log 2 = 1 - .3010 = .6990. 



46 ALGEBRA 

BXBB0I8B 18 

Given log 2 = .3010, log 3 = .4771, log T = .8451, find : 

1. logY-. 4- log 245. 7. log If. 10. log^^<y^. 

2. log -2/. 5. log85f. 8. log 375. 11. log 46^. 

3. logllf 6. log 175. 9. log If 12. log 21^. 

89. In any system, the logarithm of any power of a 
number ia equal to the lograrithm of the number multi- 
plied by the exponent of the power. 

Assume the equation (£'z=.'m,\ whence, x = log„ m. 

Raising both members of the assumed equation to the ^th 

power, aF*-=wP\ whence, log^ m^ =ipx=p log„m. 

' 90. In any system, the logarithm of any root of a num- 
ber is equal to the logarithm of the number divided by 
the index of the root. 

r/— - 1 

For, log„Vm = log«(m»') =- log«m(§ 89). 

r 

91 . Examples. 

1. Given log 2 = .3010 ; find log 2*. 

log 2' = - X log 2 = ^ X .3010 = .5017. 

To multiply a logarithm by a fraction, multiply first by the numerator, 
and divide the result by the denominator. 

2. Given log 3 = .4771 ; find log -5/3. 

log^3 = ^^ = :i^ = .0596. 

3. Given log 2 = .3010, log 3 = .4771, find log (2* x 3*). 
By § 87, log (2* x 3*) = log 2* + log 3^ 

= 1 log 2 + - log 3 = .1008 + .6964 rs .6967. 

« 
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BXBRCISE 14 

Given log 2 = .3010, log 3 = .4771, log 7 = .8451, find : 

1. log 28. 5. log42«. 9. logSOl 13- log-^. 

2. log5^ 6. log45i. 10. log \/3. 14- logv^. 

3. log 3*. 7. log 63*. II. log ^5. 15. log\/225. 

4. log 7*. 8. log98i 12. log ^7. 16. log V 162. 

^7.iog^-^|. .X. log:^. 33. log if. 

18. log(f)i ^2 7» 

19. log (3^ X 100*). -2* ,3* 

22. log--. 24. log-^r-r. 

20. log(5A/3). 5* S^7o 

92. In the common system, the mantissse of the log- 
arithms of numbers having the same sequence of figures 
are equal. 

Suppose, for example, that log 3.053 = .4847. 

Then, log 806.3 = log(100 x 3.063) = log 100 + log 3.053 

= 2 +.4847 = 2.4847; 
log .03063 = log (.01 X 3.063) = log .01 + log 3.063 
= 8 - 10 + .4847 = 8.4847 - 10 ; etc. 

It is evident from the above that, if a number be multiplied 
or divided by any integi*al power of 10, producing another 
number with the same sequence of figures, the mantissae of 
their logarithms will be equal. 

For this reason, only mantissas are given, in a table of Com- 
mon Logarithms; for to find the logarithm of any number, we 
have only to find the mantissae corresponding to its sequence 
of figures, and then prefix the characteristic in accordance 
with the rules of §§ 82 and 83. 

This property of logarithms only holds for the common 
system, and constitutes its superiority over other systems for 
numerical computation. 



'J o 



Whence, by § 83, log .00432 = 7.6363 - 10. 

BXEBCISB 15 

Given log 2 = .3010, log 3 = .4771, log 7 = .8451, find : 

1. log 2.7. 6. log .00000686. ii. log 337.5. 

2. log 14.7. 7. log .00125. 12. log 3.888. 

3. log .56. 8. log 5670. 13. log (4.5)«. 

4. log .0162. 9. log .0000588. 14. log \/8X 

5. log 22.5. 10. log .000864. 15. log (24.3)i 

USB OP THB TABLB 

94. The table (pages 50 and 51) gives the raantissae of 
the logarithms of all integers from 100 to 1000, calculated to 
four places of decimals. 

95. To find the logarithm of a number of three figures. 

Look in the column headed " No." for the first two signifi- 
cant figures of the given number. 

Then the required mantissa will be found in the correspond- 
ing horizontal line, in the vertical column headed by the third 
figure of the number. 

Finally, prefix the characteristic in accordance with the 
rules of §§ 82 and 83. 

For example, log 168 = 2.2253 ; 

log .344 = 9.5366 - 10 ; etc. . 

For a number consisting of one or two significant figures, 
the column headed may be used. 

Thus, let it be required to find log 83 and log 9. 

By § 92, log 83 has the same mantissa as log 830, and log 9 
the same mantissa as log 900. 

Hence, log 83 = 1.9191, and log 9 = 0.9542. 
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96. To find the logarithm of a number of more than three 
figures, ^ 

1. Eequired the logarithm of 327.6. 

We find from the table, log 327 = 2.5145, 

log 328 = 2.6159. 

That is, an increase of one unit in the number produces an increase of 
.0014 in the logarithm. 

Then an increase of .6 of a unit in the number will increase the 
logarithm by .6 x .0014, or .0008 to the nearest fourth decimal place. 

Whence, log 327.6 = 2.5145 + .0008 = 2.6153. 

In finding the logarithm of a number, the difference between the next 
less and next greater mantissse is called the tabular difference ; thus, in 
Ex. 1, the tabular difference is .0014. 

The subtraction may be performed mentally. 

The following rule is derived from the above : 

Find from the table the mantissa of the first three 
eignificant figures, and the tabular difference. 

Multiply the latter by the remaining figures of the 
number, with a decimal point before them. 

Add the result to the mantissa of the first three 
figures, and prefix the proper characteristic. 

In finding the correction to the nearest units' figure, the decimal por- 
tion should be omitted, provided that if it is .5, or greater than .5, the 
units' figure is increased by 1 ; thus, 13.26 would be taken as 13, 30.5 as 
31, and 22.803 as 23. 

2. Find the logarithm of .021508. 

Mantissa 215 = .3324 Tab. diff. = 21 

2 _^ 

.3326 Correction = 1.68 = 2, nearly. 

The result is 8.3326 — ' 10. 

EXERCISE 16 
Find the logarithms of the following : 

1. 64. 5. 1079. 9. .00005023. 13. 7.3165. 

2. 3.7. 6. .6767. 10. .0002625. ' 14. .019608. 

3. 982. 7. .09496. 11. 31.393. 15. 810.39. 

4. .798. 8. 4.288. 12. 48387. 16. .0025446. 
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6609 


6618 
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6646 


6656 
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6693 
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47 
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97. To find the number corresponding to a logarithm. 

1. Required the number whose logarithm is 1.6571. 

Find in the table the mantissa 6571. 

In tbe corresponding line, in the column headed **No.,^' we find 46, 
the first two figures of the required number, and at the head of the 
column we find 4, the third figure. 

Since the characteristic is 1, there must be two places to the jeft of the 
decimal point (§ 82). 

Hence, the number corresponding to 1.6671 is 45.4. 

2. Required the mimber whose logarithm is 2.3934. 

We find in the table the mantissse 8927 and 3945. 

The numbers corresponding to the logarithms 2.3927 and 2.3945 are 
247 and 248, respectively. 

That is, an increase of .0018 in the mantissa produces an increase of 
one unit in the number corresponding. 

Then, an increase of .0007 in tbe mantissa will increase the number by 
^ of a unit, or .4, nearly. 

Hence, the number corresponding is 247 + .4, or 247.4. 

The following rule is derived from the above : 

Find from the table the next less mantissa, the three 
figures correspondingr* and the tabular difiPierence. 

Subtract the next less from the given mantissa, and 
divide the remainder by the tabular difference. 

Annex the quotient to the first three figures of the 
number, and point off the result. 

The rules for pointing off are the reverse of those of §§ 82 and 83 : 

I. If — 10 is not written after the mantissa^ add 1 to the characteristic^ 
giving the number of places to the left of the decimal point, 

II. If — 10 is written after the mantissa.^ subtract the positive part of 
the characteristic from 9, giving the number of ciphers to be placed between 
the decimal point and first significant figure. 

3. Find the number whose logarithm is 8.5265 — 10. 

5265 
Next less mant. = 5263 ; figures corresponding, 836. 
Tab. diff. 13)2.00(.16 = .2, nearly. 
13 
70 
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By the above rule, there will be one cipher to be placed between the 
decimal point and first significant figure ; the result is .03362. 

The correction can usually be depended upon to only one decimal 
place ; the division should be carried to two places to determine the last 
figure accurately. 

EXEBCISB 17 

Find the numbers corresponding to the following logarithms : 

1. 0.8189. 6. 8.7954-10. ii. 1.3019. 

2. 7.6064-10. 7. 6.5993-10. 12. 4.2527-10. 

3. 1.8767. 8. 9.9437 - 10. 13. 2.0159. 

4. 2.6760. 9. 0.7781. 14. 3.7264-10. 

5. 3.9826. . ID. 5.4571 - 10. 15. 4.4929. 

APPLICATIONS 

98. The approodmate value of a number in which the opera- 
tions indicated involve only multiplication, division, involu- 
tion, or evolution may be conveniently found by logarithms. 

The utility of the process consists in the fact that addition 
takes the place of multiplication, subtraction of division, 
multiplication of involution, and division of evolution. 

I. Find the value of .0631 x 7.208 x .51272. 

By § 87, log (.0631 x 7.208 x .51272) 

= log .0631 + log 7.208 + log .51272. 

log .0631 = 8.8000 - 10 

log 7.208= 0.8578 

log . 61272 = 9.7099-10 , 

Adding, log of result = 19.3677 - 20 = 9.3677 - 10. (See Note 1.) 
Number corresponding to 9.3677 - 10 = .2332. 

^ote 1: If the sum is a negative logarithm, it should be written in 
such a form that the negative portion of the characteristic may be — 10. 

Thus, 19.3677 — 20 is written 9.3677 - 10. 

(In computations with four-place logarithms, the result cannot usually 
be depended upon to more than four significant figures.) . 
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836.8 



2. Find the value of 



7984 



By g 88, log ^ = log 336.8 - log 7984. 

7984 

log336.8 = 12.5273 -10 
log 7984 = 3.9022 
Subtracting, log of result = '8,6251 - XQ (See Note 2.) 

Number corresponding = .04218. 

Note 2 : To subtract a greater logarithm from a less, or a negative 
logarithm from a positive, increase the characteristic of the minuend by 
10, writing — 10 after the mantissa to compensate. 

Thus, to subtract 3.9022 from 2.5273, write the minuend in the form 
12.6373 - 10 ; subtracting 3.9022 from this, the result is 8. 6261 — 10. 

3. Find the value of (.07396)*. 

By § 89, log (.07396)6 = 5 x log .07396. 

log .07396= 8.8690-10 

5^ 

44.3450 - 50 
= 4.3450 - 10 = log ,000002213. 



4. Find the value of V.035063. 

By § 90, log VMmS = i log .036063. 

log .035063 = 8.5449 -10 

8 )28.6449 - 30 (See Note 9.) 

9.5150 -10 = log .3224. 

Note 3: To divide a negative logarithm, write it in such a form that 
the negative portion of the characteristic may be exactly divisible by the 
divisor, with — 10 as the quotient. 

Thus, to divide 8.5449 — 10 by 3, we write the logarithm in the form 
28.5449 - 30 ; dividing this by 3, the quotient is 9.6160 - 10. 

SZBECISHI 18 

A negative number has no common logarithm (§ 78) ; if such numbers 
occur in computation, they may be treated as if they were positive, and 
the sipn of the result determined irrespective of the logarithmic work. 

Thus, in Ex. 3 of the following set, to find the value of ( -96,86) x 3.3918 
we find the value of 95,86 x 3.3918, and put a — sign before the result. 
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Find by logarithms the values of the following : 

1. 4.253x7.104. 4 54.029 x (-.0081487). 

2. 6823.2 X .1634. 5. .040764 x .12896. 

3. (- 95.86) x 3.3918. 6. (-285.46) x (-.00070682). 
5978 _ -38.19 



7. 


9.762 


10. 


.10792 


13- 


(88.08)^ 


8. 


21.658 
45057 


ZI. 


670.43 
-5382.3 


14- 


(.09437)^ 


9- 


.06405 
.002037 


12. 


.000007913 
.00082375 


15- 


(3.625)^ 



Arithmetical Complement 

99. The Arithmetical Complement of the logarithm of a nmn- 
ber, or, briefly, the Cologarithm of the number, is the logarithm 
of the reciprocal of that number. 

Thus, colog 409 = log ^b = ^^9 ^ "- ^^S ^^^• 

log 1 = 10. - 10 (See Ex. 2, § 98.) 
log 409**2.6117 
.-. colog 409 = 7.3883 - 10. 

Again, colog .067 = log—— = log 1 — log .067 

.067 

log 1 = 10. - 10 
log .067= 8.8261-10 
.-.colog .067= 1.1739. 

It follows from the above that the cologarithm of a number 
may he found by subtracting its logarithm from 10 — 10. 

The cologarithm may be found by subtracting the last significant figure 
of the logarithm from 10 and each of the others from 9, — 10 being written 
after the result in the case of a positive logarithm. 



1 
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.51384 



Ex. Find the value of 



8.708 X .0946 

log— i^l§§i = log f .51384 X -1- X -^ 

.^8.708 X. 0946 ^\ 8.708 .0946/ 



= log.61384 + log— i--4-log- ^ 



8.708 ".0946 
= log .51884 + colog 8.708 + colog .0946. 

log .51384 = 9.7109 -10 

colog 8.708 = 9. 0601 - 10 

colog . 0946 = 1.0241 

9.7951 -10 = log .6239. 

It is evident from the above example that, to find the loga- 
rithm of a fraction whose terms are the products of factors, we 
add together the logarithms of the factors of the numerator, and 
th^ cologarithms of the factors of the denominator. 

The value of .the above fraction may be found without using cologa- 
rithms, by the following formula : 

log 1515§^ = log .61384 - log(8.709 x .0946) 

8.709 X .0946 o ©v / 

= log .51384 - (log 8.709 + log .0946). 

The advantage in the use of cologarithms is that the written work of 
computation is exhibited in a more compact form. 



100. I. Find the value of 



MISCBLLANEOUS EXAMPLES 



2</r 



3^ 

log?^ = log 2 4- log \^ + colog 3^ (§ 99) 

3« 

= log2 + ilog5 + Jcolog3. 

log 2= .3010 

log 5= .6990; -f-3= .2330 

colog 3 = 9.5229 - 10 ; x J = 9.6024 - 10 

.1364 = log 1.369. 
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2. Find the value of ^Z1l^^296 



7.962 



log .03296 = 8.5180 -10 

log 7.962 = 0.9010 

3)27.6170 - 30 

9.2057- 10 = log. 1606. 
The result is - .1606. 

EXBBCISB) 10 

Find by logarithms the values of the following: 

J 2078.5 X .05834 ( ~. 076917) x 26.3 

.3583 X 34c) ' ^' .5478 x (- 3120.7) ' 

^ (- 6.08) X .1304 .8102 x(-- 6.225) 

* 4.046 X .0031095 * ^' ( - 0721) x ( - 17.976) * 

5. 6^x5l 10. (-^f)*. ' 14. </i-^</l 

6 ^*. rTTTT- ^5- V6xvi0x^2. 

_ jg / 24.] 

7. •'yil. . ■ V 8.7X.0603J 

8. i^. ". ^-^. ^ .008546 
(.1)* - ** " ^.0005867 " 

9. (100)^ . ,3. -(-03)^ . ,8. (Z1.14582)«. 
\/-.004 ^^-1000 -(.72346)i 



^i- XX. jm:. 



5019 • ,6. f 2418_\» 



IV. FACTORS 

101. An irrational number is a numerical expression involv- 
ing surds; as a/3, or 2 + V5 (§ 70). 

102. A rational and integral expression is resolved into its 
prime factors when further factoring would produce irrational 
factors. 
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103. In the First Course we considered the following eight 
types of factorable numbers : 

TTPB FORMS 

II. a* + 2a6 + 6*=(a + 6)(a-l-6), 
a^ - 2a6 + 6^ =(a - 6)(a - 6). 

IV. ax* + bx + e. 

VI. a8 + 6*=(a + 6)(a*-a6 + 6*), 
a* - 6^ ^ (^ _ ^^^^« + aft + b^). ' 

Vn. a**-6^ 
a'* + 6**. 

VIU. ax + ay + a« = a(» + y + «). 

Of these types, IV is more readily factored by means of 
VIII as follows : 

JEx, Factor 6x^ — 7x — 20. 

Multiply - 20 by 6 (the coefficient of x^). Factor - 120 so that the 
sum of the factors ia — 7 (the coefficient of x). These factors are —16, 8. 

Then write 6a;2 - 7a; - 20 = 6a;2 - 16a;+ 8a; - 20. 

Group by Type VIII, = 3a;(2a; - 5)+ 4(2x- 5), 

whence, 6a;2 -- 7 a; - 20 =(2aJ - 6)(3x + 4). 

Type VI may be placed under Type VII. 

EXBROISB 20 

Factor : 

1. Sa^-x^lO. 5. a?* + 4. 

2. 4tt2 4-12a + 9. 6. 0:^ + 8. 

3. a^-f. 7. a2-h962__4c2 4.6a6. 

4. a^ + a^-2a-2. 8. x'^2xy'\-f-{-S{x-{-y)-{'16. 
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9. x^^-2c(^-{-l. 18. a^ + 6 + a4-6'. 

10. 6a2-17a-fl3. 19. ar'4-3a?2-f 3»-hl. 

11. 9 a^ — IS 05^ + 4:, 20. 9 m- — 36 mn. 

12. a^-h7ar»^8,- 21. a^-x^ + af^-1 

13. (a-fe)«-^2(a-^6)-35. 22. 6a%-4a2 4-15a6-10a. 

14. m^ + (a — 5) wj -- a6. 33. a"^ — 32. 

15. m.^^1. 24. 9a:-*H-12aj"2-f 4. 

16. (2a-36)2^(a-.6)«. 25. Qa^-SOttft -|-256«--4cl 

17. P"' - 7p-^ 4- 12. a6. 9 a« - 25 o2 + &2 ^ 6 ab. 

27. 36a:*-61aj2+25. 

28. (3a-6)*-6ic(3a-6) + 27a-96. 

29. 2a-«-h250. 32. a^ + y^. 

30. (7a: + 2) + 3V7a:-f-2 + 2. 33. 16aj» H- 14a;*-15. 

31. m(2aj-3)-4m«aj« + 9m'». 34. 25(m + 3)«+10(m-h3)+l. 

35. 8(2a-55)-i-12(2a-56)~l-|-4. 

36. 143 A:^ _ 103 ^ ^ 14 

37. Var* + 4aj-6 + 2a^-l+4(2a?-3). 

38. ^ + (ft'-^t\ 42. x'' + y''. 

39. ar* + a^x — a' — aa^. 43. a;* — 13 a:* -f 4. 

40. c"id-18-9d + 2c"i. 44. 9^f-16ef, 

41. »**-207^ + 99. 45. 304i;2 + 25v-6. 

46. (a;4-l)* + 2(aJ + l)^ + l. 

47. fiCaJ^ + J^Z + eCac^-fyy + Ca^^ + y*). 

48. a«-64. 50. 25a* + a* + l. 

49. 6x~*^41x-^y^ — 7 y. 51. 4+a* — a' — 4 a. 

52. m* — 1 4- m — m^. 

53. 3(a^ + l) + 5(a^-l)-h(a: + l)^ 

54. 6a;-2 + 13aj-H6. 57- p'-g- 

55. J-^bK 58. 4a"''+*-4a'-^2 + l. 

56. x^^-Zr'. 59. a2aj~9aj4*2a2-18. 



1 
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60. 4/)V + 20p^2_;^6^2^__gO^^ 

61. (a:2 _ 2 ar -h 1) - (ar -h 1)2. -65. a*-27a2 +243-9a». 

62. 52m-10m2-10. 66. 22- -|- 4 a? • 2- - 21 aj^. 

63. x^-y^. 67. a-|-2Va6 + &. 

64. a«-256. 68. (2a -3&)2- (3a-2^)) 

69. a2 + 2a& + c2-2&c-2ac + &2. 

70. 27m8-54m2 + 36m-8. 72. 9a2-6a-4 62-4&. 

71. aj*+a?* + a^ + a:2_,_3.^1 ^^ \^2db'-a^ -a%^ -h\ 

74. am^ -- m* + 2 amn -f an^ + 2 m*n — mn^. 
75- 2/' + y'«-2y-2: + l. 

FACTOR THEOREM 

104. The Remainder Theorem. 

Let it be required to divide p2^ -|- gx + r by a? — a. 



2 



px^ -^ qx + r 
px'^ — apx 



px+{ap + q) 



{ap + q)x 

{ap + q)x — pa ^ — qa 

pd^ -\-qa-\-r. Remainder. 

We observe that the final remainder, 

pa^ '\-qa-\-r, 

is the same as the dividend with a substituted in place of x ; 
this exemplifies the following law : 

If any polynomial, involving «, be divided by a? - a, the 
remainder of the division equals the result obtained by- 
substituting a for a? in the given polynomial. 

This is called The Remainder Theorem. 
To prove the theorem, let 

be any polynomial involving x. 

Let the division of the polynomial by « — a be carried on 
until a remainder is obtained which does not contain x. 

Let Q denote the quotient, and R the remainder. 



FACTORS 61 

Since the dividend equals the product of the quotient and 
divisor, plus the remainder, we have 

Q(x^a)-\-R=px''-^qaf-^-^ ... -\-rx-\-8. 
Putting X equal to a, into the above equation, we have, 

105. The Factor Theorem. 

If any polynomial, involving a?, becomes zero when x 
is put equal to a, the polynomial has oe; — a as a factor. 

For, by § 104, if the polynomial is divided by x — a, the 
remainder is zero* 

106. Examples. 

1 . Find whether a; — 2 is a facto/ of a^ — 5 a^ -f 8. 
Substituting 2 for x, the expression x* — 5 x^ _|. g becomes 

28 _ 5 . 22 + 8, or - 4. 

Then, by § 104, if x^ — 6 x^ -{- S he divided by a — 2, the remainder is 
— 4 ; and x — 2 is not a factor. 

2. Find whether m -f n is a factor of 

m* —• 4 m^n + 3 m^ri^ -\- 5 mn^ — 2 n\ (1) 

Putting m=—n, the expression becomes 

n* + 4 n* + 2 n* — 5 n* — 2 n*, or 0. 

Then, by § 104, if the expression (1) be divided by m + n, the re- 
mainder is ; and m + n is a factor. 

3. Prove that a is a factor of 

(a-\-b-}-c) {ah + 6c + ca) — (a + 6) (6 + c){c -h a). 

Putting a = 0, the expression becomes 

(6 + c)hc - b(h 4- c)c, or 0. 
Then, by § 104, a — 0, or a, is a factor of the expression. 
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4. i:actor aj8 - 3 ar^ - 14 a? - 8. 

^ The positive and negative integral factors of 8 are 1, 2, 4, 6, — 1, ** 2, 
— 4, and — 8. 

It is best to try the numbers in their order of absolute magnitude. 

If a; = 1, the expression becomes 1—3—14 — 8* 

If a; = — 1, the expression becomes — 1 — 3 + 14—8. 

If a; = 2, the expression becomes 8—12 — 28 — 8. 

If aj =— 2. the expression becomes — 8— 12 + 28 — 8, or 0. 

This shows that x + 2 is a factor. 

Dividing the expression by a; + 2, the quotient is a;^ — 6 x — 4. 

Then, jb? _ 3x2 - 14a;- 8 =(a; + 2)(xa - 6aj - 4). 

EXERCISfi 21 

Factor the following c 

1. a^ + 8. 9. a* — &*. 

2. m* + w^ * 10. 2ic^-|-5a^ — a:-^6. 

3. 5c*-729. II. iK*--a^ + 2a^-4. 
• 4. a^4.5a?2-8aj + 2. 12. 5a»--18a-4. 

5. m^-llm-lO. 13. a^ + a?^ + 7a7 + 18. 

6. a*-a3 + 3a-14. 14. m^-Sm^-SG. 

7. c3-2c2-9. 15. k'--5k^-h3k-2. 

8. a,-* -625. 

Find without actual division : 

16. Whether p — 1 is a factor of j>® + 3 j>^ — 4. 

17. Whether ic + 2 is a factor of «* + 3 aj^ — 4 a?. 

18. Whether 0? + 1 is a factor of2a3* + 5flr^ — 3a;-f-4. 

19. Whether m — 3 is a factor of m^ — 4 m — 15. 

20. Whether a — 5 is a factor of a^ — 3 a^ — 5 a — 25. 

21. Whether c — 2 is a factor of3c^ — 9c* + 5c + 2. 

22. Whether a is a factor of a(b — c) + b (c — a) -\- c(a — b). 

23. Whether c is a factor of a (6 — c) + 6 (c — a) -f c(a — b)» 

24. Whether x-^y ib s. factor of a (2 a? 4- 3 y) — y (3 a; -|- 2 2(). 
2 5. Whether 6 is a factor of a^ (6 — c)^ + 6' (0 — a)* + 0* (a — by. 
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HORNER'S SYNTHBTIO DIVISION 

107. The method of synthetic division, or as it is sometimes 
known, the method of detached coefficients, greatly abridges 
the work of division, especially where binomial divisors are 
concerned. * 

108. Divide a;8^11aj2 + 36aj-36 by a;-^3. 
Writing diyidend and divisor with ooefficients only, 

1-3 



1- 


11+36- 


-36 


1- 


3 




— 


8 




— 


8 + 24 






+ 12- 


-36 




+ 12- 


-86 



1-8 + 12 Quotient 



Since the first term of each partial product is merely a repetition of 
the term immediately above, it may be omitted. 

We may also change the sign of the second term of the divisor if the 
partial product is sMded instead of subtracted. 

We then have 



1-11 + 36-36 

1 + 3 

-8 

-24 



1+3 



1-8 + 12 



+ 12 

+ 36 

Raise the numbers — 24, 86 now in the oblique column and the work 

stands : 

l-,ll-t-36-86l + 3 

H- 3-24 + 36 

- +12 

The quotient is a:^ ^ 8 a? + 12. 

If the last remainder is zero, x minus the divisor is a factor of the 
expression. 
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EXBBCISE 22 

Divide the following by synthetic division : 

2. 3a*-a»-5a2-f 6a-|-7by a+*l. 

3. a*-lla3 + 29a2-9a + 14by a-7. 

4. 4 m^ — 17 rri^n -|- 13 mn^ + 6 w^ by m — 3n. 

5. 3ar^H-lla;<-43ic3-4aj2-flla;-6 by a; + 6. 

6. Sv*-S5i}^ + 7v^ + 22v-8hyv-4:, 

109. Divide a^-lla;2 + 36a;-36 by x-5, and by x-T. 

1-11 4-36 -36 [5 l-ll + 36-36[7. 

4- 6 --30 + 30 + 7-28 + 56 

-6+6—6 Remainder — 4 + 8 + 20 Remainder 

(Quotient) (Quotient) 

A factor lies between x — 6 and x — 7. It is found ft be a: — 6. 

Then if in dividing by a binomial a remainder occurs, and if 
the remainders arising from successive division by two binomi- 
als are of opposite sign, a factor x—a lies between these two 
binomials. 

EXERCISE 23 

1. Locate the root between 2 and 4 of ic^ — 17 a? + 24 = 0. 
Locate roots of the following : 

2. a8 + 10a2 + 17a-28 = 0. 

3. a* + 3a2-10a2 + 3a-f 15 = 0. 

4. Q^-Sx'-7a^ + 5iyx'-5x + 40 = 0. 

5. 3aj3-26a^ + 60aj-72 = 0. 

6. m*-2m^^-19m2 + 12m + 40 = 0. 



Ex. 2. Solve 


5ar_5«__i2 = 0. 




(6»-4)(6* + 3) = 0. 


Whence, 


6«-4 = 0, 6* = 4, 


and 


5* + 3=0, 5«=-.8. 
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SOLUTIONS 

110. If the product of abc ••• to ?i factors s= 0, at least one 
of the factors must be zero. 

Ex, 1. Let (x -2){x- 3){x + 4) = 0. 

Then a; — 2, a — 3, or a; + 4 must equal zero. 

The equation is satisfied by the root obtained by patting any one of 
the factors equal to 0. Hence, x = 2, 3, or — 4 are the solutions of the 
equation. 

(1) 

(2) 
• (8) 

To solve (3) and (4), take the logarithms of each membdr of the 

equations : 

From (8) « log 5 = log 4 (§ 89) , (6) 

and ' a:=l2gi = :«020^602. ^^^ 

log 5 .6990 699 . ^ ^ 

From ^4) a; log 5 = — log 3. 

Ex. 3. Solve the equation .2* = 3. 

Taking the logarithms of both members, xlog.2 = log 3. 

Then jo£3 ^ .4771 ^ .4771 ^ ^ ^^^ 

log .2 9.3010-10 -.699 

An equation of the form a' = b may be solved by inspection 
if b can be expressed as an exact power of a. 

Ex, 4. Solve the equation 16* = 128. 

We may write the equation (2*)* = 2^, or 2** = 2'^. 
Then, by inspection, 4 x = 7 ; and x = J. 

(If the equation were 16* = -=-^ we could write it (2*)* = -r = 2"^ ; 

12o ^ 

then 4 X would equal — 7, and x =— J.) 
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BXBBOISB 24 

Solve the f oUowiBg equations : 

1. 13« = 8. 4. .005038* = 816.3. 7. .2»+« = .5-*. 

2. .06* = .9. 5. 3^-^ = 42'+«. 8. 16* = 32. 

3. 9.347- = .0625. 6. 7^+'' = .8*. 9. 32* = ^. 

10. (tV)* = 8. ". (i)* = isV- "• .04^ -5 (.04)* -24 = 0. 

[3. 2*' + 7.2*«-9.2--63 = 0. 

4. 3^ -5.3^ -8.3' + 12 = 0. 

:5. 11^-5.11^-1-4 = 0. 

:6. 23*+3_6.22-+2 + 11.2*+^-6 = 0. 

: 7. .5** - 2 (.5)*« - 16 (.5)^ -f 2 (. 5)' + 15 = 0. 

8. 2«*-10.22'-71.2*-60 = 0. 

9. iK» — iB2-9ajH-9 = 0. 

10. a:2H-(5cH-2d)a; + 10cd = 0. 

COMMON FACTORS AND MULTIPLES 

111. A Common Factor of two or more expressions is- a factor 
of each of them. 

112. The Highest Common Factor (H. C. F.) of two or more 
expressions is their common factor of highest degree (§ 23). 

113. A Common Multiple of two or more expressions is an 
expression which is exactly divisible by each of them. 

114. The Lowest Common Multiple (L. C. M.) of two or more 

expressions is their common multiple of lowest degree. 

Ex, 1. Find the H.C.F. of a2 + 2a-3 and l-cr*. 

a2 + 2a-3= (a-l)(a + 8). 

l~a«= (l-a)(l + a + a«). 

The factors of the first expression can be put in the form 

- (l-a)(3 + a). 
Hence, the H. C. F. is 1 — a. 
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Ex, 2. Eequired the L. C. M. of 

ic^ — 5aj-f6, a?* — 4a?4'4, and a5* — 9 a?. 

a;2 - 5 a; + 6 = (3C- 3)(a;- 2). 
a;2_4a; + 4 = («-2)2. 

x8 - 9 a: = x(a; + 3) (a; - 3) . 

It is evident by inspection that the L. C. M. of these expressions is 

x(x-2)2(a; + 3)(x-3). 

115. When the polynomials cannot be readily factored by 
inspection, the H. C. F. and L. C. M. may be found by the fol- 
lowing method. 

The rule in Arithmetic for the H. C. F. of two numbers is : 

Divide the greater number by the less. 

If there be a remainder, divide the divisor by it ; and 
continue thus to make the remainder the divisor, and 
the preceding divisor the dividend, until there is no 
remainder. 

The last divisor is the H. 0. P. required. 

Thus, let it be required to find the H. C. F. of 169 and 646. 

169)546(3 
607 
39)169(4 
156 

13)39(3 
89 
Then 13 is the H. C. F. required. 

116. We will now prove that a rule similar to that of § 115 
holds for the H. C. F. of two algebraic expressions. 

Let A and B be two polynomials, arranged according to the 
descending powers of some common letter. 

Let the exponent of this letter in the first term of A be 
equal to, or greater than, its exponent in the first term of B, 

Suppose that B is contained in A p times, with a remainder 
O; that C is contained in B,q times, with a remainder Z); and 
that D is contained in C r times, with no remainder. 
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To prove that D is the H. C. F. of A and B. 

The operation of division is shown as follows : 

B)A{p 
pB 
C)B(q 
qC_ 
D) C(r 
rP 


We will first prove that D is a common factor of A and jB. 
Since the minuend is equal to the subtrahend plus the remainder 

(^- ^^ § ^^)' A =pB + C, (1) 

B'=qC+D, (2) 

and C = rD, 

Substituting the value of C in (2), we obtain 

B = qrD + I>= I)(qr + 1). (8) 

Substituting the values of B and C in (1), we have, 

A =pD(qr -h 1) +rD = D{pqr •\-p + r). (4) 

From (3) and (4), 2? is a common factor of A and B. 

We will next prove that every common factor of A and B 
is a factor of D. 

Let F be any common factor of A and B ; and let 

A = mF, and B = nF. 

From the operation of division, we have 

C = ^-pB, (5) 

and D = B-qa (6) 

Substituting the values of A and B in (6), we have 

C = mF - pnF. 

Sultetituting the values of B and C in (6) we have 

D = nF— q(mF-'pnF)=i F{n^qm H-pgn). 
Whence, i^ is a factor of D, 



FACTORS 69 

Then, since every common factor of A and £ is a factor of 
Dy and since D itself is a common factor of A and B, it follows 
that D is the highest common factor of A and B, 

We then have the following rule for the H. C. F. of two 
polynomials, A and -B, arranged according to the descending 
powers of some common letter, the exponent of that letter in 
the firat term of A being equal to, or greater than, its exponent 
in the first term of B: 

m 

Divide A "by B. 

If there be a remainder, divide the divisor by it; 
and continue thus to make the remainder the divisor, 
and the preceding divisor the dividend, until there is 
no remainder. 

The last divisor is the H.C.F. required. 

It is important to keep the work throughout in descending powers of 
some common letter ; and each division should be continued until the 
exponent of this letter in the first term of the remainder is less than its 
exponent in the first term of the divisor. 

Note 1 : If the terms of one of the expressions have a common factor 
which is not a common factor of the terms of the other, it may be re- 
moved ; for it can evidently form no part of the highest common factor. 

In like manner, we may divide any remainder by a factor which is not 
a factor of the preceding divisor. 

117. 1. Eind the H. C. F. of 

6ar»-25aj-|- 14 and 6a^--7a^-25x + lS. 

6a;2- 25a + 14)6 «8- Ta:^- 26a; -f 18(x + 3 

6x8-25a;2 + 14a; 
18a2_39a; 

18 a;^- 76 a; + 42 
36X-24 

In accordance with Note 1, we divide this remainder by 12, giving 
^^""^- 3a;-2)6a2-26a; + 14(2«-7 

-21a; 

- 21 X + 14 

Then, 3x — 2 is the H. C. F. required. 
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Note g : If the first term of the dividend, or of any remainder, is not 
divisible by the first term of the divisor, it may be made so by multiply- 
ing the dividend or remainder by any term which is not a factor of the 
divisor. 

2. Find the H. C. F. of 

3a3 -I- a%-2a&* and 4a»6 + 2a«6»-a6» + &*. 

We remove the factor a from the first expression and the factor b from 
the second (Note 1), and find the H. C. F. of 

3a8 + a6 - 2^2 and 4a8 -}-2a^b- ab^ + ft'. 

Since 4 a^ is not divisible by 3 a^, we multiply the second expression 

by 3 (Note 2). 

4a» + 2a26- aft^ -f &» 
3_ 

8a8 + a6- 262)12 a8 + 6a26-3a&2 + 3&»(4a 

12q8 + 4q2fe-8a6« 

2a^b-\-6ab^-{-Sb^ 

Since 2a^b is not divisible by Sa^, we multiply this remainder by 

3 (Note 2). 

2a26+ 5a62+ 368 
3^ 

3ei2 + a6-262)6a26 + 15a62^ 963(26 

6a26+ 2a62- 46^ 

13 a62 + 13 68 

We divide this remainder by 13 6^ (Note 1), giving a + b, 

a + 6)3 a2 + a6 - 2 62(3 a - 2 6 
3 a2 + 3 ab 
-2ab 
-2a6-262 

Then, a -h 6 is the H. C. F. required. 

Note 3 : If the first term of any remainder is negative, the sign of 
each term of the remainder may be changed. 

Note 4 ' If the given expressions have a common factor which can 
be seen by inspection, remove it, and find the H. C. F. of the resulting 
expressions ; the result, multiplied by the common factor, will be the 
H. C. F. of the given expressions. 
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3. Eind the H. C. F. of 

Removing the common factor x (Note 4), we find the H. C. F. of 
2a;8 + 3 x2 - 6a; + 2 and 6x3 + 5a;2 - 2a; - 1. 
2a;8 + 3a;2-6a + 2)6a;8 + 5a;2_ 2a;-l(3 

6a;» + 9x^-18a; + 6 
-4a;2+16a;-7 

The first term of this remainder being negative, we change the sign of 
each of its terms (Note 3). 

2a;8+ 3a.2_ q^^ 2 

2^ 

4a;^- 16a; + 7)4x8 _|. q^2 _ 12a; + 4(x 

4x8-16x2+ 7x 

22x2- 19x+ 4 

2 



44x2- 38x+ 8(11 
44x2- 176x-f77 
69 )138x-69 
2x- 1 
2x-l)4x2- 16x+ 7(2x-7 
4x2— 2x 

- 14x 

- 14x + 7 

The last divisor is 2 x — 1 ; multiplying this by x, the H. C. F. of the 
given expressions is x (2 x — 1). 

(In the above solution, we multiply 2 x^ + 3x2 — 6x + 2 by 2 in order 
to make its first term divisible by 4x2; and we multiply the remainder 
22 x2 — 19 X + 4 by 2 to make its first term divisible by 4 x2.) 

118. We will now show how to find the L. C. M. of two ex- 
pressions which cannot be readily factored by inspection. 

Let A and B be any two expressions. 
Let F be their H. C. F., and J!f their L. C. M. 
' Suppose that A = aF^ and B = hF, 

Then, ^ x -B = ahF^, • (V^ 

Since F is the H. C. F. of ^ and B, a and 6 have no common factors ; 
whence the L. C. M. of ai^'and hF is abF, 

That is, M = abF. 
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Multiplying each of these equals by F^ we have 

Fy.M=ahF'\ (2) 

From (1) and (2), A xB=^Fx M, 

That is, the product of two eocpressions is equal to the produd 

of their H. C. F. and L. C. M. 

Therefore, to find the L. C. M. of two expressions, 
Divide their prodv4:t by their highest common factor ; or, 
Divide one of the expressions by their highest common factor ^ 

and multiply the quotient by the other expression, 

Ex. Find the L. C. M. of 

6ar^-l7aj«H-12 and 12i»«-4a?-21. 

6a^-17a;+12)12a;a- 4x-21(2 

12a;2~ 34x4-24 
16 )30 X- 46 

2x- 3)6x2_i7x+12(3«-4 
6xg-0x 
-8x 
-8x-H2 

Then, the H.C.F. of the expressions is 2x — 3. 

Dividing Ox^ - 17 x + 12 by 2 x - 8, the quotient is 3 x - 4. 

Then, the L. C. M. is (3 x - 4) (12 x^ - 4 x - 21). 

EXERCISE 25 

Find the H. C. F. and L. C. M. of the following : 

1. 2a^-^a-'6, 4a2-8a-f3. 

2. 6aj*-17a;H-10, 9a^-14x-8. 

3. aj*-6aj-27, a^-2x^-8x-^21. 

4. e^^-Slxy-^-lSy^, 9aj2-(-l5aj7/-14y» 

5. 8a^ + 6aj-9, 6^^ + 7x^-7x^6, 

6. 4a^-llaj-3, 8a?* + 6a^-llaj2-23a?-5. 

7. m* — 4m^ + m* — 4, m^— 2m^ — m^ + m + 2. 

8. 12p^-19pq-21q% 12p^ + 5p^q--llpq^-6^. 

9. c* + 7c«+12c2, c8 + 4c2-9c-36, 3c84-10c*-15c-28. 
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10. 8a^ + 27, 4aj*-8aj*-9aj + 18, 2 a^ + oj^- 11 a? -12. 

11. 81-aj*, aj^-4353 + 4ar«__4a; + 3. 

12. aJ*4-4, aa^ 4- 2 aaj + 2 a, a/'^ + 3ic^ + 4aj + 2. 

13. 16c*4-8c* + 81, 4c» + 4c2 4-c-9. 

14. a«4-7a^-9a-63, a« + 6a* + lla + 6. 

15. (5a-3&)*-(a + &)«, 72a2- 48a6 + 8&l 

16. a8 + 6a*aj + 12aa^ + 8a^, 4 a* + 8 a*® - a^x^ - 2 a V. 

V. FRACTIONS 

119. A Fraction is an indicated quotient written usually in 

the form —, where a is the dividend, and is called the numera- 


tor, and b the divisor, and called the denominator. 

120. If the same factor be introduced into, or removed from, 
both dividend and divisor, the quotient is not changed. Upon 
this principle depends the reduction of fractions to either 
higher or lower term^. The laws of sign for fractions are 
those of ordinary division. The sign before the fraction de- 
notes whether the quotient is to be added or subtracted. 

REDUCTION OP FRACTIONS 

121. Change of sign, ' 

EXERCISE 26 

Write each of the following in three other ways without 
changing its value : 

a n-f3 8 2a; — 7 ^ 6a;— 5 

2 7 ^ 2-x ^ aj + 2 ^ (aj-3)(y-l-4) 

• 2b'^a' ^' i2y + x)(x-y) 
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122. Reduction to Lowest Terms. This is accomplished by 
removing every factor common to both* numerator and denomi- 
nator. If numerator and denominator are not prime to each 
other,, it is possible generally to factor them by inspection. 
When, however, the factors cannot be readily seen, the method 
of § 117, known as the Euclidean method, may be used. 

EXERCISE 27 

Reduce the following to lowest terms ; 

Qi^ — a^ — 4:X — 6 



2. 



9a^ + 12a;-f4 


a'- 


-a'b- 


- ah'' 4- h^ 


a*- 


-a%- 


d'h^ + a¥ 


12 2; 


2 + 16 


zy-3y\ 



6. 



a^-h7aj2 + 12» + 10 
16 a:^ -f 16 a? -- 32 



102F-\-zy-21y^ 14 a^ -f 14 a? - 28 

Simplify the following : 

f a^-3a+2 \f^ 4a V* 

^* V«2^5a + 4A d'-2a-\-lJ 

3 ^-y^ I y 2a^?/ 



x^-\-xy X a?* + y* 

a2^15a4.56 c2-3c-l6 , ac + 2 a- 14 -7c 
^* c3-125 c2-8c-M6 ' 2c-8-4a + ac 

1 ,1 , 2aj , 4a^ 



II. 



a; + 2 a;-2 ar^-|-4 a;*-|-16 

a4-& a — h 
a — b a + b 



q2 4-^,2 ^2_^2 

a2_62 a2 + 62 

» 

* To simplify this and following examples of Exercise 27, perform the 
indicated operations, then reduce the resulting fraction to its lowest terms. 



12. 
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be ah ac 



(a^b)(a — c) (c — a)(b^c) (c — b)(b — a) 



4 5a^-7a-6 8a^-^16a-f 6 
'^* a-1 6a2-a-12 ' 2a'-5a-\-2 



M. 



3aj- 



«-.y 



j^ 2x-Sy 
3aj — 4y 



^ m — 2 4— -m , l — m 

15. = — ;; 1 -' 

m-^o 3 — m m — 5 

16. f3a+5~5L±^^f-— J^— + lV 
V a + 2y Va'^-lOa-24 / 

'^* [_3a; + 22^'*'3aj-2yJ"^L27aj' + 82/«''"27a^-82/*J 

g 4c^-29c^-f 25 , / 4c^-20c4-25 6c^4-llc-10 \ 
c«-l •\^3c2 + 3c-f3 9c2-.4 / 



a;-5 + 



9(a^ + 5a; + 6) 






20. 



^"^ 4a^ 

a- + 4 a? — 1 , x-^2 cii^ — x — 16 
21. — ^ \- 



22 



x-\-2 x-3 x-5 x'-Sx + W 



a?-ll\ 
a; - Uy 



ar^ 4- 5a;- 14/ aj8 + 343 
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2 x^-^Sx'^2 4 x' + l . a^-1 

^^' ic + 1 a^-^1 ' a^ + 5a;4-6 a; ' 12« 



24. 



[(a!-y)»-l]-r- 



a; 



a? + y 



£« + &« g^-^^^ ^ 3a« 

^' a^ + y^ a^«^ + a^>2 a^ - a% + a'ft^ - a6«+ 6* 

123. Under certain conditions a fraction may assume a form 
the value of which is not readily seen. Such forms usually 
occur in limiting values of fractions in which the unknown or 
unknowns are considered variable. 

124. A variable number, or simply a variable, is a number 
which may assume, under the conditions imposed upon it, an 
indefinitely great number of different values. 

A constant is a number which remains unchanged throughout 
the same discussion. 

125. A limit of a variable is a constant number, the differ- 
ence between which and the variable may be made less than 
any assigned number, however small. 

Suppose, for example, that a point moves from A towards B under the 
condition that it shall move, during successive equal intervals of time, 
first from A to 0, halfway be- 
tween A and J5 ; then to Z>, half- 'f L L_X_f 

way between C and B; then to 

F, halfway between D and J5; and so on indefinitely. 

In this case, the distance between the moving point and B can be made 
less than any assigned number, however small. 

Hence, the distance from A to the moving point is a variable whicli 
approaches the constant value AB as sl limit. 

Again, the distance from the moving point to J3 is a variable which 
approaches the limit 0. 

126. Interpretation of ^ • 

Consider the series of fractions 



3' .3' .03' .003' 
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Here each denominator after the first is one-tenth of the 
preceding denominator. 

It is Qvident that, by sufficiently continuing the series, the 
denominator may be made less than any assigned number, 
however small, and the value of the fraction greater than any 
assigned number, however great. 

In other words, 

If the numerator of a fraction remains constant, while 
the denominator approaches the limit 0, the value of 
the fraction increases without limit. 

It is customary to express this principle as follows : 

a 

-=00. 

The symbol oo is called Infinity ; it simply stands for that which is 
greater than any number, however great, and has no fixed value. 



127. Interpretation of — • 

Consider the series of fractions ^, ^^ -^, t-^* •••. 

3 30 300 3000' 

Here each denominator after the first is ten times the pre- 
ceding denominator. 

It is evident that, by sufficiently continuing the series, the 
denominator may be made greater than any assigned number, 
however great, and the value of the fraction less than any 
assigned number, however small. 

In other words, • 

If the numerator of a fraction remains constant, while 
the denominator increases without limit, the value of 
i the fraction approaches the limit 0. 

It is customary to express this principle as follows : 

^ = 0. 

QO 
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128. No literal meaning can be attached to such results as 

a a Pi 

- = 00, or - = 0; 

oo 

for there can be no such thing as division unless the divisor is 
B, finite number. 

If such forms occur in mathematical investigations, they 
must be Interpreted as indicated in §§ 126 aud 127. (Com- 
pare § 86.) 

THE PROBLEM OF THE COURIERS 

129. The following discussion will further illustrate the 
form -, besides furnishing an interpretation of the form — • 

The Problem of the Couriers. 

Two couriers, A and B, are travelling along the same road in 
the same direction, RE\ at the rates of m and n miles an hour, 
respectively. If at any time, say 12 o'clock, A is at P, and B 
is a miles beyond him at Q, 'after how maiiy hours, and how 
many miles beyond P, are they together ? 

I I I I 



Let A and B meet x hours after 12 o'clock, and y miles beyond P. 

They will then meet y — a miles beyond Q. 

Since A travels mx miles, and B nx miles, in x hours, we have 



{ 



y = mx, 
y-^a = nx. 



Solving these equations, we obtain 



a; = — ^L_, and y= ^*^ 



m — n tn — n 

We will now discuss these results under different hypotheses. 

1. m^n. 

. In this case, the values of x and y are positive. 

This means that the couriers meet at some time after 12, at some point 
to the right of P. 
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This agrees with the hypothesis made ; for if m is greater than n, A is 

travelling faster than B ; and he must overtake him at some point beyond 

their positions at 12 o'clock. 

2. m<n. 

In this case, the values of x and y are negative. 

This means that the couriers met at some time before 12, at some point 
to the left of P. 

Tiiis agrees with the hypothesis made ; for If «» is less than n, A is 
travelling more slowly than B ; and they must have been together before 
12 o'clock, and before they could have advanced as far as P. 

3. a = 0, and m > n or m < n. 

In this case, a; = and y = 0. 

This means that the travellers are together at 12 o'clock, at the point P. 

This agrees with the hypothesis made ; for if a = 0, and m and n are 
unequal, the couriers are together at 12 o'clock, and .are travelling at 
unequal rates ; and they could not have been together before 12, and will 
not be together afterwards. 

4. wi = n, and a not equal to 0. 

In this case, the values of x and y take the forms - and — , re- 



spectively. 

If w — n approaches the limit 0, the values of x and y increase without 
limit (§ 126) ; hence, if m = n, no fixed values can be assigned to x and y, 
and the problem is impossible. 

In this case, the result in the form - indicates that the given problem is 
impossible. 

This agrees with the hypothesis made ; for if >» = w, and a is not zero, 
the couriers are a miles apart at 12 o'clock, and are travelling at the same 
rate ; and they never could have been, and never will be together. 

6. m = w, and a = 0. 

In this case, the values of x and y take the form — 

y 

If a = 0, and m = w, the couriers are together at 12 o'clock, and travel- 
ling at the same rate. 

Hence, they always have been, and always will be, together. 

In this case, the number of solutions is indefinitely great ; for any 
value of X whatever, together with the corresponding value of y, will 
satisfy the given conditions. 

In this case, the result in the form - indicates that the number of solu- 
tions is indefinitely great. 

Such form is called Indeterminate. 
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130. In § 129, we found that the form - indicated an ex- 
pression which could have any value whatever; but this is not 
always the case. 



Consider, for example, the fraction 



05^ — ax 



Jtx=:a, the fraction takes the form — 



Now, x^-a^ ^ (x-\- a)(x -g) ^ x-^a , 

x^ — ax x{x — a) a: ' 

which last expression is equal to the given fraction provided x does not 
equal a. 

The fraction ?^ approaches the limit ^ "^ ^ , or 2, when x approaches 
the limit a. * ^ 

This limit we call the value of the given fraction when x=i a. 

Then, the value of the given fraction when a; = a is 2. 

In any jsimilar case, we cancel the factor which equals for the given 
value of a;, and find the limit approached by the result when x approaches 
the given value as a limit. 

EXEBCISB 28 

Find the values of the following : 

I- —^ — ——when a? = 2 a. 3. -— — -whenaj = — 4. 

2. — - — - — when a? = 0. 4. -— — — — — - when a; = #. 

4:3i^ + 3x ^ 6a^-17a?4-12 ^ 

5. — -!- ^4 — -— ^— when a; = — 2. 

6. — -^ — - — when a? = 2. 

a^-7aj + 6 

131. Other Indeterminate Forms. 

Expressions taking the forms ^, X 00 , or 00 — 00, for cer-r 
tain values of the letters involved, are also indeterminate. 
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1. Find the value of (a? 4. 8) (^1+ -^^ when a? = - 2. 
This expression takes the form x 00, when a; =— 2 (§ 126). 

= a^4.8-fx2-2a; + 4 = a* + x2-2a; + 12. 

The latter expression approaches the limit — 8+4 + 4 + 12, or 12, 
when X approaches the limit — 2. 

This limit we call the value of the expression when a; =— 2 ; then, the 
value of the expression when a; = — 2, is 12. 

In any similar case, we simplify as much as possible before finding the 
limit. 

2. Find the value of when a; = 1. 

1—X 1— flJ^ 

The expression takes the form 00 — 00, when x = 1 (§ 126). 

Now, -i 2^^1_+x-2x^l-£^_l_. 

• 
The latter expression approaches the limit \ when x approaches the 
limit 1. 

Then, the value of the expression when x = 1, is j^. 

1J2. Another example in which the result is indeterminate 
is the following : 

Ex, Find the limit approached by the fraction "^ when 
X is indefinitely increased. ~" 

Both numerator and denominator increase indefinitely in absolute value 
when X is indefinitely increased. 

Dividing each term of the fraction by x, -^ — ^— = ^ 

2 — 6x2_^ 

X 

4-2 2 

The latter expression approaches the limit "^ (§ 127), or — -, when 

X is indefinitely increased. ~ 

In any similar case, we divide both numerator and denominator of the 
fraction by the highest power of x. 
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BXBBOISE 29 

Fiad the limits approached by the following when x is in- 
definitely increased : 

Find the values of the following : 

4. ; — - when a; = 2. 

^ x-2 a^-8 

5. (2aj2_5aj_3)/'2 + -l-'j whena? = 3. 



RATIO AND PROPORTION 

RATIO 

133. The Ratio of one number a to another number h is the 

quotient of a divided by &. 

Thus, the ratio of a to & is -; it is also expressed a : b. 

b 

The ratios here spoken of are but fractions under another 
name, and have all the properties of fractions. 

In the ratio a: 6, a is called the^rs^ term, or antecedent, and 

b the second term, or consequent. 

If a and b are positive numbers, and ay-b, - is called a 

b 

ratio of greater inequality ; if a <b, it is called a ratio of less 
inequality, 

134. A ratio of greater inequality is decreased, and 
one of less inequality is increased, by adding the same 
positive number to each of its terms. 

Let a and b be positive numbers, a being > 6, and x a positive number. 
Since a > &, ax>bx. (§ 69) 

Adding ah to both members (§ 56), 

ab+ ax^ab + 6x, or a(b + a;)>6(a+ic). 
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ft • 
Dividing both members by 6(6 + x), we have 

^>l±^- (1 69) 

In like manner, if a < 6, - < ^^-i^. 

b b +x 

PROPORTION 

135. A Proportion is an equation whose members are equal 
ratios. 

Thus, if a : 6 and c : d are equal ratios, 

b d' 
is a proportion. The latter form is preferable. 

136. In the proportion a:b = c:d, a is called the Jlrst term, 
b the second, c the third, and d the fourth. 

The first and third terms of a proportion are^ called the ante- 
cedents, and the second and fourth terms the consequents. 

The first and fourth terms are called the extremes, and the 
second and third terms the means. 

137. If the means of a proportion are equal, either mean is 
called the Mean Proportional between the first and last terms, 
and the last term is called the Third Proportional to the first 
and second terms. 

Thus, in the proportion a:b = b :c, b is the mean proportional 

between a and c, and c is the third proportional to a and b. 

• 

The Fourth Proportional to three numbers is the fourth term 
of a proportion whose first three terms are the three numbers 
taken in their order. 

Thus, in the proportion a:b = c :d, d is the fourth proportional to 
05, 6, and c. 

138. A Continued Proportion is a series of equal ratios, in 
which each consequent is the same as the next antecedent j as, 

a : b s:* b . ^ c id ^ d: e. 
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PROPERTIES OP PROPORTIONS 

139. In any proportion, the product of the extremes is 
equal to the product of the means. 

Let the proportion be ^ = ^ . 

Clearing of fractions, ad = &c. 

1^, From the equation od = 6c (§ 139), we obtain 

be t^ ad ad j j be 
a = — , = — , c = — , and a = — • 

deb a 

That is, in any proportion, either extreme equals the 
product of the means divided by the other extreme ; and 
either mean equals the product of the extremes divided 
by the other mean. 

141. (Converse of § 139.) If the product of two numbers 
be equal to the product of two others, one pair may be 
made the extremes, and the other pair the means, of a 
proportion. 

Let ad = be. 

Dividing by M, r^ = iS- »' ? = r 

oa oa a 

In like manner, we may prove that 

a_b 
c-d' 

142. In any proportion, the terms are in proportion by 
AUematian; that is, the means may be interchanged. 

Let the proportion be 

Then, by § 139, 
Then, by § 141, 

In like manner it may be proved that the extremes can be interchanged. 



v 


"d 


ad- 


= be. 


a 
c 


_b 
d 



b' 


"d' 


ad 


= be. 


h 


d 

22^ ^— • 


a 


c 
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i43. In any proportion, the terms are in proportion by 
Inversion ; that is, the second term is to the first as the 
fourth term is to the third. 

Let the proportion be a c . 

Then, by § 139, 
Whence, by § 141, 

It follows from § 143 that, in any proportion, the means can be written 
as the extremes, and the extremes as the means. 

144.' The mean proportional between two numbers is 
equal to the square root of their product. 

Let the proportion be - = - . 

b c 

Then, by § 139, 62 _. Qfc, or 6 = Vac. 

145, In any proportion, the terms are in proportion 
by Composition ; that is, the sum of the first two terms 
is to the first term as the sum of the last two terms is 
to the third term. 

Let the proportion be ^ = ^ . 

b d 

Then, ad = 6c. 

Adding each member of the equation to ac, 

ac -{- ad =^ ac ■\- be, or a(c + d) = c(a + 6). 
By §141, a + b^c±d^ 



We may also prove 



a c 

a-\-b _c + d 



146. In like manner we may also prove that the terms of 
any proportion are in proportion by Division ; that is, the dif- 
ference between the first two terms is to the first term as the 
difference between the last two terms is to the third term. 

The proof is left to the student. 
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147. In any proportion, the terms are in proportion by 
Compoaition and Division ; that is, the sum of the first 
two terms is to their difference as the sum of the last 
two terms is to their difference. 

The proof is left to the student. Hint. — Divide the result of § 146 by 
that of § 146. 

148. In any proportion, if the first two terms be multi- 
plied by any number, as also the last two, the resulting 
numbers will be in proportion. 

Let the proportion be ? = ^ ; then, — = — . 

h d mb nd 

(Either m ov n may be unity ; that is, the terms of either ratio may be 
multiplied without multiplying the terms of the other.) 

149. In any proportion, if the first and third terms be 
multiplied by any number, as also the second and fourth 
terms, the resulting: numbers will be in proportion. 

Let the proportion be ^ = ^ ; then, I2»« = ^. 

h d nh nd 

(Either m ox n may be unity.) 

1 50. In any number of proportions, the products of tlie 
corresponding: terms are in proportion. 

Let the proportions be r = -» aiid - = 2.* 

h d' .f h 

Multiplying, ?x^=-,x?»orf^ = ^. 

f d h bf dh 

In like manner, the theorem may be proved for any number of 

proportions. 

151. In any proportion, like powers or like roots of the 
terms are in proportion. 

Let the proportion be ^ = ^ • then, ^ = ^ . 

b d b^ d^ 

In like manner, ^ = 5^. 

v^6 Vd 
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152. In a series of equal ratios, any antecedent is to its 
consequent as the sum of all the antecedents is to the 
sum of all the consequents. 



Let 


a:b = c:d=ze:f. 


Then, by § 139, 


ad = 6c, 


and 


af = be. 


Also, 


ah = ha. 


Adding, 


«(& + <?+/)= 6(a + c + €). 


Whence, 


a ih = a + c + e :h -\- d -\- f. 



(§ 141) 

In like manner, the theorem may be proved for any number of equal 
ratios. 

153. If three numbers are in continued proportion, 
the first is to the third as the square of the first is 
to the square of the second. 

Let the proportion be a:6=:&:c;or-i=-. 

h c 

Then, «x5 = ^x^,or « = ^. 

154. If four numbers are in continued proportion, 
the first is to the fourth as the cube of the first is 
to the cube of the second. 

/• 7i /• 

Let the proportion be a:6 = 6:c = c:d; or -=- = -. 

h c d 

Similarly, it may be shown that if n numbers are in continued propor- 
tion, the first antecedent is to the last consequent as the nth power of the 
first antecedent is to the wth power of its consequent. 

155. Examples. 

I. li X \ y = {x -\- zf ', (jU '\' zfy prove z the mean proportional 
between x and y. 

From the given proportion, by § 139, 

y(x + zy = x{y + zy. 
Or, 05^+2 xyz + yz'^ = xy'^ + 2 xyz + xz'^. 

Transposing, x^ — xy^ = xz^ — yzK 

Dividing hy x—y^ xy = z^. 

Therefore, z is the mean proportional between x and y (§ 144). 
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The theorem of § 147 saves work in the solution of a certain 
class of fractional equations. 

2. Solve the equation - — =^ = • 

^ 2aj-3 26 + a 

Regarding this as a proportion, we have by composition and division, 

4x 46 ^^ 2x 26. ^i,^„^^ ^ 3 6 
— = , or — = : wnence, as = • 

6 -2a' 3 a a 

3. Prove that if - = - , then 

b d 

Let - = - = X, wlience, a = 605 ; then, 

b d ^^1 

a^-^b^ b^x^-b^ x^-1 d^ c^ - cP 



a2-3a6 62a;-^-362a; x^-3x c^_3c c^-Scd 

cP d 
Then, a^ - 6* : a^ - 3 a6 = c* - cP : c^ - 3c<i. 

EXERCISE 30 

1. Find the mean proportional between .0289 and 1.69. 

2. Find the mean proportional between 1^^^ and 12 J|^. 

3. Find the third proportional to ^ and 1^. 

4. Find the fourth proportional to 9/^, 16J, and ^. 

5. Find the fourth proportional to m, n, and r. 

6. Write in the form of a proportion : aj* — 2 a? — 15 = a*. 

Solve, using composition and division: 

4a? + 5 __ a? + 5 ^ 
4 a; — 5 a; — 3 

o x-\-a b-\-c ,^ 2a:-f-7 5a; + l 
o. = • 10. s= • 

x — a b — c 2aj — 3 5aj — 9 

9. ^izi^ = l. , XI. (m + l)^+(m-l)* ^3^ 

ai-f-a ^ (m4-l)i-(m-l)* 

12. If - = -, show that a:c = 6^: c^. 
6 c 
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13. Ifa:6 = c:d,showtbat ^^,^^^^ =4^1^' 

14. Pind two numbers in the ratio of 2; 3, such that the 
sum of their squares shall be 208. 

15. Eind two numbers in the ratio of 3 : 1, such that the dif- 
ference of their squares is 200. 

16. Two numbers are in the ratio of 5 : 7. If 6 be added to 
each, they will be in the ratio of 7 : 9. Mnd the numbers. 

17. Two numbers are in the ratio of 2:5, If 4 be added to 
each number, the resulting ratio will be twice the ratio had 4 
been subtracted from each number. Find the numbers. 

18. The difference between two numbers is 6, and the dif- 
ference between their squares is 60. What is the ratio of their 
sum to their difference ? 

19. In similar figures in geometry, homologous sides are pro- 
portional. If a pole 30 feet high casts a shadow 42 feet long, 
how high must a pole be to cast a shadow 35 feet long ? 

■ 

20. A ladder 40 feet long leans against the side of a build- 
ing, with its foot 12 feet from the building. A second ladder, 
40^^ feet long, makes the same angle with the building as the 
first ladder. How far is the foot of the second ladder from 
the building ? 

21. In the triangle ABC, MN is 
drawn parallel to BC and divides the 
other two sides proportionally. If 

AM= 12, ^^= ? and 5(7=48, how b 
' AN ^' ' 

long is AC? (M is the middle point of AB.) What is the 
ratio of AN to MN? 

22. The areas of any two similar figures are to each other 
as the squares of their homologous parts. If a regular hexagon 
has a, side equal to 6 and an area of 54 V3, what is the area of 
a regular hexagon whose side is 2 ? 
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23. Tlie area of a circle is 6^ times that of another circle. 
If the radius of the first circle is 5, what is the radius of the 
second circle ? 

24. If the altitude of a triangle is twice that of a similar 
triangle, how do their areas compare ? 

25. The volume of a rectangular solid is equal to the product 
of its three dimensions, x, y, and z. If ocyz = v and xiy \z 
= a\h\c, find a?, y, and z in terms of a, 6, c, and v. 

26. Find three numbers in continued proportion whose sum 
is 63, the second being 4 times the first. 

37. Given the proportion - = - = -, where d = 81 and - = - . 
Find a, 6, and c. bed & 3 

28. If 2a — 36:4a — 56 = 26 —3 c : 4 6 — 5 c, prove h is the 
mean proportional to a and c. 

29. If 3a + 56:4a-76 = 3c + 5d:4c-7d, prove 5^=^. 

b d 

30. Find two numbers in the ratio of a to 6, such that if 
each be increased by - they will be in the ratio of e to /. 

"* 6 15 45 9(5a! + 2) 

g+j ^ a-2b ^ (2 g - 6)a; + 3a6 , g^i^e f or a;. 
05 a; + a x^ — ar 

33. A man borrows a certain sum, paying interest at the 
rate of 5%. After repaying $180, his interest rate on the 
balance is reduced to 4J %, and his annual interest is now less 
by f 10.80. Find the sum borrowed. 

34. The digits of a certain number are three consecutive 
numbers, of which the middle digit is the greatest, and the 
first digit the least. If the number be divided by the sum of 
its digits, the quotient is ^^. Find the number. 
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35. A certain number of apples were divided between three 
boys. The first received one-half the entire number, with one 
apple additional, the second received one-third the remainder, 
with one apple additional, and the third received the remain- 
der, 7. How many apples were there ? 

36. A freight train runs 6 miles an hour less than a pas- 
senger train. It runs 80 miles in the same time that the 
passenger train runs 112 miles. Pind the rate of each train. 

37. A and B each fire 40 times at a target ; A's hits are one- 
half as numerous as B's misses, and A's misses exceed by 15 
the number of B's hits. How many times does each hit the 
target ? * 

38. A freight train travels from ^ to JB at the rate of 12 
miles an hour. After it has been gone 3^ hours, an express 
train leaves A for B, travelling at the rate of 45 miles an hour^ 
and reaches B 1 hour and 5 minutes ahead of the freight. 
Find the distance from A to B, and the time taken by the 
express train. 

39. A tank has three taps. By the first it can be filled in 
3 hours 10 minutes, by the second it can be filled in 4 hours 
45 minutes, and by the third it can be emptied in 3 hours 
48 minutes. How many hours will it take to fill it if all the 
taps are open ? 

40. A man invested a certain sum at 3f %, and \^ this sum 
at 4^% ; after paying an income tax of 5%, his net annual 
income is $ 195.70. How much did he invest in each way ? 

VARIATION 

1 56. One variable number (§ 124) is said to vary directly as 
another when the ratio of any two values of the first equals 
the ratio of the corresponding values of the second. 

It is usual to omit the word *' directly " and simply say that one num- 
ber vanes as another. 
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Thus, if a workman receives a fixed number of dollars per 
diem, the number of dollars received in m days will be to the 
number received in n days as m is to n. 

Then, the ratio of any two numbers of dollars received 
equals the ratio of the corresponding numbers of days worked. 

Hence, the number of dollars which the workman receives 
varies as the number of days during which he works. 

157. The symbol oo is read " varies as " ; thus, a oc 5 is read 

" a varies as 6.'' 

• 

158. One variable number is said to vary inversely as 
another when the first vaiies directly as the reciprocal of the 
second. 

Thus, the number of hours in which a railway train will 
traverse a fixed route varies inversely as the speed; if the 
speed be doubled, the train will traverse its route in one-half 
the number of hours. 

159. One variable number is said to vary as two others 
jointly when it varies directly as their product. 

Thus, the number of dollars received by a workman in a 
certain number of days varies jointly as the number which he 
receives in one day, and the number of days during which he 
works. 

160. One variable number is said to vary directly as a sec- 
ond and inversely as a third, when it varies jointly as the 
second and the reciprocal of the third. 

Thus, the attraction of a body varies directly as *the amount 

« 

of matter, and inversely as the square of the distance. 

161 . Ifxccy, then x equals y multiplied by a constant number. 

Let x' and y' denote a fixed pair of corresponding values of x and y, 
and X and y_ any other pair. 

By the definition of § 156, - = - ; or, a; = -y, 

y y' y' 

x' 
Denoting the constant ratio — by m, we have 

y' 

X = my. 
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162. It follows from §§ 158, 159, 160, and 161 that : 

1. Ifx varies inversely as y, aj = — • 

y 

2. Jfx varies jointly as y and z, x = myz, 

3. Ifx varies directly as y and inversely as z, x = — ^» 

z 

163. Ifxccy, and yocz, then xqcz. 

By § 161, if a: « 2/, x = my. (1) 

And iiyccz, y = m. 

Substituting in (1), x = mm. 

Whence, by § 161, aaar. 

164. Ifxccy when z is constant, and xccz when y is constant, 
then XQcyz when both y and z vary. 

Let y' and z' be the values of y and «, respectively, when x has the 
value x'. 

Let y be changed from y' to y", z remaining constantly equal to z', 
and let x be changed in consequence from x' to X. 

Then, by § 156, ^=4,- 0) 

-i y ' 

Now, let z be changed from z' to z'\ y remaining constantly equal to 
y", and let x be changed in consequence from Xto a; . 

Then, ^ = 5l. (2) 



X 

x'f 


z' 

z" 


xf 


_y'z' 


xf 


yl'z'f 



Multiplying (1 ) by (2) , T/ = "W ' (^) 

X y z 

Now if both changes are made, that is, y from y* to y" and z from z' to 
z", X is changed from x' to x", and yz is changed from y'z^ to y^'z". 

Then by (8) , the ratio of any two values of x equals the ratio of the 
corresponding values of yz ; and, by § 166, xccyz. 

The following is an illustration of the above theorem : 

It is known, by Geometry, that the area of a triangle varies as the 
base when the altitude is constant, and as the altitude when the base is 
constant; hence, when both base and altitude vary, the area varies as 
their product. 



94 ALGEBRA 

165. Problems. 

Problems in variation are readily solved by converting tlie 
variation into an equation by aid of §§ 161 or 162. 

1. If a; varies inversely as y, and equals 9 when y = 8, fijod. 
the value of x when y = 18, 

If X varies inversely as 2/, « = — (§ 162). 

y 

Putting a; = 9 and 2/ = 8, 9 = — , or TO = 72. 

o 

Then, x = — ; and, if 2/ = 18, x= — = 4. 
y 18 

Since variation is simply another way of stating a proportion, the prob- 
lems in variation may be solved readily by means of proportion. 

E.g. In the above problem 1 

Xcx -, 

y 

X = — • 

y 

This equation is true for any assigned values of the variables. 

Then, xi=^, (1) 

yi 

^2=^. (2) 

2/2 

Dividing (1) by (2) 5^ = 1^ (3) 

X2 yi 
which is in the form of inverse proportion. Substituting the given values 
of X and y in (3), we have q ^q 

X2 8 

whence X2 = — ^ = 4. 

18 

2. Given that the area of a triangle varies jointly as its 
base and altitude, what will be the base of a triangle whose 
altitude is 12, equivalent to the sum of two triangles whose 
bases are 10 and 6, and altitudes 3 and 9, respectively ? 

Let 5, H, and A denote the base, altitude, and area, respectively, of 

any triangle, and B' the base of the required triangle. 
Since A varies jointly as B and /f, A = mBII (§ 162). • 
Therefore, the area of the tirst triangle is w x 10 x 3, or 30 to, and the 

area of the second is to x 6 x 9, or 54 to. 
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Then, the area of the required triangle is 80 m + 54 m, or 84 m. 
But, the area of the required triangle is also m x B' x 12. 

Therefore, 12 mB' = 84 «i, or 5' = 7. 

Or using proportion and letting Ai = area of first triangle, A2 = area of 
second, Az = area of third. 

As = Ai + A2 

Ax = mBiHi, (1) 

A2 = WB2^2. (2) 

A3 = mB^Sz. . (3) 

Adding (1) and (2) 

Ai-\-A2 = m^BxHx + B^H^). (4) 

Dividing (4) by (3) 

As m{BzHz) ' 

or, ^^ BiHx + B^m ^ (5j 

Substituting the given values of B and H in (5) we have 

2 _ 10 - 3 + 6 « 9 

12^8 ' 
whence, Bz = 7. 

BXBBCISB 31 

1. If a?Qcy, and 05 = 3 when y = 12, what is the value of x 
when 2/ == 28 ? 

2. li ycc a^, and y = 4: when a? = 1, what is the value of y 
in terms of a^ ? 

3. If y varies inversely as x, and y = 4 when a? = — 3, what 
is the value of y when a? = 2 ? 

4. If X varies directly as y and inversely as z, and x = ^ 
when y = f and 2? = f , what is the value of x when y = f and 

5. If X varies jointly as y and z and a? = — 20 when y = 2 
and 2; = 8, what is the value of x when y =s — ^ and 2; = 16 ? 

6. If (3 aj + 4) oc (2 y — 6) when a: = — 1 and y = 4, what is 
the value of x when 2/ = 19 ? 
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7. If Q^ varies inversely as 3^, when a? = 4 and y = 2, what 
is the value of y when x= ^? 

8. If X equals the sum of two numbers, one of which varies 
directly as y and the other inversely as 2^, and a? = 47 when 
y = —16 and z = 2, and x = 2 when y = — 2 and 2; = 1, find the 
value of X when y = 3 and z = ^. 

9. The area of a triangle varies jointly as its base and 
altitude. If the area of a triangle whose base is 6 and whose 
altitude is 9 is 27*, what is the base of a triangle whose area is 
44 and whose altitude is 11 ? 

10. The distance through which a body falls from rest 
varies as the square of the time during which it falls. If a 
body falls 900 feet in 7.5 seconds, how many feet will it fall 
in 16 seconds ? 

11. The illumination from a source of light varies inversely 
as the square of the distance from the source. How far must 
an object 20 feet from the light be moved in order that it may 
receive twice as much light ? 

12. A circular plate of lead, 17 inches in diameter, is melted 
and formed into three circular plates of the same thickness. 
If the diameters of two of the plates are 8 and 9 inches 
respectively, find the diameter of the other; it being given 
that the area of a circle varies as the square of its diameter. 

13. A cow tied to a stake by a rope 24 yards long will graze 
over* the area within her reach in three days. She breaks her 
rope and, in repairing it, it is shortened 1 J feet. In how many 
days will she graze over the new area ? 

14. A pump supplying the water for a building has a 10-ineh 
stroke and a cylinder 4 inches in diameter. It is not possible 
to increase the number of strokes of the pump, nor to increase 
the length of the cylinder. By how much must the diameter 
be increased if 50 % is added to the capacity of the pump ? 
(The volumes of cylinders vary as the product of the base and 
altitude.) 
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VI. INVOLUTION AND EVOLUTION 

166. We have already given (Chapter III) the involution 
and evolution of monomials. We will now consider involution 
and evolution of polynomials. 

167. Square of a polynomial. By actual multiplication 

(a-]-b + cy = a^ + b^ + c? + 2ab-i'2ac + 2bc. 

In like manner 
(a + b-^c + df 

= a^-\-b^ + (^-^cP + 2ab-h2ac + 2ad-\-2bc-]-2bd + 2cd, 

and so on for the square of any polynomial. 
The law observed may be stated as follows : 

The square of a polynoinlal is equal to the sum of 
the squares of its terms, together with twice the prod- 
uct of each term by each of the following terms. 

Ex. Expand (2 or* - 3 a? - 5)1 

The squares of the terms are 4 aj*, 9 x^, and 25. 

Twice the product of the first term by each of the following terms gives 
the results - 12 a^s and — 20 x2. 

Twice the product of the second term by the following term gives the 
result 30 a;.. 

Then, (2 aj2 - 3 a; - 5)2 = 4 x* + 9 a;2 + 26 - 12 a:« - 20 a;2 + 30 a; 

= 4 a:* - 12 a;8 - 11 a;2 -f 30 a; + 25. 

168. Cube of a binomial. By actual multiplication 

(a 4- 6)' = a^ + 3 a'b + 3 ab^ + bK 

That is, the cube of the sum of two numbers is equal to 
the cube of the first, plus three times the square of the 
first times the second, plus three times the fifst times 
the square of the second, plus the cube of the second. 

In like manner, the cube of the difference of two 
numbers is equal to the cube of the first, minus three 
times the square of the first times the second, plus three 
times the first times the square of the second, minus 
the cube of the second. 

The cube of a trinomial may be found by the above method, 
if two of its terms be enclosed in parenthesis, and regarded as 
a single term. 
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169. Square Root of any Polynomial Perfect Square. 

By § 167, (a + & -f c)2 = a^ + 2 a6 + 6^ + 2 oc -f 2 6c -h c' 

= a«-f-(2a-f 6)6 + (2a-f-2 6-f-c)c. (1) 

Then, if the square of a trinomial be arranged in order of 
powers of some letter : 

I. The square root of the first term gives the first term of 
the root, a, 

II. If from (1) we subtract a^, we have 

(2 a + 6) 6 4- (2 a 4- 2 6 -f c) c. (2) 

The first terra of this, when expanded, is 2ab; if this be 
divided by twice the first term of the root, 2 a, we have the 
next term of the root, b. 

III. If from (2) we subtract (2 a + b)by we have 

(2a-f26 + c)c (3) 

The first term of this, when expanded, is 2 ac; if this be 
divided by twice the first term of the root, 2 a, we have the 
last term of the root, c. 

IV. If from (3) we subtract (2 a + 2 6 + c) c, there is no 
remainder. 

Similar considerations hold with respect to the square of a 
polynomial of any number of terms. 

170. The principles of § 169 may be used to find the square 
root of a polynomial perfect square of any number of terms. 

Let it be required to find the square root of 

4 flj* + 12 ic3 _ 7 a;2 _ 24 a; + 16. 

4a:* + 123c8~ 7x^^2ix + 16 | 2 yg 4- 3 a; — 4 
a2 = 4 a^ 



2a-\-b = ^x^ + Sx 

Zx 



12 a;8 — 7 x^-'24x + 16, let Rem. 
12x8 4- ^x^ 



2a + 26 + c = 4a:2 4-6a;-4 

-4 



- 16 x^ — 24 a; + 16, 2d Rem. 

- 16 a;2_ 24^ + 16 



2ofi + Sx — i\B called the square root and 2 a the first trial divisor, 
2 a + 6 is the first complete divisor. 
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We then have the following rule for extracting the square 
root of a polynomial perfect square : 

Arrange the expression according to the powers of 
some letter. 

Extract the square root of the first term, write the 
result as the first term of the root, and subtract its 
square from the given expression, arranging the re- 
mainder in the same order of powers as the given ex- 
pression. 

Divide the first term of the remainder by twice the 
first term of the root, and add the quotient to the part 
of the root already found, and also to the trial divisor. 

Multiply the complete divisor by the term of the root 
last obtained, and subtract the product from the re- 
mainder. 

If other terms remain, proceed as before, doubling the 
part of the root already found for the next trial divisor. 

171. Cube Root of any Polynomial Perfect Cube. 

By § 168, (a +-& + c)»=i [(a + &) + cj 
= (a 4- 6)3 4- 3(a + &)'c4-3(a-h 6y -f c» 
= a« + 3a26 + 3a62 + 63^3(a-|-6)2c + 3(a-|-6)c2-f c8 
= a' -f (3 a2+ 3 a6 + b')b -f- [3(a + by+ 3(a + b)c -f €"]€. (1) 

Then, if the cube of a trinomial be arranged in order of 
powers of some letter : 

I. The cube root of the first term gives the first term of the 
cube root, a. , 

II. If from (1) we subtract a^, we have 

(3a2-f 3a6 + 2'')6 + [3(a-h&)'-h3(a-|-6)c-f c-]c. (2) 

The first term of this, when expanded, is Sa^b; if this be 
divided by three times the square of the first term of the root, 
3a^, we have the next term of the root, b. 

III. If from (2) we subtract (3 «* -f 3 a6 -h &*)&, we have 

[3 (a + &)2 + 3 (a + 6)c + c^Jc. (3) 
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The first term of this, when expanded, is Sa^c; if this be 
divided by three times the square of the first term of the root, 
3 a*, we have the last term of the root, c. 

IV. If from (3) we subtract [3(a -f 6)* + 3 (a -f 6)c + c^Jc, 
there is no remainder. 

Similar considerations hold with respect to the cube of poly- 
nomials of any number of terms. 

172. The principles of § 171 may be used to find the cube 
root of a polynomial perfect cube of any number of terms. 
Let it be required to find the cube root of 

a:«-|-6a:*-h3a?*-28aj»-9aj' + 54fl?-27. 

|a;g-f2a;— 3 

jB8+6a*4- 3a:*-28 a;8-9a;2+ 64 X— 27 



3o2-|.3o6+62- 3«*+6x8+43c2 

2x 



ii3i^-\- .Sa;*-28x3-9x2+54x— 27 
GTfi+VIx*^ 8a:« 



- 9a:*-36a;8-9x24-64ar-27 



- 9x*-86ic'^-9ic2+64x— 27 



3(o+6)2 = 3ic* 4- 12x8+12x2 

3(o+&)c+c2= - 9x2~18x+9 

3x* + 12x8+ 3x2-18x4-9 

-3 

The first term of the root is the cube root of x*, or x2. 

Subtracting the cube of x2, or x^, from the given expression, the first 
remainder is 6 x^ 4- 3 x* — 28x« — 9 x2 4- 64 x — 27. 

Dividing the first term of this by three times the square of the first 
term of the root, 3x*, we have the next term of the root, 2x (§ 171, II). 

Now, 3 a6 4- &^ equals 3 x x2 x 2x 4-(2x)2, or Gx* 4- 4 x2. 

Adding this to 3 x*, multiplying the result by 2 x, and subtracting the 
product, 6x'*4-12x*4-8x', from the first remainder, gives the second 
remainder, ~9x*-36x»-9x2 4-54x-27(§ 171, III). 

Dividing the first term of this by three times the square of the first 
term of the root, 3 x2, we have the last term of the root, — 3. 

Now, 3(a 4- b)^ equals 3(x2 4- 2 x)2, or 3 x* 4- 12x» 4- 12x2 ; 3 (a 4- 6)c 
equals 3(x2 4- 2x)(— 3), or - 9x2- 18x ; and c^ = 9. 

Adding these results, we have 3 x* 4- 12 x* 4- 3 x2 — 18 x 4- 9. 

Subtracting from the second remainder the product of this by — 8, or 
— 9 X* — 36 x8 — 9 x2 4- 54 X - 27, there is no remainder ; then, x2 4- 2 a; — 3 
is the required root (§ 171, IV). 

The expressions 3 x* and 3x*4-12x'4-12x2 are called trial divisors,, 
and the expressions 3x* 4-6x« 4- 4x2 and 3x* 4- 12x8 4- 3x2— 18 x 4- 9 
complete divisors. 
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We then have the following rule for finding the cube root of 
a polynomial perfect cube : 

Arrange the expression according to the powers of 
some letter. 

Extract the cube root of the first term, write the result 
as the first term of the root, and subtract its cube from 
the given expression ; arranging the remainder in the 
same order of powers as the given expression. 

Divide the first term of the remainder by three times 
the square of the first term of the root, and write the 
result as the next term of the root. 

Add to the trial divisor three times the product of the 
term of the root last obtained by the part of the root 
previously found, and the square of the term of the root 
last obtained. 

Multiply the complete divisor by the term of the 
root last obtained, and subtract the product from the 
remainder. 

If other terms remain, proceed as before, taking three 
times the square of the part of the root already found for 
the next trial divisor. 

BXBBCISE 32 

Find the square roots of the following : 

1. 4a* + 12a36-7a262-_24a68+166*. 

2. 49m* — 5 m^ — 42 m^ -1-1+6 m. 

3. 9a2-24a6-36ac + 1662 4-486c-f-36c2. 

^ 4^ 3 9 3 

5. iB«-|-5a?* + 14a^-6ar^-f-l-4a:-2a^. 

6. 4m-|-25mi-12mi-|-16-24mi. 

7. 64c2-80c-23+9c-2-|-30c-\ 

8. 4 a; 4- 9 2/"* + 4 x^y-^ -|- 24 x^y^ — 16 x^-\ 

9. 6 yz-^ -I- 4 a?-2 -f- ^2 _ 4 ^-i^^ _ ^2 x-h-^ + 9 z-\ 
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10. 4a3 + 29a-4a5-|-21a*-20ai + 4-18a*. 
Find the cube roots of the following : * 

2. aj«-9ar^ + 21i«* + 9iB»-42ar^-36a:-8. 

3. 18a*-13a3 + l + 8a«4-9a2-3a-12a«. 

4. 54 m* + 44 m' + 1 + 27 w^ + 63 m* + 6 m 4- 21 ml 

^3 3 27 

6. 64 ah-^ - 240 ab-^c 4- 300 a'ft-V -- 125 A 

7. 8s3 + 36s2 + 18«-81-27s-i4-81s-2-27s-l 

8. 21 ai- 54 a* + 27 a* + 63a- 44 a* + 1-6 a*. 

9. x-^-Sx-^y^ + Sx-^jz-s^-Sx-h-y^ + ex-^yh-Syz 

-f-3aj-V-3y «*. 

20. a + 6 ah-^ + 12 Jft-^ + 8 6-^4-3 a V^ + 12 a^fe-^c-^ 

+ 12 6-2c-2 + 3 a^c--* -f 6 ft-^c"* 4- c~«. 

Find the fourth roots of the following : 

21. 81 a^<^ - 36 a^x-^ + 6 a'x-^ - 1 a V« 4- ^V «"^'- 

22. ic8__i2aj7 + 50a^-V2a^-21a^4-72aj3 4-50aj2 4.12«4-l. 

Find the sixth roots of the following : 

23. 64m^-192m^«4-240m«-160m«4-60m*-12m«4-l. 

24. a' - 3 ah^ 4- V" «'^' ^ f «^^* + If o^* - A «*^^ + ^ ^'^• 

173. Square Root of any Integral Perfect Square. 

The square root of an integral perfect square may be found 
in the same way as the square root of a polynomial. 
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We have the following rule for finding the square root of an 
integral perfect square : 

Separate the number into periods .of two difirits each; 
beginning with the units' pla>ce. ' 

Find the grreatest square in the left-hand period, and 
write its square root as the first digit of the root ; sub- 
tract the square of the first root digit from the left-hand 
period, and to the result annex the next period. 

Divide this remainder, omitting the last digit, by twice 
the part of the root already found, and annex the quo- 
tient to the root, and also to the trial divisor. 

Multiply the complete divisor by the root digit last 
obtained, and subtract the product from the remainder. 

If other periods remain, proceed as before, doubling 
the part of the root already found for the next trial 
divisor. 

Note 1 : It sometimes happens that, on multiplying a complete divisor 
by the digit of the root last obtaiped, the product is greater than the 
remainder. 

In such a case, the digit of the root last obtained is too great, and one 
less must be substituted for it. 

Note 2 : If any root digit is 0, annex to the trial divisor, and annex 
to the remainder the next period. 

Ex. Eequired the square root of 15376. 



1'53'76 
gg = 1 00 00 
2a-|-6=200-f20 
b= 20 



2a + 26 + c = 200+40 + 4 

4 



100 + 20 + 4 
_ =a + 6 + c 
63 76 
44 00 =(2a + &)6 



9 76 

976 =(2a +2 6 + c)c 



Pointing the number in accordance with the rule of § 173, we find that 
there are three digits in its square root. 

Let a represent the hundreds' digit of the root, with two ciphers 
annexed ; h the tens' digit, with one cipher annexed ; and c the units' 
digit. 

Then, a must be the greatest multiple of 100 whose square is less than 
15376 ; this we find to be 100. 

Subtracting a^, or 10000, from the given number, the result is 6376. * 
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Dividing the remainder by 2 a, or 200, we have the quotient 26+ ; -which 
suggests that b equals 20. 

Adding this to 2 a, or 200, and multiplying the result by b, or 20, we 
Have 4400 ; which, subtracted from 5376, leaves 976. 

Since this remainder equals (2 a + 2 6 + c)c, we can get c approxi- 
mately by dividing it by 2 a + 2 6, or 200 + 40. 

Dividing 976 by 240, we have the quotient 4+ ; which suggests that 
c equals 4. 

Adding this to 240, multiplying the result by 4, and subtractmg the 
product, 976, there is no remainder. 

Then 124 is the square root. 

Omitting the ciphers for the sake of brevity, and condensing the aperdk- 
tion, we may arrange the work of the example as follows : 

1^63^761124 
1 



22 



63 
44 



244 



976 
976 



CUBE BOOT OF AN ABITHMETICAL NUMBER 

174. The cube root of 1000 is 10 ; of 1000000 is 100, etc. 

Hence, the cube root of a number between 1 and 1000 is be- 
tween 1 and 10 ; the cube root of a number between 1000 and 
1000000 is between 10 and 100 ; etc. 

That is, the integral part of the cube root of an integer of 
one, two, or three digits contains one digit ; of an integer of 
four, five, or six digits contains two digits ; and so on. 

Hence, if a point be placed over every third digit of an 
integer, beginning at the units' place, the number of 
points shows the number of digits in the integral part 
of its cube root. 

175. Cube Root of any Integral Perfect Cube. 

The cube root of an integral perfect cube may be found in 
thfe same way as the cube root of a polynomial. 
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Eequired the cube root of 12487168. 

200 4-30 4-2 

= a 4- 6 4-c 



12487168 
«» = 8000000 


3 a2 = 120000 - 
Sab= 18000 
62= 900 


4487168 


138900 
30 


4167000 


3(a4-6)2= 168700 

3(a 4- 6)c = 1380 

c2= 4 


320168 


160084 
2 


320168 



Pointing the number in accord9.nce with the rule of § 174, we find 
that there are three digits in the cube root. 

Let a represent the hundreds' digit of the root, with two ciphers 
annexed ; 6 the tens* digit, with one cipher annexed ; and c the units* 
digit. 

Then, a must be the greatest multiple of 100 whose cube is less than 
12487168 ; this we find to be 200. 

Subtracting a^, or 8000000, from the given number, the result is 
4487168. 

Dividing this by 3 o^ or 120000, we have the quotient 37+ ; which sug- 
gests that 6 equals 30. 

Adding to the divisor 120000, 3o6, or 18000, and 6^, or 900, we have 
138900. 

Multiplying this by 6, or 30, and subtracting the product 4167000 from 
4487168, we have 320168. 

Since this remainder equals [3(a 4- 6)^ 4- S(a + 6)c 4- c^']c (§ 171, III), 
we can get c approximately by dividing it by 3(a 4- 6)2, or 158700. 

Dividing 320168 by 158700, the quotient is 2+ ; which suggests that c 
equals 2. 

Adding to the divisor 158700, 3(a 4- 6)c, or 1380, and c\ or 4, we have 
160084 ; multiplying this by 2, and subtracting the product, 320168, there 
is no remainder. 

Then, 200 4- 30 4- 2, or 232, is the required cube root. 

176, Omitting the ciphers for the sake of brevity, and con- 
densing the process, the work of the example of § 175 will 
stand as follows : 
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12487108 1 282 
8 



1200 

180 




4487 


1389 


4167 


168700 

1380 

4 


320168 


160084 


320168 



The numbers 120000 and 158700 are called trial divisors, and the num- 
bers 138900 and 160084 are called complete divisors. 

We then have the following rule for finding the cube root of 
an integral perfect cube : 

Separate the number into periods by pointing every 
third digrit, begrinningr with the units* place. 

Find the grreatest cube in the left-hand period, and 
write its cube root as the first digrit of the root ; subtract 
the cube of the first root digit from the left-hand period, 
and to the result annex the next peViod. 

Divide this remainder by three times the square of 
the part of the root already found, with two ciphers 
annexed, and write the quotient as the next digit of the 
root. 

Add to the trial divisor three times the product of the 
last root digit by the part of the root previously found, 
with one cipher annexed, and the square of the last root 
digit. 

Multiply the complete divisor by the digit of the root 
last obtained, and subtract the product from the re- 
mainder. 

If other periods remain, proceed as before, taking 
three times the square of the part of the root already 
found, with two ciphers annexed, for the next trial 
divisor. 

Kate 1 : Note 1, § 173, applies with equal force to the above rule. 
Note 2 : If any root-figure is 0, annex two cipliers to the trial divisor, 
and annex to the remainder the next period. 
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177. In the example of § 175, the first complete divisor is 

3a2+3a&-f62. (1) 

The next trial divisor is 3 (a + hf, or 3 a^ -f- 6 a6 -f- 3 h\ 

This may be obtained from (1) by adding to it its second 
term, and double its third term. 

That is, if the first number and the double of the sec- 
ond number required to complete any trial divisor be 
added to the complete divisor, the result, with two 
ciphers annexed, will give the next trial divisor. 

This rule saves much labor in forming the trial divisors. 

Ex. Find the cube root of 157464. 

157464 I 54 
126 



7500 

600 

16 



8116 



32464 



32464 



' EXERCISE 33 

Find the square roots of the following : 

1. 5294601. 3. .00098596. 5. .0037319881. 

2. 68.7241. 4. 567762.25. 

Find the cube roots of the following : 

6. 658503. 9. .000070444997. 

7. 1953125. 10. .000001601613. 

8. 748.613312. 

Find the first four figures of the square roots of : 

II. 3. 12. f 13. If. 14. f 15. f^ 

Find the first four figures of the cube roots of : 

16. 5. 17. 16. 18. |. 19. .27. 20. :jV 
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OTHER POWERS 

178. A Series is a succession of terms. 

A Finite Series is one having a limited number of terms. 
An Infinite Series is one having an unlimited number of 
terms. 

179. In §§ 103 and 168 we gave rules for finding the square 
or cube of any binomial. 

The Binomial Theorem is a formula by means of which any 
power of a binomial may be expanded into a series. 

180. Proof of the Binomial Theorem for a Positive Integral 
Exponent. 

The following are obtained by actual multiplication : 

(a + a^)^ = a^ + 2aaj-f-a^; 

(a-i-a;)3 = a8+3a2aj + 3a^ + ir3; 

(a + a?)* = a* -j- 4 a^x + 6 aW -j- 4 aar* -|- x^ ; etc. 

In these results, we observe the following laws : 

1. The number ol terms is greater by 1 than the exponent 

of the binomial. 

« 

2. The exponent of a in the first term is the same as the 
exponent of the binomial, and decreases by 1 in each succeed- 
ing term. 

3. The exponent of x in the second term is 1, and increases 
by 1 in each succeeding term. 

4. The coefficient of the first term is 1, and the coefficient of 
the second term is the exponent of the binomial. 

5. If the coefficient of any term be multiplied by the expo- 
nent of a in that term, and the result divided by the exponent 
of X in the term increased byl, the quotient will be the 
coefficient of the next following term. 

181. If the laws of § 180 be assumed to hold for the expan- 
sion of (a -f- x)% where n is any positive integer, the exponent 
of a in the first terra is n, in the second term w — 1, in the 
third term n—2, in the fourth term n — S, etc. 
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The exponent of x in the second term is 1, in the third term 
2, in the fourth term 3, etc. 

The coefficient of the first term is 1 ; of the second term n. 

Multiplying the coefficient of the second term, n, by n — 1, 
the exponent of a in that term, and dividing the result by 
the exponent of a? in the term increased by 1, or 2, we have 

V'\^~ ) as the coefficient of the third term ; and so on. 
1.2 ' 

Then, (a -j- x)" = a" + wa»-^x + ^(Ejzila*-^^ 

1 • 2 

n(n-l)(n-2) 8a:8+.... (1) 

1.2.3 ^ ^ 

Multiplying both members of (1) by a + x, we have 

1.2' 1.2.3 

+ a»x+ na*'-^x^+ M^Lzi)a«-2ic8_|. .... 

1.2 

Collecting the terms which contain like powers of a and x, we have 

(a + xy+^ = a«+i +(n + l)a«x + rw(!Lzi) + nla^-^x^ 

= a'^+i + (n + l)a»x + nf^?^^ + lla^-ix^ 

Then, (a + x)-+i = a^+i + (n + l)a«x + n r^^^tllo^-ia? 



^nj^^n^y^^^ 



= on+i + (n + l)a»x + (!L±i}la»-ixa 

1 ' ji 



1 . ^ • o 
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It will be observed that this result is in accordance with 
the laws of § 180 ; which proves that, if the laws hold for any 
power of a + oj whose exponent is a positive integer, they also 
hold for a power whose exponent is greater by 1. 

But the laws have been shown to hold for (a'\-xy, and 
hence they also hold for (a + aj)*; and since they hold for 
(a -f- xy, they also hold for (a + xy ; and so on. 

Therefore, the laws hold when the exponent is any positive 
integer, and equation (1) is proved for every positive integral 
value of n. 

Equation (1) is called the Binomial Theorem, 

In place of the denominators 1 • 2 ; 1.2.3, etc., it is usual to write 
[2, [3, etc. 

The symbol [n, read " factorial- w," signifies the product of the natural 

numbers from 1 to », inclusive. 



The method of proof exemplified in § 181 is known as Mathematical 
Induction. 

\^2. Putting a = 1 in equation (1), § 181, we have 
(1 -f- i»)* = 1 + no? -j- -5^— — ^af-f -^ -{^ ^a^H . 

183. In expanding expressions by the Binomial Theorem, 
it is convenient to obtain the exponents and coefficients of the 
terms by aid of the laws of § 180. 

I. Expand {a-{-xy. 

The exponent of a in the first term is 6, and decreases by 1 in each 
succeeding term. 

The exponent of x in the second term is 1, and increases by 1 in each 
succeeding term. 

The coefficient of the firat term is 1 ; of the ^cond, 5. 

Multiplying 5, the coefficient of the second term, by 4, the exponent of 
a in that term, and dividing the result by the exponent of x increased by 
1, or 2, we have 10 as the coefficient of the third term ; and so on. 

Then, (a + a;)^ = (j^ + 5 a^x + 10 aH + 10 a:^y^ + &««;* + x^. 
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It will be observed that the coefficients of terms equally distant from 
the ends of the expansion are equal ; this law will be proved in § 185. 
, Thus the coefficients of the latter half of an expansion may be written 
out from the first half. 

If the second term of the binomial is negative, it should be 
enclosed, negative sign and all, in parentheses before applying 
the laws. 

2. Expand (1 — a?)*. 

(l-x)« = [l 4- (-«)]• 

= ie + 6.16. (-«) + 15.14. (-a')2 + 20. 18. (_a;)« 

+ 15 . 12 . ( - ic)4 + 6 . 1 . ( - x)5 4- ( - JC)« 
= 1 - 6 a; + 15 «» -20 x^ + 16 x:^ - 6 a^ -{- afi. 

If the first term of the binomial is an arithmetical number, it is con- 
venient to write the exponents at first without reduction ; the result 
should afterwards be reduceil to its simplest form. 

If either term of the binomial has a coefficient or exponent 
other than unity, it should be enclosed in parentheses before 
applying the laws. 

3. Expand (3 m^ — -\/ny. 

(3 w2_ </^)4 _ [-(3 w2) ^ (- wi)]* 

= (3 m2)* + 4 (3 m2)8( - ni) + 6(3 w2)2( _ ni)^ 

+ 4 (3 m2) (- wi)8 + (- wb* 
= 81 m8 - 108 m^ni + 54 m*n^ - 12 w«n + nl 

A trinomial may be raised to any power by the Binomial 
Theorem, if two of its terms be enclosed in parentheses, and 
regarded as a single term ; but for second powers, the method 
of § 167 is shorter. 

4. Expand {a^-2x" 2)*. 

(jb2 _ 2 a; - 2)* = [(a;3 - 2 a;) + (- 2)]* 

= (a;2 _ 2 xy + 4 (x2 - 2 xy(- 2) + 6 (a:2 - 2 zf(^ 2)2 

4- 4 (x2 - 2 x) (-2)8 + (-2)* 
= x8 - 8 »7 ^. 24 ic» - 32 ic6 ^ 10a4 

-8(ic6_0aj5 4-12a;*-8ic8) 
4- 24 (a^ - 4 x8 + 4 a;2) - 32 (aJ2 - 2 «) + 16 
= a^-8xT + 16a:«-M6a;*--66ic*-32jc8^04x2 + 64a; + 16 
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BXEStOISB 34 

Expand the following : 

I. (a + W 

^ ^ 13- 



^|Jj + 3V^j. 



2. (x — yf. 

, : , i6. (1 - a2)^l 

5. (a' -by. ^ ^ 

6. (2 a -by. 



17. (Va^-iVa^/. 



18. (a + ^^)". 

10. (2 a~* + «>*)'. 21. *(« + ?'- cy. 
/^ \6 22. (o^ — 2 aj — 3)*. 

11. [2~^^'j' 23. (m2-2m + iy. 

24. (aj2 + a; + l)'. 



• [b a) 



25. (l4-c + c^«. 



184. To find the rth or general temn in the expansion of 

(a + xy. 

The following laws hold for any term in the expansion of 
(a -f a?)", in equation (1), § 181 : 

1. The exponent of x is less by 1 than the number of the 
term. 

2. The exponent of a is n minus the exponent of x. 

3. The last factor of the numerator is greater by 1 than, the 
exponent of a. 

4. The last factor of the denominator is the same as the 
exponent of x. 

Therefore in the rth* terra, the exponent of x will be r — 1. 
The exponent of a will be n — (r — 1), or ?i — ?' -f- 1. 
The last factor of the numerator will be n — r 4- 2. 
The last factor of the denominator will be r — 1. 



i 
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Hence, the rth term 

^ n(yi-l)(yi-2)>.>(n- r + 2) ^n-r+ w-i ^ ^ 
1.2.3...(r-l) • ^ ^ 

In finding any term of an expansion, it is convenient to obtain 
the coefficient and exponents of the tel*ms by the above laws. 

Ex. Find the 8th term of (3 a* - b-J\ 

We have, (3 ai - ft-i)" = [(3 a*) + (- ft-^)]". 

In this case, n = 11, r = 8. 

The exponent of (— 6-i) is 8 — 1, or 7. 

The exponent of (3 ai) is 11 — 7, or 4. 

The flrit factor of the numerator is 11, and the last factor 4 -f 1, or 6. 

The last factor of the denominator is 7. 

Then, the 8th term = ^} }'^ „^ f J' '^ „^ (3 ai)«(- b-^y 

= 330(81 a2) (_ 5-7) - _ 26730 ^25-7. 

If the second term of the binomial is negative, it should be enclosed, 
sign and all, in parentheses before applying the laws. 

If either term of the binomial has a coefficient or exponent other than 
unity, it should be enclosed in parentheses before applying the laws. 

Find the : EXERCISE 35 

1. 5th term of (a + by. ^ ^^^ ^^^^ ^^ (^., __ ^^ ^« 

2. 7th term of (a; - 2^)^^. ^ ^^ 

3. 6th term of (1 - ir)". g. 6th term of Z"?^' + -^ 

4. 4th term of (a2 - &8)«. V^' «/ 

5. 8th term of (ci- 2 d^'l ^. g^h term of ( V|-\| 



/:7\9 



\14 



6. 10th term of (m« + g j ' ^^ 4^^ ^^^^ ^f (^ y- _ ^ ^y, 

185. Multiplying both terms of the coefficient, in (1), § 184, 
by ihe product of the natural numbers from 1 to n — r -f- 1, in- 
clusive, the coefficient of the rth term becomes 

n(n — l)'" ( n — r4-2)'-(n — r4-l)-"2»l |_g ^ 

|r — 1 X 1 • 2 • • • (n — r -h 1) |r— 1 |n — r + 1 
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Since the number of terms in the expansion is n + 1, the rth. 
term from the end is the (« — r + 2)th from the beginning. 

Then, to find the coefficient of the rth term from the end, we 
put in the above formula n — r -f 2 for r. 

Then, the coefficient of the rth. term from the end is 



In in 

•— or 



|n — r + 2 — 1 |n — (n — r-f- 2)4-1 ^ |n — r + 1 |r— 1 



Hence, in the expansion of (a + a?)", the coefficients of 
terms equidistant f^om the ends of the expansion are 
equal. 

186. It was proved in § 181 that, if n is a positive integer, 

(a + xY = a* + na'^'^x + '^^!^Z}^ a— V 
^ ' ^ 1-2 



n(n~l)(n-2) 3^ 
^ 1.2.3 ^ 



If n is a negative integer, or a positive or negative fraction, 
the series in the second member is infinite (§ 178) ; for no one 
of the expressions n — 1, n — 2, etc., can equal zero ; in this 
case, the series gives the value of (a + xy, provided it is 
convergent. 

As a rigorous proof of the Binomial Theorem for Fractional and Nega- 
tive Exponents is too difficult for pupils at this stage of their progress, the 
author has thought best to omit it ; any one desiring a rigorous algebraic 
proof of the theorem, will find it in the author's Advanced Coarse in 
Algebra, § 575. 

187. Examples. 

In expanding expressions by the Binomial Theorem when 
the exponent is fractional or negative, the. exponents and 
coefficients of the terms may be found by the laws of § 180, 
which hold for all values of the exponent. 

I. Expand (a. + xy to five terras. 

The exponent of a in the first term is J, and decreases by 1 in each 
succeeding term. 
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The exponent of x in the second term is 1, and increases by 1 in each 
succeeding term. 

The coefficient of the first term is 1 ; of the second term, |. 

Multiplying J, the coefficient of the second term, by — |, the exponent 
of a in that term, and dividing the product by the exponent of x increased 
by 1, or 2, we have — J as the coefficient of the third term ; and so on. 

Then, (a + x)^ = a^ + ia"»x— ia"^'x^ + -i^a^x^ - rf^a^^x* + —. 

2. Expand (1+2 x~^)-^ to five terms. 
Enclosing 2 x"^ in parentheses, we have 

(1+2 x'iy^ = [1 + (2 ic-i)]-2 

= 1-2-2.1-8. (2 x-i) + 3 . 1-4 . (2 x'iy 

- 4 . 1-6 . (2 x-i)8 + 5 . 1-8 . (2 x'iy - ... 
= 1 - 4 x"! + 12 x-l - 32 x"4 + 80x-2 + .... 

By writing the exponents of 1, in expanding [1 + (2x'"i)]-2, we can 
make use of the fifth law of § 180. 

3. Expand ^ — to four terms. 

Va-i -3 a;* 

Enclosing a-^ and — 3 x^ in parentheses, we have 

- = [(«-!) + (- 3 x»)]-i 



^a-i - 3 xi («-' - 3 xi)i 

= (a-i)-i - J (a-i)-i(-. 3 xi) + | (a-i)4(- 3 xi)2 

-i!(«-0"'^(-3x*)8 + ... 

= a3 + aw + 2 aw + ^/ a "s^x -U .... 
BXEBCISE 36 

Expand each of the following to five terms : 

• 

1. (a + x)i. ■ 4- Va — b. 7. (a* + 2 6)*. 

2. (1 + »)-«.• ^' (a + «)» * 8- (« - 4 *') • 

3. (l-»)"* -v^l-a? a;-* + 32/ 
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V A J (a;-*-2/)* 

II. A/[(a-2-662cy]. '3' v^"^^/ * '^* Vsl^*"' ^y 

188. The formula for the rth term of (a + »)" (§ 184) holds 
for fractional or negative values of n, since it was derived from 
an expansion which holds for all values of the exponent. 

Ex. Find the 7th term of (a - 3 a;~*)~* 

Enclosing — 3 x~^. in parentheses, we have 

(a - 3 x-i)-i = [a 4- ( - 3 aj-i)]~i. 

The exponent of (— 3 x~i) is 7 — 1, or 6. 
The exponent of a is — J — 6, or — J/. 

The first factor of the numerator is — J, and the last factor — y + 1, 
or-J^. 

The last factor of the denominator is 6. 
Hence, the 7th term 

1.2.3.4 .6^6 «^^ - ^ ^^" 

= 728 ^^ijf ^36 ^.9. ^ 728 ^-^ 9. 
38 ^ ^ 9 

^. , , EXERCISE 37 

Find the : 

1. 6th term of (a + x)^- 6- H^h term of V('m + ^)^- 

2. Sthtermof (al&)-i. 7' 7th term of (a-- 2 6*)- 

3. 7th term of (1 + x^, »• ^^^ *«^«^ ^^ ^^T^^ * 

4. 8th term of (1 - x)^. 9. lOth term of («-« -f y^)'^. 

5. 9th term of (a — aj)-^ 10. 6th term of (a^ — 2 6-'*)"l 

II. 5th term of (m-hSn-^)i 

1 



12. 9th term of 



^[(a« + 3&-^«] 
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189. Extraction of Roots. 

The Binomial Theorem may sometimes be used to find the 
approximate root of a number which is not a perfect power of 
the same degree as the index of the root. 

Ex. Find -\/25 approximately to five places of decimals. 
The nearest perfect cube to 25 is 27. 

We have y/2b = v^27-2 = [(38) -j- ( - 2)]* 

= W* + K3«)~*(- 2) - i(38)-4(- 2)2 

+ A(3«)"*(-2)8-... 

_g 2 4 40 

3.32 9.36 81. 38 

Expressing each fraction approximately to the nearest fifth decimal 
place, we have 

V^ = 8 - .07407 - .00183 - .00008 = 2.92402. 

We then have the following rule : 

Separate the given number into two parts, the first of 
which is the nearest perfect power of the same degree as 
the required root, and expand the result by the Binomial 
Theorem. 

If the ratio of the second terra of the jbinomial to the first is a small 
proper fraction, the terms of the expansion diminish rapidly ; but if this 
ratio is but little less than 1, it requires a great many terms to insure any 
degree of accuracy. 

EXEBCISB 38 

Find the approximate values of the following to five places 
of decimals : * * 

I. Vi7. 2. V51. 3. <^. 4. a/II. 5. </84. 6. </35. 

PROPERTIES OP QUADRATIC SURDS 

190. A quadratic surd (§ 70) cannot equal the sum of 
a rational expression and a quadratic surd. 

For, if possible, let (a)^ = 6 + (c)^, 

where 6 is a rational expression, and (ay and (c)* quadratic surds. 
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Squaring both members, a = 6^ 4- 2 &(r)' 4- c, 
or, 2 6(c)i i=za'-lj^^c. 

Whence, (c) ^ = a-ll^^c ^ 

' ^ "^ 2 6 

That is, a quadratic surd equal to a rational expression. 
But this is impossible ; whence, {ay cannot equal h +(c)>« 

1 91 . If a +(&)* = c + (dy, where a and c are rational ex- 
pressions, and (py and {dy quadratic surds, then 

a = c, and (&)* = (cf)*. 
If a does not equal c, let a = c + x ; then, x is rational. 

Substituting this value in the given equation, 

c+ajH-(6)^ = c + (d)*, or x +(6)* =(d)i 
But this is impossible by § 100. 
Then, a = c, and therefore (6)^ =((i)». 

192. If (a + V&)^ = V» -f Vy, where a, ft, op, and y are ra- 
tional expressions, then (« — V5)» = \/« - Vy, 

Squaring both members of the given equation, 

Whence, by § 191, a = x-\-y^ 

and (6)* = 2Ca;j/)i 

Subtracting, ^ a — (6)* = a; — 2(iC2/) ^ + y. 

Extracting the square root of both members, 

193. Square Root of a Binomial Surd. 

The preceding principles may be used to find the square 
roots of certain expressions which are in the form of the sum 
of a rational expression and a quadratic surd. 
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Ex. Find the square root of 13 — Vl60. 



Assume, Vl3 - VlBo = Vac - ^/y. (1 ) 

Then, by '§192, Vl3 + Vl60 = VS + v^. (2) 

Multiply (1) by (2), V169 - 160 = x-y. 

Or, a;-y = 3. (3) 

Squaring (1) 13 — VT60 = x — 2 Vxy + y. 

Whence, J)y § 191, x + y = 13. (4) 

Adding (3) and (4), 2x= 16, or x = 8. 

Subtracting (3) from (4), 2y= 10, or 2/ = 6. 

Substitute in (1) , Vl3-Vl60 =V8-\/5 = 2\/2-\/5. 

194. Examples like that of § 193 may be solved by inspec- 
tion, by putting the given expression into the form of a tri- 
nomial perfect square (§ 103, II), as follows : 

Beduce the surd term so that its coefficient may be 2. 

Separate the rational term into two parts whose prod- 
^uct shall be the expression under the radical sign of the 
surd term. 

Extract the square root of eaoh part» and connect the 
results by the sign of the surd term. 

I. Extract the square root of 8 -j- V48. 

We have * V48 = 2 >/l2. 

We then separate 8 into two parts whose product is 12. 

The parts are 6 and 2 ; whence, 



V8+ V48=V6 + 2\/l2 + 2=V5 4-V2. 

2. Extract the square root of 22 — 3 V32. 

We have 3 V82 = Vo x 8 x 4 = 2\/72. 

We then separate 22 into two parts whose product is 72. 

The parts are 18 and 4 ; whence, 

V22 - 3V32 =Vl8-2V72 + 4=Vl8-V4 = 3V2-2. 
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Find the square roots of the following : 

1. 5 + 2V6. 9. 2c-2(c»-cr)l. 

2. 8 — 2V12. 10. m-|-2Vwn — n*. 

3. 8a-2aVi5. „. a-Va»-&«. 

4. 9 + 2(14)* 12. 5a; + a;VM. 

5. 7 + 4(3)*. 13. 113-12(85)*. 

6. I7-I2V2. 14. 366 + 24V2I6. 

7. 2 +(3)*. 15. 540-14VTi. 

8. l + iV3. 

195. Solution of Equations having the Unknown Numbers under 
Radical Signs. 



I. Solve the equation Va^ — 5 — a; = — 1. 



Transposing — x, y/x^ — 5 = x — 1. 

Squaring both members, a:^ — 6 = a;2_ 2x + l. 
Transposing, 2 x = 6 ; whence, x = 3. 

(Substituting 3 for x in the given first member, and taking the positive 
value of the square root, the first member becomes 



V9^^- 3 = 2 - 3 =- 1 ; 
which shows that the solution x = 3 is correct.) 

We then have the'f ollowing rule : 

Transpose the terms of the equation so that a surd term 
may stand alone in one member; then raise both mem- 
bers to a power of the same degree as the surd. 

If surd terms still remain, repeat the operation. 

The equation should be simplified as much as possible before perform- 
ing the involution. 
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2. Solve the equation V2 a? — 1 -f V2aj-f 6 = 7. 



Transposing V2 a; — 1, V2x + 6 = 7 — V2 a; — 1. 

Squaring, 2 a; + 6 = 49- 14V2a;- 1 + 2 x— 1. 



Transposing, 14V2x— 1 = 42, or V2aj— 1 = 3. 

Squaring, 2 a; — 1 = 9 ; whence, a;-== 5. 

1 

3. Solve the equation -y/x — 2 — V» = 



Vic-2 



Clearing of fractions, x — 2 — Vx^ — 2x = 1. 



Transposing, — Vx^ — 2 x = 3 — x. 

Squaring, x^ - 2 x = 9 - 6 x + a;«. 

Transposing, 4 x = 9, and x = - • 

4 

(If we put X = -, the given equation becomes 



vi-^=i) 



(1) 



If we take the positive value of each square root, the above is not a 
true equation. 

Authorities differ as to whether it is allowable in such instance to 
choose the negative value for one of the square roots. It seems more 
consistent to adhere to the signs expressed in the given equation. If this 
rule is followed, the above equation has no solution. 

EXERCISE 40 

Solve the following equations ; verify each root : 

♦ 



I. Va;-f5-f2 = 5. 2. Vaj + T — VaJ=l. 



4. ^^ + 11 + 4 = 7. 8. Vi.+ V^TS^-i^ 



. Va; + 8 

5. Var* — 11 + l=a;. /- , ii /" . iq 

•\/x-{-ll VaJ + ly 
9* = • 

6. VS^^28 = 14 - VS. Vx-3 , Vx-2 



r . /Tf\ ' 12 ,^ V4a; 4-54- Vjc 4-3 t, 

7. vaj+VlO— « = — . 10. ^ * - = 5. 

VlO — X V4 a: 4- 5 — Vic4-3 
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il, = — • Xji» = — 

V2ic V2aj-fl Va + ic — Va — a; 2 



13' Va? + «i H- Va? — /i ■= V2 m — n -f 3 a. 



14. Va — y + V& — y = y/a — h. 



15. V2«-f3-V3s + 3=-V«-10. 

16. A/i + a;V4^= 1 + Xr IQ- a/o^ - 5 aj - 8 «= VaJ - 4. 

17. ajVaj-l- Vi = a;. 20. Vft'H-a;4-Vc'4-a; ^ &^ 

V6 + a? — Va? 



Vn. IMAGINARY NUMBERS 

196. If a number involves an indicated even root of a nega- 
tive number^ it is called imaginary. Such numbers depend 
upon a new unit, V— 1 or (— 1)' ; as V— 2, V— 3. 



197. An imaginary number of the form V— a is called a 
pure imaginary number, and the sum of a real and an imagi- 
nary is called a complex number ; as a 4- 6 V— 1. 

198. Meaning of a Pure Imaginary Number. 

If Va is redly we define Va as an expression such that, 
when raised to the second power, the result is a. 

To find what meaning to attach to a pure imaginary number, 
we assume the above principle to hold when Va is imaginary. 

Thus, V— 2 means an expression such that, when raised to 
the second power, the result is — 2 ; that is, (V— 2)^ or 
(-2i)2=-2. 

In like manner, (V— 1)^ = (— l^)*=ss — 1 ; etc. 
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OPEBATIONS WITH iMAOlKAttT NtTMBBBS 

199. By §198,(V^'-(-6*)'=»-5. (1) 



Also, (V6V-l)'=(V5)XV-l)'=5(-l) = -5, (2) 

I 



From (1) and (2), (-y/^^y^ (V5 V^=^)'. 
Whence, V^^ = V5 V^^, or 5*(- 1)*. 

Then, every imaginary square root can be expressed as the 
product of a real number by V^l. It is advisable to reduce 
every imaginary to this form before performing the indicated 
operations, 
V— 1 is called the imaginary unit ; It is often represented by.i. 

In all operations with imaginary numbers, it is advisable to 
reduce the number to the form a -f bi where a and b are real. 

Ex. Add V^^ and V^^^^36. 

2 1 + 6 i = 8 I, or 8 V^, or 8 (- l)i 



The Powers oii; V — 1= i^ ; 






Kote that the even powers of i are real, the odd powers 
imaginary, the fifth power like the first power, the sixth 
power like the second, etc. 



Ex. 1. Multiply -yf^ by aA^. 

\^32 = iv^, V":r3 = ,-V3. 

(i\/2) (iV3) =i2V6 = - VO, or -(6)*. 
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Ex.2, Divide (-40)*by (-5)1 

(- 40)* = % (40)i, (- 6)i = i (6)i 

*-^^ = (8)i = 2 (2)*, or 2 V2. 
t(6)* 

EXEBCISB 41 

Simplify the following : 

I. v^^^+v^^. 



2. 2V-9 + 4V-25-3V--36. 



3. 2V-3-3V=27 + 5V^=12. 

4. 7V^=^.-3V-49a2-2V^;^4a«. 



5. |V^^ + lV^;=32-^V^=l62. 

6. Add2+V^^12to3--2V^^^27. 

7. From 8-6 V-121 subtract 5 + 2 V-169. 



8. From a- V26-62-1 take6-V2a-a2-l. 

Multiply the following : 

9. V^byV^. II. -\A=^byV^^. 



10. V^Zlby V-144. 12. -V^r432by-V^=^7S 

13. V— a^, V — 6*, and — V— c*. 



14. 2+V^by3-4V-3. 



15. 5-2V-4by4-3t. 

16. 4iV« — 3i Vy by 9iV^ + V — y. 

Expand the fpllowing : 

17. (2-V^=r3)2. ^ 18. (3V^^ + 2V=r3)2. 

19. (2V^=^-h3V^)(2V^=^-3V=^). 

20. (a — V— &/. 
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Divide the following : 

21. V=n:8byV^=^. 23. -Vi92by ~V^^. 



22. V— 54by— V— 3. 24. — V— 96a6 by V— 3a6. 

25. 6iV6-V384by -V^. 

GRAPHICAL REPRESENTATION OF IMAGINARY NUMBERS 

200. Let be any point in the straight line XX'. 
We may suppose any positive real 

number, -\-a, to be represented by /""^^ 

the distance from to ^, a units to -^ ^' -a o -ta A 
the right of in OX. 

Then any negative real number, —a, maj be represented 
by the distance from to A', a units to the left of in OX'. 

201. Since —a is the same as (-fa)x(— 1), it follows 
from § 200 that the product of -f a by — 1 is represented by 
turning the line OAy which represents the number H-a, 
through two right angles, in a direction opposite to the motion 
of the hands of a clock. 

Then, in the product of any real number by — 1, we may 
regard — 1 as an operator which turns the line which repre- 
sents the first factor through two right angles, in a direction 
opposite to the motion of the hands of a clock. 

202. Graphical Representation of the Imaginary Unit i (§ 196). 

By the definition of § 198, - 1 = i x t. 
Then, since one multiplication by t, fol- 

"^fj^l lowed by another multiplication by i, turns 

the line which represents the first factor 

^ through two right angles, in a direction 

opposite to the hands of a clock, we may 

-ai regard multiplication by i as turning the 

"-B' line through one right angle, in the same 

y' direction. 







-t 
C'i 



■B 



:^ 



0-tCb A 



Thus, let KX and YY^ be straight lines intersecting at right angles 
at O. 
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Then, if + o be repfesented by the line OA^ where ^ i«i a units to the 
right of O in OX, + ai may be represented by OB, and — ai by OB'^ 
where B\%a units above, and B' a units below, O, in YT, 

Also, -f * may be represented by 0(7, and — i by 00", where C is one 
unit above, and C one unit below, 0, in rr'., 

203. Graphical Representation of Complex Numbers. 

We will now show how to represent the complex number 
a + hi. 

Let XX' and FF be straight lines intersecting 
at right angles at O. 

Let a be represented by 0-4, to the right of O, 
_jf if a is positive, to the left if a is negative. 

Let hi be represented by OB, above O if & is 
positive, below if 6 is negative. 
Draw line ^C equal and parallel to OB, on the same side of XXy as 
OB, and line 00. 

Then, 00 is considered as representing the result of adding hi to a \ 
that is, OG represents the complex number a + hi. 

The %ure represents the case in which both a and h are positive. 

As . another illustration, we will show how to represent the 
complex number — 5 — 4 1. 

Lay off OA 5 units to the left of in OJC, 
and OB 4 units below O in YT. 

Draw line AC below XX, equal and parallel 
to OB, and line 00. 

Then, OC represents — 6 — 4 f . 

The complex number a -f- hi, if a is positive and 
h negative, will be represented by a line between 
OX and OF' ; and if a is negative and h positive, by a line between OY 
and OX. 




EXERCISE 42 

Bepresent the following graphically : 
I. 3 1. 2. — 6i. 3. 4 + 1 

5. 2 — 5i. 6. — 6 — 3i. 



4. -1 + 2 1. 

7. -7 + 4i. 
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204. Graphical Representation of Addition. 

We will now show how to represent the result of adding b to 
a, where a and b are any two real, pure imaginary, or complex 
numbers. ,, 

Let the line a be represented by OA, and the line 
h by OB. 

Draw the line A C equal and parallel to 0J5, on 
the same side of OA as OB, and the line OC. 

Then, 00 is considered as representing the result 
of adding 6 to a ; that is, OC represents a 4- 6. 

The method of § 203 is a special case of the above. 

If a and b are both real, B will fall in OA, or in ^0 produced 
through 0. 

The same will be true if a and h are both pure imaginary. 

If one of the numbers, a and 6, is real, and the other pure imaginary, 
the lines OA and OB will be i)erpendicular. 

As another illustration, we will show how to represent 
graphically the sum of the complex numbers 2 — 5i and 

The complex number 2 — 5 iis represented by the 
line OA, between OX and OF'. 

The complex number — 4 -f 8 i is represented by 
the line OB, between OF and OJT. 

Draw the line J50 equal and parallel to OA, on 
the same side of OB as OA, and the line 00. 

Then, the line OC represents the result of adding 
~ 4 4- 8 i to 2 - 6 i. 

205. Graphical Representation of Subtraction. 

Let a and b be any two real, pure imaginary, or complex 
numbers. 

Let a be represented by OA, and b by OB -^ B, 
and complete the parallelogram OB AC. 

By § 204, OA represents the result of adding 
the number represented by OB to the number 
represented by 00. 

That is, if b be added to the number represented 
by OC, the sum is equal to a ; hence, a—bia 
represented by the line OC. 
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BXERCISB 43 

Represent the following graphically : 

1. The sum of 4 i and S — 5i. 

2. The sum of —5i and — 1 -f 6 1. 

3. The sum of 2 -f 4 1 and 5 — Si. 

4. The sum of — 6 + 2 1 and — 4 - 7 1. 

5. Represent graphically the result of subtracting the second 
expression from the first, in each of the above examples. 

Vm. QUADRATIC EQUATIONS 

706. A quadratic equation is ay equation in which the 
highest power of the unknown number is the second. 

207. The first power of the unknown number may or may 
not appear. If the equation does not contain the first degree 
of the unknown, the roots are of the same absolute value but of 

different sign. E.g, a^ = a^'^ then, (x -f a)(aj — a) = 0, or ar = a, 
x= — a. 

The equation may also be solved by extracting the square 
root of each member of the equation, whence, x= ± a. • 

208. If the equation contains both the first and second 
powers of the unknown, the first member must be reduced to 
the form a^ + 2ab-\-h^ before extracting the square root. Such 
transformation of the equation is called completing the square. 

209. A quadratic equation containing the first and second 
powers of the unknown number is called an affected quadratic. 
An equation containing the second degree only of the unknown 
number is a pure quadratic. 

APPEOTBD QUADRATIC EQUATIONS 

210. First Method of Completing the Square. 

By transposing the terms involving x to the first member, 
and all other terms to the second, and then dividing both 
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members by the coefficient of oj^, any affected quadratic equa- 
tion can be reduced to the form oi? +px = q. 

We then add to both members such an expression as will 
make the first member a trinomial perfect square (§ 103, II) ; 
an operation which is termed completing the square. 

Ex, Solve the equation ar* -f 3 a? = 4. 

A trinomial is a perfect square when its first and third terms are per- 
fect squares and positive, and its second term plus or minus twice the 
product of their square roots (§ 103, II). 

Then, the square root of the third term is equal to the second term 
divided by twice the square root of the first. 

Hence, the square root of the expression which must be added to 
o;^ + 3 a; to make it a perfect square is 3 a; -:- 2 x, or f . 

Adding to both members the square of |, we have 

aja4.3a;-f (f)2 = 4 + |=^. 

Equating the square root of the first member to the ± square root of 
the second, we have 

Transposing }, oj = — J + f or — } — f = 1 or — 4. 

We then have the following rule : 

Reduce the equation to the form oo^ + puc = q. 
Complete the square, by addingr to both members the 
square of one-half the coefficient of oc. 

Equate the square root of the first member to the 
± square root of the second, and solve the linear equa- 
tions thus formed. 

21 1. The objection to the method of § 210 is that in dividing 
by the coejQicient of aj^, or in adding the square of one-half the 
coefficient of a, fractions which make the solution cumbersome 
may be introduced. 

212. If the coefficient of a^ is a perfect square, it is some- 
times convenient to complete the square directly by the prin- 
ciple stated in § 210; that is, hy adding to both members the 
square of the quotient obtained by dividing the coefficient of x 
by tmce the square root of the coefficient of 7?, 
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Ex. Solve the equation 9 a^ — 5 « « 4. 

Adding to both members the square of -, or -, 

^ 2x86 

0*2 -.5a: + (1)8 = 4 + ff=:W. 
Extracting square roots, 3 a; — J = ± V* 
llien, 3 a; = J ± ^ = 3 or J, and a; =a 1 or - f . 

213. Second Method of Completing the Square. 

Every affected quadratic equation can be reduced to the form 
aoc^ -\-bx-\-c = 0, or aa^ -^hx = — c. 

Multiplying both members by 4 a, we have 

4 a^x^ + 4 abx = — 4 ac. 

» 

We complete the square by adding to both members the square of 

^«^ (§212), or 6. 



2 X 2a 
Then, 4 aW -{-4abx + l^ = b^-iac. 



Extracting square roots, 2 ax + 6 = ± Vb^ — 4 ac. 



Transposing, 2 ax = — 6 i Vb^ — 4 ac. 



Whence, x = -b±Vb^^4ac ^ ^^^ 

' 2a ^ 

We then have the following rule : 

Reduce the equation to the form ««* + fta? = — c* 
Multiply both members by four times the coefficient 

of OD^, and add to each the square of the coefficient of 

30 in the given equation. 

The advantage of this method over the preceding is in 
avoiding fractions in completing the square. 

This method is sometimes called the Hindoo Method. 

The result of the solution of ax^ + 6a? H- c =» may be used aa 
a formula for solving any quadratic equation. Before apply- 
ing the formula the equation must be reduced to the form 

oaj* + 6aj + c =3 0. 



QUADRATIC EQUATIONS 



131 



Ex. Sol ve 2 aj' ^ 7 aj =5? -* 3. 



Here 



2 a;2 - 7 X + 3 
a = 2, 6 =— 7, c 



= 0. 



« = 



_ 7 j- V72 _ 4 . 2 . 3 ^ 7 d: 6 _ 
2-2 4 



3 ; substituting in (1), 
1 



= 3 or 



EXERCISE 44 



Solve by the first method : (Verify each result.) 
I. ir2_i2aj + 32 = 0. 6. e-\-t-'SO = 0. 



2. 2;2-|-7 2-30=;=0. 

3. 42^-72/ = -3. 

4. 16ic2-8a;-35=0. 

5. 3m2-26==9m2-80. 



7. 622 4.4 = _ll2. 

8. 4aj2_3a. = 7. 



^ 2^ 2 35 ^ 



10. 



3a;2 , 2a?-^6 ^ 

--f- — = L — 



ar^-7a; + 6 a;-6 



»-l 



Solve by second method : (Verify each result.) 
;i. (3fc-f2)(2fc4-3) = (fc-3)(2fc-4). 



, 30 30 

X x-\-l 



=1. 



3. Vm + 2-f V3m + 4 = 8. 

4. (y-3)«-(2^ + 2)« = ~65. 

12 



5. V5 + » -f V5 — aj = 

6 ^ + 3 (f + 4 ^3 
' d-2 d 2' 



VS — oj 



iVoie i : In solving equations involving fractions or radicals reject any 
root whicli does not satisfy the given equation. 
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Solve by means of the formula in § 213, (1) : (Verify each 

result.) 

17. 3aj2-2aj = 40. 6 13 1 

19. = — . 

18. 9aj2 + 18aj=-8. ^^ ^^ ^^ 



30. 



1 1 aj«-17 



a-f3 x-5 aj2-2aj-16* 



21. y~c y + c^ y^-5c^ 
y-\-c y — c f — <? 

,2. -L,+ '^ 1^ 



z-2 U{z + 2) z2_4 
oj + a a «+ 6 b 

■ 

24. /S' = F« + 1 Qf^.* Solve for «. 

a — 1 a — 2 aj — 3 

JVbte ;? : In solving fractional equations containing improper fractions 
the operations are greatly simplified by reducing the fractions to mixed 
numbers and then combining the integers thus obtained. 

Note S : An equation is said to be in the quadratic form when it is 
expressed in three terms, two of which contain the unknown number, 
and the exponent of the unknown number in one of these terms is twice its 
exponent in the other ; as, 

x« - 6 iB? = 16 ; «8 + «* - 72 = ; etc. 

Equations in the quadratic form may be readily solved by 
the rules for quadratics. 

I. Solve the equation a^ — 6 ic* = 16. 

Completing the square by the rule of § 210, 

a:6_6a:9 + 9 = 16 + 9=26. 
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Extracting square roots, sc^ — 3 = ± 6. 

Then, ie8 = 8±5 = 8or-2. , 

Extracting cube roots, aj = 2 or — V2. 

There are also four imaginary roots, which may be found by the 
method of §§ 110; 213, (1). 

Solve the equation 2 a? + 3 V» = 27. 

Since yfi is the same asx*, this is in the quadratic form. 
Multiplying by 8, and adding ^ to both members § (213), 

16 JK + 24 V« + 9 = 216 + 9 =i: 225. 
Extracting square roots, 4 Vx + 3 = ±16. 
Then, 4 Va = - 3 ± 16 = 12 or - 18. 

Whence, V^ = 3 or - f, and sc ^ 9 or ^, 

EXERCISE 45 

Solve the following equations and verify each root: 

1. 3aj2-4aj = 4. 4- 2< = 10-<*+5«. 

2. 7aj«-17jB = 2aj2 + 22. ^ 

6 ^ — 3 ■ ag + 5 ~ — - 

3. 42^-f93/~13 = 0. ' a;-f-3 ic-ll"" 7 

3m-7 1 _ 2-m 

'' m(m-f2) 3(m-2) m2-4' 

, 21 

10. l + 2V3^+2=.^3^^. 

6 5 



II. V^ir6 + 2V2 6 = 



12. 



11 20 3 a 



3v — 4a 2v-fa 6^^— 5av — 4 a* ha 
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^3- -^ir—. = — r-- 

z — a 0--Z 00 

2 X 

15. a^-^2ax-{-6b^=zSa^ + 7ab-Sbx, 

16. (2a-6-f5c)aj* + (6-a + 4c)ic-f 2 6 — 3a— c = 

17. -^+iH — ^+i«0. Solve ford. 
d-\-a a d + 6 6 

18 V^^^ 4- Q?^ + Vm^ — Qc^ m 

Vm^ + ar* — Vm^ — a;* * 

19. a?*-7»2 + 12 = 0. 21. 6a;"* -11 a;-' = 35. 

20. a;** — 7aj^=8. 22. a?i — aj^ — 6 = 0. 

23. ar^ - 35 a;i = - 216. 

24. ar^ + 2a; + 10 + V?T2«+l0 = 30. 

25. «2 + 3aaj — 63a'' = 2aa; + 3a. 

26. a;-* -29 a;-* =-100. 

27. «« + 14Var^+7a;-26 = 58-7«. 

28. 5(a;4-2)i + (aJ + 2) = 36. 

29. (x2^4a._^2)2 = 3H-2(ar^ + 4aj-h2). 

30. a;*-8a5» + 10aj* + 24aj-315 = 0. 

31. What number is that to which if you add its square the 
sum will be 42 ? 

32. A rectangular field is 40 rods longer than it is wide. By 
doubling its length and decreasing its width by 15 rods, the area 
is unchanged. Find dimensions of the field. 

32. The difference between two numbers is 7, and the dif- 
ference between their cubes is 1267. Find the numbers. 

34. The denominator of a fraction is 3 more than its numera- 
tor and by adding the fraction to its reciprocal the sum is 
2^^. What is the fraction ? 
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35. There is a number consisting of two digits whose sum 
is 11. If from the number 3 times the product of the digits 
is subtracted, the remainder will equal the sum of the digits. 
Find the number. 

36. A man sells goods for $120, gaining a per cent equal 
to \ the cost of the goods. What was the cost of the goods ? 

37. A picture 13 inches by 8 inches is surrounded by a 
frame of uniform width whose area is 162 square inches. 
Find the width of the frame. 

38. A man put $ 2400, in a savings bank which paid inters 
est semiannually. -At the end of a year he found that he had 
to his credit $ 2496.96. What interest did the bank pay ? 

39. A number of people plan an excursion which is to cost 
them $ 30. It is found later that 3 of the party cannot go, 
which increases the cost 50 cents to each member. How many 
are there in the party and what did each one pay ? 

40. A and B start together for a 6-mile walk. A's rate per hour 
is ^ mile more than B's, and he finds he can reach his destina- 
tion in 24 minutes less time than B. What is the rate of each ? 

41. An open rectangular box is 8 inches high. Its length 
is 4 more than its width. Its volume is 768 cubic inches. 
Find its inside *dimensions. 

42. In a given circle APB, a perpen- 
dicular DP, dropped from a point P in 
the circumference to the diameter AB, 
is a mean proportional between the seg- 
ments, AD and DB, of the diameter. If 
the radius of the circle is 12 and DP is 
2VS, how far is D from B? 

43. An open rectangular box 5 inches deep (inside measure) 
is made of 1-inch lumber. Its length is 1 inch less than twice 
its width. The difference between the volumes when inside and 
outside measurements are taken is 271 cubic inches. How much 
sheet metal will be needed for lining the sides and bottom of 
the box ? 
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44. Two lines AB and CD intersect at O in such a manner 
that AO . OB=^CO • OD. If CD = 14, ^0 = 16, and AB = 18, 
find CO. 

45. A has a lease on a square room. He sublet to ^ a part 
10 feet wide along one entire side of the room, at a rental of 
$ 160 per month. The part of the room retained by A contained 

704 square feet. ' How much rental per square 
foot did B pay ? Explain your negative roots. 

46. A tangent, PT, to a circle is a mean pro- 
portional between thejwhole secant FD and the 
external segment PE. If PT is 12, the radius 
5, and PD passes through the center, find PE. 

47. The upper base and the altitude of a trapezoid are equal, 
the lower base is 20 and the area is 112. Find the upper base. 

48. The length of a rectangle is V2 more than the side of a 
given square, and its breadth is V2 less than a side of the 
same square. The area of the rectangle is 1. Find the di- 
mensions of the rectangle correct to three decimal places. 

THEORY OF QUADRATIC EQUATIONS 

214. Number of Roots. 

A quadratic equation cannot have more than two dif- 
ferent roots. 

Every quadratic equation can be reduced to the form 

0X2 + 6x + c = 0. 

If possible, let this have three different roots, ri, r2, and rg. 

Then, ari^ + 6ri + c = 0, (1) 

ar2^ + 6r2 + c = 0, (2) 

and ars^ + Srs + c = 0. (3) 

Subtracting (2) from (1), a(jri^ — r^^) + 6(ri — r2) = 0. ^ 

Then, a(ri + r2) (n — r2) + 6(ri — r2) = 0, 

or, (ri — Ti) (ari + or2 + &) = 0. 

Then, by § 110, either n — r2 = 0, or art + ar2 + h = 0. 

But n — r2 cannot equal 0, for, by hypothesis, ri and r2 are different. 
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Whence, 
Inllkemai 



6 = 0. 






(, tj subtracting (3) from (1), ' 
ari + ora + 6 = 0. 
Suhtraoling (5) from (4) , an — an = 0, or rj — Tb = ( 
But this ia imposBible, for, by hypothesis, ft imd rg a 



hence, a quadratic equatioi 









215. The graphs of quadratic equations can be readily cod- 
structed by the method used in §§ 4 4 - 4 8. 

Construct the graph of x> — x — = 0. (1) 

Placing the first member of the equation eqoal to ]/, \?e have 

ic* - a: - 6 = y. (2) 

Assigning values to x, we obtain corresponding values of ]/. For 
example, SubsUtuting x = in (2), we have j = - a, 

SnbBtituting x = 2 in (2), we have y= —i, etc. 



X 


y 




-6 




-6 




-5i (B) 
-i (C) 
-2i (U) 

(S) 

6 


-2 
-S 


-4 (^) 
(A-) 



II 

_ . . . 



Solving 








(X- 


ifl-x-6 
-3)(x4-2) 


.0, 
= 0, 


ehave, 










X 


= 3 


These values 


x = 


3 


1=^ 


-2 


are the absi 


Issa 



IS of the points where the 
curve crosses the x-aiis, the curve showing in a graphical way why a 
quadratic equation has tvro roots. 
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The graph of every equation of the form a?+px — qssO or 
aoj* + 6aj + c = is a curve of the above form and is called a 
parabola, 

216. Sum of Roots and Product of Roots. 

Let ri and r, denote the roots of arf + 5a5 4- c sss 0. 



By § 213, (1), n = -i-— , and rj = 

Adding these values, n-^n^ :=^ = -• 5. 

2 a a 

Multiplying them together, ^ 

4 a^* 4 a^ o 

Hence, if a quadratic equation is in the form ax^ + hay 
+ c = 0, the sum of the roots equals minus the coeffioient 
of ac divided by the coefficient of »*, and the product of 
the roots equals the independent term divided by the 
coefficient of ac*. 

217. Formation of Quadratic Equations. 

By aid of the principles of § 216, a quadratic equation may 
be formed which shall have any required roots. 

For, let fx and r^ denote the roots of the equation 

aaj2 + 6x + c sr 0, or jcS + 5? + f = o. (1) 

a a 

Then by § 216, - = - ri — r2, and - = rir^. 

a a 

Substituting these values in (1), we have 

x^ — Tix — r2ac + TiVi = 0. 

Or, (x — ri) (a; — r^ = 0. 

Therefore, to form a quadratic equation which shall have 
any required roots, 

Subtract each of the roots f^om x, and place the prod- 
uct of the resulting expressions equal to zero. 

Ex, Form the quadratic whose roots shall be 4 and — \. 

By the rule, {x - 4) (x + }) = 0. 

Multiplying by 4, (x- 4)(4a; + 7) = ; or, 4x« — 9«— 28 = 0. 



QUADRATIC EQUATIONS 189 

DISCUSSION OV GBNEBAL EQUATION 

218. The roots of a quadratic equation may take several 
forms : 

1. The roots may be rational, unequal, of the same sign. 

2. The roots may be rational, unequal, of opposite sign. 

3. The roots may be rational, equal. 

4. The roots may be irrational, unequal. 

5. The roots may be irrational, equal. 

6. The roots may be irrational and the number under the 
radical sign negative. 

These forms and the causes for their existence are at once 
seen when one considers the formula in § 213. 
By § 213, the roots of aot^ + 5a; -h c = are 

2a 2a 

We will now discuss these results for all possible real values 
of a, b, and c. 

I. &* — 4 ac positive. 

In this case, r^ and r^ are real and uvieqwd. 

II. &«-4ac = 0. 

In this case, r^ and r^ are real and equal, 

III. c = 0. 

In this case, the equation takes the form 

aa? + 6aJ = ; whence a? = or 

Hence, the roots are both real^ one being zero, • 

IV. & = 0,anc2c = 0. 

In this case, the equation takes the form aoi? = 0. 
Hence, both roots equal zero. 

V. 6^ — 4 ac negative. 

In this case, r^ and r2 are imaginary (§ 196). 

VI. h^O, 

In this case, the equation takes the form 

as? + c = 0: whence, x = ±\ — • 

^ a 
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If a and e are of unlike sign^ the roots are real, equal in 
absolute value, and unlike in sign. 

If a and c are of like sign, both, roots are imaginary. 

The roots are both rational, or both irrational, according as 
6* — 4 ac is, or is not, a perfect square. 

219. It is evident that irrational roots, whether real or 
imaginary, must occur in conjugate pairs. 

That is, in an equation of the form of cwj* 4- &« + c = 0, where 
a, 6, c are real, if one root is of the form Ic + VA the other 
must be A; — VS where k and h are real. 

BXBBOISB 46 

Find by inspection the sum and product of the roots of the 
following : 

1. 0?* — 2aj — 35 = 0. 5. a?'{-aM — hx = ab, 

2. aj* + 15a; + 36 = 0. 6. cda^ -{- cPx =^ <^x -\- cd. 

3. 2aj*-f 7aj-4 = 0. 7- a:'-2V2a;-2=0. 

4. 5aj*-13a; = -6. 

8. One root of 8 oj* — 2 a? — 15 = is — IJ; find the other. 

9. One root of 6 a? + 11 a: — 2 = is ^; find the other. 

10. One root of 20?"— 8aj*-f 2a?4-12=0 is 2; find the others. 

11. One root of wi' — 7 m + 6 = is — 3 ; find the others. 

13. If ri and r^ are the roots of a* + aj + l=0, what does 
n^-hrg* equal? r^-^ri? 

Form the equations whose roots are : 

13. 2, 3. 18. a, 6 a. 

14. —1,4. 19. a + V^, a— VF. 

15. i, -3. 30. 2+V^=^, 2-V^=T. 



16. -|, — ^. 31. 3c — d, — 2c+5d. 

6 



17. 0, -^ 
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„ V2fc-5V^ V2l+5v^ 

2 ' 2 

33- 6,-^,0. 

Determine by inspection the nature of the roots of the 
following : 

24- ai» + 7a! + 12 = 0. 30. 2x' = 16a; + 18. 

3S- as" + 8 SB = - 16. 31. a!'-a!=12. 

36. a!» + 2a!-l = 0. 33. 10a;'-a! = 2. 

37- !E' + 2ai+3 = 0. 33- 23x-G = 73^. 

38. 2a!' + 7a!=3. 34. 16a;' + 24a! + 9 = 0. ■ 

39. 4a!»-16 = (». 35- 5*' + 3a! = -2. 



QRAPHS 

220, The nature of the roots discussed in § 218 is illnstiated 
hj the use of graphs: 
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.8. a!*-2a!! + 3 = 
i&' - 4 a« < 

In Fig*. 1, the curve crosses the a:^axia at points whose abscis- 
sas are 4, — 2 ; the abseiaaaa of these points being the values of 
X found in solving the equation. In Fig. 2, the intersection 
points coincide and we have two values of x each equal to 1. 
In Fig. 3, the curve and the avasis do not coincide. 
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Plot the curves : 

1, f(x)=n? + 6x + 8. (8947,220.) 

3. /(a!) = ai'-6a: + 8. 4. f{x)=^-ex + 9. 

3. f(x) = !>f-9. 5. /ix) = a? + 2x + 4. 

2i\. Many problems in Physics are dependent on the laws 
of proportion and variation. The solution of such problems 
is often obtained more readily by graphical means than by 
algebraic solution. 
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Ex, 1, Ghrdphiml representation of a direct proportion. 

When a man is running at a constant speed, the distance 
which he travels in a given time is directly proportional to 

his speed. The algebraic expression of this relation is — ^ = -^, 
or d = ms, (See § 161.) ^^ ^2 

Now, if we plot successive values of the distance, d^ which correspond 
to various speeds, 8i in precisely the same 
manner in which we plotted successive 
values of x and y in §§ 44-48, we obtain 
as the graphical picture of the relation 
between s and d a straight line passing 
through the origin. (See Fig. 1.) 



This is the graph of any direct 
proportions 



1 






— ^.----^ 


p- 




'^f^' I* 


-d 



Fig. 1. 



£Jx, 2, Graphical representation of an inverse proportion. 

The volume which a given body 
of gas occupies when the pressure 
to which it is subjected varies has 
been found to be inversely propor- 
tional to the pressure under which 
the gas stands ; we have seen that 
the algebraic statement of this re- 
lation is —^ = -^' 
V, Pi 

If we plot successive values of "Fand 
P in the manner indicated in §§ 44-48, we 
obtain a graph of the form shown in 
Pig. 2. 

This is the graphical representa- 
tion of any inverse proportion ; the 
curve is called an equilateral hyper- 
bola. 

Ex, 3. Tlie path traversed by a 
falling body projected horizontally. 




Il = Z2 



or r=?. 



F=l. 

r=3, 
r=4, 



m. 



2 



3 



F=6, 
F-=7, 



P=.^, 



P = ^. 
6 



P = ^. 



4 



F=8, P = 



m 
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When a body is thrown horizontally from the top of a tower, 
if it were not for gravity, it would move on in a horizontal 
direction indefinitely, traversing exactly the same distance in 
each succeeding second. 

Hence, if V represents the velocity of projection, the horizontal dis- 
tance, J3, wliich it would traverse in any number of seconds, t, would 
be given by the equation H= Vu 

On account of gravity, however, the body is pulled downward, and 
traverses in this direction in any number of seconds a distance which is 
given by the equation S = \ gt^. 

To find the actual path taken by the body, we have only to plot 
successive values of H and S, in the manner in which we plotted the 
successive values of x and y, in §§ 44-48. 

Thus, at the end of 1 second the vertical distance Si is given by 

Si = ig X 1^ = ^g; a.t the end of 2 seconds we have, Si = igx2^ = ig; 

at the end of 3 seconds, Sz = igx3^ = ig; at the end of 4 seconds, 

aS^4 = Jflf x42 = Vflf; etc. 

On the other hand, at the end of 1 second 

we have Hi= V; at the end of 2 seconds, 

H2 = 2V; at the end of 3 seconds, 

jBr8=8 F; at the end of 4 seconds, J3"4=4 F. 

If, now, we plot these successive values 
of H and S, we obtain the graph shown in 
Fig. 3. 

This is the path of the body; it is a 
parabola. (§ 226, Ex. 2.) 

Ex, 4. Oraph of relation between 

the temperature and pressure existing 

within an air4ighJt boUer containing 

only water and water vapor. 

One use of graphs in physics is to express a relation which. 

is found by experiment to exist between two quantities, which 

cannot be represented by any simple algebraic equation. 

For example, when the temperature of an air-tight boiler 
which contains only water and water vapor is raised, the pres- 
sure within the boiler increases also; thus we find by direct 
experiment that when the temperature of the boiler is 0° centi- 
grade, the pressure which the vapor exerts will support a 
column of mercury 4.6 millimeters high. 




Fig. 3. 
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400 



When the temperature is raised to 10^, the mercury column rises to 
0.1 millimeters ; at 30^ the column is 31.5 millimeters long, etc. 

To obtain a simple and compact picture of the relation between tem- 
perature and pressure, we plot a succession of temperatures, e.g. 0^^ 10°, 
20% 30°, 40°, 60°, 60°, 70°, 80°, 90°, 
100°, in the manner in which we 
plotted successive Values of x in §§ 44- ^ 
48, and then plot the corresponding ** 
values of pressure obtained by experi- ^qq 
ment in the manner in which we 
plotted the y*s in §§ 44-48 ; we obtain . 
the graph shown in Fig. 4. ** 

From this graph we can find at 200 
once the pressure which will exist 
within the boiler at any temperature^ 

For example, if we wish to know 
the pressure at 75° centigrade, we 
observe where the vertical line which 
passes through 75° cuts the curve and then run a horizontal line from this 
point to the point of intersection with the line OP. 

This point is found to be at 288 ; hence the pressure within the boiler 
at 76° centigrade is 288 millimeters. 



100 




10 20 90 40 50 eo TU 80 90 100 

Fig. 4. 



EXERCISE 48 
PROBLEMS IN PHYSICS 

I. When the force which stretches a spring, a straight wire, 
or any elastic body is varied, it is found that the displacement 
produced in the body is always directly proportional to the 
force which acts upon it ; i.e. if di and dg represent any two 
displacements, and /^ and /2 respectively the forces which pro- 
duce them, then the algebraic statement of the above law is 



^2 /2 



(1) 



If a force of 2 pounds stretches a given wire .01 inch, how , 
much will a force of 20 pounds stretch the same wire ? 

2. If the same force is applied to two wires of the same 
length and material, but of different diameters, A and D^ then 
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the displacements di and dz are found to be inversely propor- 
tional to the squares of the diameters, i,e, 

d. A' ^ ^ 

If a weight of 100 kilograms stretches a wire .5 millimeter 

in diameter through 1 millimeter, how much elongation will 

the same weight produce in a wire 1.5 millimeters in diameter ? 

3. If the same force is applied to two wires of the same 
diameter and material, but of different lengths, li and Zg, then 
it is found that d. I 

From (1), (2), and (3) and § 164, it follows that when lengths, 
diameters, and forces are all different, 

^--sSx^x^- (4) 

If a force of 1 pound will stretch an iron wire which is 
200 centimeters long and .5 millimeter in diameter through 
1 millimeter, what force is required to stretch an iron wire 
150 centimeters long and 1.25 millimeters in diameter through 
.5 millimeter ? 

4. When the temperature of a gas is constant, its volume 
is found to be inversely proportional to the pressure to which 
the gas is subjected, i.e., algebraically stated, 

1^ = ^^. (6) 

At the bottom of a lake 30 meters deep, where the pressure 
is 4000 grams per square centimeter, a bubble of air has a vol- 
ume of 1 cubic centimeter as it escapes from a diver's suit. To 
what volume will it have expanded when it reaches the surface 
where the atmospheric pressure is about 1000 grams per square 
centimeter ? 

5. The electrical resistance of a wire varies directly as its 
length and inversely as its area. If a copper wire 1 centimeter 
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in diameter has a resistance of 1 unit per mile, how many units 
of resistance will a copper wire have which is 500 feet long 
and 3 millimeters in diameter ? 

6. The illumination from a source of light varies inversely 
as the square of the distance from the source. A book which 
is now 10 inches from the source is moved 15 inches farther 
away. How much will the light received be reduced ? 

7. The period of vibration of a pendulum is found to vary 
directly as the square root of its length. If a pendulum 1 meter 
long ticks seconds, what will be the period of vibration of a 
pendulum 30 centimeters long ? 

8. The force with which the earth pulls on any body out- 
side of its surface is found to vary inversely as the square of 
the distance from its center. If the surface of the earth is 
4000 miles from the center, what would a pound weight weigh 
15000 miles from the earth ? 

9. The number of vibrations made per second by a guitar 
stijing of given diameter and material is inversely proportional 
to its length and directly proportional to the square root of 
the force with which it is stretched. If a string 3 feet long, 
stretched with a force of 20 pounds, vibrates 400 times per 
second, find the number of vibrations made by a string 1 foot 
long, stretched by a force of 40 pounds. 

FACTORING 

In Type V, § 103, we learned to transform certain trinomials 
into Type I, § 103. By means of the* results of § 213, we are 
now able to extend this method to expressions not readily fac- 
tored by the simpler processes. 

222. Factoring of Quadratic Expressions. 
A quadratic expression is an expression of the form 

aa? -h 6a; -f c. . • 
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We have, 
<wa + 6a; + c = a/«« + — + -) 

V 2a 2a A 2a 2a /' 

by § 103, I. 
But by § 213, the roots of ax^ + 6a; + c = are 

__6 ■ V&g-4a c g^^^ ___6 Vftg - 4 ac 
2a 2a 2a 2a 

Hence, to factor a quadratic expression place it equal 
to zero, and solve the equation thus formed. 

Then the required factors are the coefficient of oc!^ in 
the griven expression, £c minus the first root, and x minus 
the second. 

Sometimes the expression may be written as the difference 
of two squares and the method of § 103, V, used. 

Ex, Factor ic* -f 1. 

a;* + 1 = (a;* 4- 2 a;2 + 1) - 2 a;2 

= (a;2 + 1)2 __ (a; V2)a 

= (»2 + xV2 4- l)(a;« - xyfl + 1). 

EXERCISE 49 

Factor the following : 

I. a^4-llaJ + 24. 8. 16-fl8&-9&*. 

3. m^-m -210. 9. 2 + 5p-25jpl 

3. 3a2-10a-8. 10. 49a* + 28a-ll. 

4. 2a2-lla + 15. 11. a* + 4. 

5. 28-13aj-6a;2 ,2 a?* 4- 2/*. 

6. 8c2-f8c-6. 13. 9 c2* + 22 c2* 4- 25. 

7. 9a^-6aj-8. 14. 16 a* - 78 a^ft^ ^ 81 &*. 
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15. 2a^-5xy-{-Sy^'\'5x-7y-h2. 

16. a^^xy — 2y^ — 6x-\-y-\-6» 

17. a2 + 2a6-1562_3ac + 17&c-4c2. 

18. 3a^-23ab-]-Ub^-\-a^31b-10. 

19. 6a^'\'7xy'\'2y^-26x-16y'\'24:. 

20. 10a?2 + aj2^-24y2 + 26aj + 54y-12. 

Solve the following equations : 

21. a^-]-27 = 0, 29. (iB2-4)(3a^+aj-10)=0. 

22. a;*-20iB2 + 64 = 0. 30. a;7_729a. = 0. 

23. 0^^4-20^ + 9 = 0. 3, ^^9^,2^14 = 0. 

24. o:* + 4o^ + 9 = 0. ^ , o^ , A A 

32. 9 0;* — 2 0:^4-4 = 0. 

25. (oj+2)(3o^+4oj+5)=0. 

26. 0^-64 = 0. 33. 0^-16 = 0. 

27. 2a^-^3a^-{-4tx-e = 0. 34- 2 0^ +6 or^- 18 a- 54=0. 

28. o;*-2oj3 + 5oj2 = 0. 35. (4oj2-l)(or* + oj+l)=0. 

SIMULTANEOUS QUADRATIC EQUATIONS 

223. In solving simultaneous quadratic equations involving 
two unknown numbers it is necessary to eliminate one of the 
unknowns as was done in simultaneous linear equations. 

The elimination of an unknown number from two equations 
of the second degree will often produce an equation of the 
fourth degree with one unknown number which cannot be 
solved by the ordinary methods. The following general direc- 
tions will lead to the solution of many types. 

224. Case I. When each equation is in the form 

aoc^ -{-by^^c. 

In this case, either x^ or y^ can be eliminated by addition 
or subtraction (§ 42, II, III). 

Case II. Whe^i each equation is of the second degree, and 
homogeneous; that is, when each term involving the unknown 
numbers is of the second degree with respect to them (§ 23). 
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Ex. Solve the equations * 



The equations may then be solved as follows : 

:^-2xy=^, (1) 

[ a^ + 2,«=29. (2) 

Dividing (1) by (2), ^^-^^V = ± , or 29 a:2-58 xy = 5 x^ + 5 y^. 

x^^ -f y^ . 29 

Then, 5y2+ 58x^-24x2 = o, or (6 y - 2 x) (y -\- 12 x) =0. 

Placing 5y-2x = 0, y= — ; substituting in (1), 

5 

a;2_if_=5 orx2=26. 
5 

Then, x = ± 5, and y = — = ± 2. 

6 ♦ 

Case III. TFifeen ^^e given equations are symmetrical with 
respect to x and y; that is, when x and y can he interchanged 
without changing the equation. 

Equations of this kind may be solved by combining theni in 
such a way as to obtain the values of a? -f t/ and x —y. 

faj4-y = 2. (1) 

I. Solve the equations < 

Squaring (1), x^ + 2 xy + y^ = 4, 

Multiplying (2) by 4, 4 xy = - 60. 

Subtracting, x^ - 2 xy + 2/2 = 64! 

Extracting square roots, x — y = ± 8. (3) 

Adding (1) and (3), 2 x = 2 ± 8 = 10 or - 6. 

Whence, x = 5 or — 3. 

Subtracting (3) from (1), 2 y = 2 T 8 = - 6 or 10. 

Whence, y = — 3 or 6. 

The solution is x = 5, 2/ =— 3 ; or, x =— 3, y = 5. 

The above method offers the most desirable form of solution 
and should be employed when possible. 

If one equation is of the second degree, the other of the 
first degree, and they are not symmetrical, Case IV should be 
used. 



J 
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Case IV, When one equation is of the second degree and the 
other of the first. 

Equations of this kind may be solved by finding one of the 
unknown numbers in terms of the other from the first degree 
equation, and substituting this value in the other equation. 

^ ^ 1 , . [2^ — xy = ^y. (1) 

Ex, Solve the equations < • ' 

^ \ aj + 22/ = 7. (2) 

From (2), 2 y = 7 -aj, or y =^:^. (3) 

Substituting in (1), 2 ic2 - a: [ ^^=^^ = ^i^-^^\ 

Clearing of fractions, 4 a:^ — 7 a + x^= 42—6 a;, or 6 a;^— a;=42. 

Solving, a; = 3 or ~ 1^ . 

5 

Substituting in (3), y = 1^ or "Lt^ = 2 or — • 

The solution is a; = 3, y = 2 ; or a; = — V» V = ih 

Certain examples where one equation is of the third degree and the 
other of the first may be solved by the method of Case IV. 

225. Special Methods for the Solution of Simultaneous Equa- 
tions of Higher Degree. 

No general rules can be given for examples which do not 

come under the cases just considered; various artifices are 

employed, familiarity with which can only be gained by 

experience. 

r 0^-2^ = 19. (1) 

I. Solve the equations • . . ^ ' /r^v 

{ary--xy^ = o. (2) 

Multiply (2) by 3, Szh/-S xy^ = 18. (3) 
Subtract (3) from (1)^ ofi ^ Sx^y + Sxy^ - y^ = 1, 

Extracting cube roots, a; — y = 1. (4) 

Dividing (2) by (4), xy = 6. (5) 

Solving equations (4) and (6) by the method of § 224, Case III, we 
find X = 3, y = 2 ; or, X = — 2, 2/ = — 3. 
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2. Solve the equations \ 



y 

Putting x = u -\-v and y = m — r, 
(«+«)»+ (w-«)8 = 9(M+«)(tt-«), or, 2tt« + 6Mo2--9(^2_^)j (1) 

and (m + r) + (tt — «) = 6, 2 w = 6, or M = 3. 

Putting u = 3 in (1), 54 + 18 1?2 = 9 (9 - t?2). 

Whence, v* = 1, or » = ± 1. 

Therefore, x = u + v=3±l=4or2; 

and y = M — « = 3Tl=2or4. 

The solution is a; = 4, y = 2 ; or, x = 2, y = 4. 

The artifice of substituting u -\-v and u — vtot x and y is advantageous 
in any case where the given equations are symmetrical (§ 224, Case III) 
with respect to x and y. See also Ex. 4. 

3. Solve the equations \ 

Multiplying (2) by 2, 2 a-y = 12. (3) 

Add (1) and (3), jc^ + 25cy + y^ + 2a: + 2y = 36. 

Or, (a; + y)2 + 2 (x + y) = 36. 

Completing the square, (x + y)^ + 2 (x + y) + 1 = 36. 

Then, (a; + y) + 1 = ± 6 ; and x + y == 5 or — 7. (4) 

Squaring (4) , x^ + 2 xy + y^ = 25 or 49. 

Multiplying (2) by 4, 4 xy = 24. 

Subtracting, x' — 2 xy + 2/^ = 1 or 25. 

Whence, x — y = ±lor±5. (5) 

Adding (4) and (5), 2 x = 6 ± 1, or - 7 db 5. 

Whence, x = 3, 2, — 1, or — 6. 

Subtracting (5) from (4), 2 y = 5 T 1, or - 7 T 6. 

Whence, y = 2, 3, - 6, or — 1. 

The solution i8X = 3, y = 2; x = 2, y = 3; x = — 1, y=— 6; ora5 = — 6, 
y=-l. 
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raj* + ^ = 97. 
4. Solve the equations j 

Patting x = u-\-v and y = u — t, 

(u + 1?)* + (m - «)* = 97, or 2 w* + 12 uV + 2 v* = 97, 
and (w + «) + (u — t?) = — 1, 2 u = — 1, or u =— }. 

Substituting value of w in (1), J+3t?2 + 2t;* = 97. 

Solving this, 



(1) 



,. = ?5^^_?1 ^^^^ 6^ V-31 
4 4 2 2 



Then,x = «+r=-i±^,or-l±:^^ElI=2,-3,or:^i±:^^^^31 
' 2 2 2 2 2 



and 



y = u-.=-lT5,or-lT^^^^=-3,2,or:^ii:^^El 

2 2 2 2 2 



The solution is X ='2, y=— 3; a; =—3, y = 2; a; = — ^ "^ — ^, 

-i-ydsi -1-V33I ,, -i-fViral 

^ 2 2 2 



I. 



MISCELLANEOUS EXAMPLES 
EXEBCISE 50 

Solve the following equations and verify each result : 

' 2Qcy + x = — 36. 
a!y — Sy = — 5. 



2. 



\a^-\-f^x^y = 32. 
a^ — Sxy — 4:y^=zO, 

y 



{Qi? — Sxy — ^lf 
X^x-by =46. 

ric«~22^ + 3'a = -8. 



6. 



8. 



I-U12. 

y 2 



2/ a; 3 



] 
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9- i 



10. 



ZI. 



15- 



i8. 



19. 



20. 



21. 



22. 



23- 



y b 

'2 36 
2^ + - = — • 
X a 



12. 



ri^+l+i 49. 

^ ^y y 



a; — y = 3. 



-6. 

10. 



'aj« + 4«t/ = 13. 

r3aj2_5a^ 
17. 



13. 



14. 



16. 






a; + 2/ = 35. 

' 11 a:* — .xy — y* = 45. 
.7a^H-3a;3^-2?/2 = 20. 

|a^2_24a^ + 95 = 0. 
^3a;-2t/ = -.13. 

= 2a2-hl3a6-762. 



' 3a;4-2.v 3a;-2.y ^41 
Sx-'2y 3x+2y 20 

8i^ + 3ic2 = 29. 

r 1 

a;y 

a; + y = 5 aa^. 



24. 



1 



35- 



^4 + 4 = -19al 



^ 



0^ 



26. 



r 



- + - = — a. 
X y 



.e«-h2? = -2. 

ra^-f y^ = 2a» + 24a. 
. ^y + ^2/^ = 2 a^ — 8 a. 

V2a.-2-9 = 3 2^ + 6. 



27. 



28. 



V«^-17 2^^ = aj2~5. 



29. 



' 3 a:^ — a;y — a» = 4. 
5a; --2^ = 1. 
4 a; + 3 2; = — 5. 

' ^y 4- i^y* = 56. 

.x^y = — l. 

y X o 

1 1^1 
a; y 6 

r3ar^4-3y2 = 10a?y. 

1 1^4 
X y ^ 

' ar^y + 2/2aj = 42. 

1 1^7 
a; J/ 6 

5^ + g5-3s2 = 27. 
4^2„4^5^3g2_72. 
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30. 



31 



32 



33 



x-y = -2, 

* Divide the first equation by the second. 



ra^ + a5*y^ + / = 481. 

[a^-xy-{-y' = ST. 

'9a^-13xy-Sx=-123. 
\xy + 4f-\-2y = 125. 



EXERCISE 51 

1. Find two numbers whose product is 112 and whose dif- 
ference is 6. 

2. A rectangular field has a perimeter of 104 rods and an 
area of 4 acres. Find its dimensions. 

3. The square of the sum of two numbers minus four times 
their product equals 49, and the difference of their squares * 
equals 175. What are the numbers ? 

4. The sum of the cubes of two numbers is 855 ; and if the 
sum of the numbers be multiplied by their product, the result 
will be 840. What are the numbers ? 

5. There is a number consisting of two digits, the sum of 
whose squares is 80 ; and if the sum of the digits be multiplied 
by 4, the number will be expressed with its digits reversed. 
What is the number ? 

6. A man loaned a sum of money at 6 % for a given time 
and received $ 240 interest ; if he had loaned the same sum for 
two years longer at the rate represented by the first number 
of years, he would have received $ 40 more than at first. Find 
the time and the amount loaned. 

7. If 5 be added to the denominator and subtracted from 
the numerator of a certain fraction, it will be expressed by its 
reciprocal ; and the difference of the squares of numerator and 
denominator equals 65» What is the fraction ? 

8. A number consists of three digits, the second of which 
is twice the first. The sum of the squares of the digits equals 
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89, and if 99 be subtracted from the number, the digits will be 
reversed. What is the number ? 

9. A man buys two pieces of cloth, each containing as many 
yards as its price per yard in cents, and he pays $ 41 for the 
whole amount. If the prices for the two pieces of cloth had 
been interchanged, his bill would have been $1 less. How 
many yards of each did he buy and what was the price per 
yard ? 

10. Two squares haTC together an area of 613 square rods. 
If the side of the first square were decreased by 6, and that of 
the second increased by 1, their perimeters would be in the 
ratio of 2 to 3. Find the side of each square. 

11. There are two numbers whose sum decreased by the 
•square root of their product is 13 ; and the sum of their squares 
increased by their product is 481. Find the numbers. 

12. Two boys count their pennies. They find that the 
product of the numbers representing them is 84, and that the 
square of their sum decreased by twice their difference is 351. 
How many did each have ? 

13. There are two numbers whose difference is 819, and 
the difference of their cube roots is 3. What are the 
numbers ? 

14. There is a difference of one hour's time in two trains 
which go from A to B, the rate of the first train being 5 miles 
an hour more than that of the second train. If the speed of 
each train were increased 2 miles per hour, the difference 
in time from A to B would be decreased 7 minutes 55 
seconds. Find the distance from A to B and the rate of 
each train. 

15. The difference of the perimeters of a square and a circle 
is 5.752 feet and the circle contains 81.86 square feet more 
than the square. Find the radius of the circle and the side 
of the square. 
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i6. In an isosceles triaugle the product of tlie base and one 
leg is 168, and the difference between the squares of the base 
and leg is 52, Find the altitude of the triangle. 

17. The perimeter of a rectangle is 46 Inches. If its length 
be increased 3 inches, its area will be 153 square inches. Find 
its dimensions. Is there more than one such rectangle ? Ex- 
plain. 

iS. If the sum of the denominator and numerator of a cer- 
tain fraction be divided by their difference, the quotient is 9. 
But if the product of the numerator and denominator be di- 
vided by their sum, the quotient is 2 with a remainder of 2. 
Find the fraction. "What principle of proportion is illustrated 
in this problem ? If this principle is applied, are simultaneous 
equations necessary ? 

226. It waa noted in §§ 224, 225, that two second degree 
equations had four solutions, or pairs of values for x and p, that 
a second degree and a first degree equation had two solutions, 
that if imaginary roots entered they were always in pairs, 
TJie geometric explanation for this is readily seen if the 
equations are plotted. 

.Ex. 1. Consider the equation ic'-|-y' = 26. 

This means that, ioi any point on the 
graph, the square of the abscissa, pliiB the 
square of the ordinate, equals 25. 

But the square of the absciaaa of any 
point, plus the square of the ordinate, equals 
the square of the distance of the point from 
the origin ; for the distance is the hypotenuse 
of a right triangle, whose other two sides are 
the abscissa and ordinate. 

Then the square of the distance from O of 
any point on the graph is 25 ; or, the distance 
from of any point on the graph is 6. 

Thus, the graph is a circle of radius 5, having Its 

(The graph of any equation of the form x' + jf^s 




Ex. 2. Consider the equation y' = ix + i. 

> = 4, or y = ± 2. (A, B) 

:^:^:;ZT^ if i = l, j/^ = 8, or y = i 2 V2. (C, D) 

Ifa;=-1, i^ =0, Etc. (E) 

The graph extends iudeflnitel; to the rigtat of 



: :J I 




'li 




^- 


m 




if 






El. V 


^, 



YY'. 

It X is negative and < — 1, y" ib negative, and 
therefore jf imaginary; then, no part of tbe 
graph lies to tbe left of E. 

(The graph of Ex. ij is a parabola; as also is 
the graph of any equation of the fonn y'' = ax or j^ = ax + 6.) 
Ex. 3. Consider the equation a:* + 4 y* = 4. 
In this case it is convenient to first 
locnte tbe points where the graph inter- 



If i = 0,4i^=*,ory=±l. (B,fl') 
Putting a; = ± 1, 4y' = 3, jfl = i, or 
' = ±~. (C, D, C, D') 



If % has any value > 2, or < — 2, y^ is 
negative, and y imaginary ; then, no part of the graph lies to the right of 
A, or left of A'. 

If j/hsB any value >1, or < — 1, x" is negative, and i imaginary ; then, 
no part of the graph lies above B, or below B'- 

(The graph of Ex. 3 is an ellipse; as also is the graph of any equation 
of tlie form ax^ + by' ;= c.) 




Ex, 4. Consider the equation 3^ — 2 ^^ = 1. 
Here i" - 1 = 2 ;;', 



-1 




Ifa = ±l,!/' = 0, orj(=0. (A', A) 

If X has any value between 1 and 
— 1 , ^ is negative, and y imaginary. 

Then, no part of the gn^h lies be- 
tween A and A'. 

If r = ±2, tfi=l, or S = ±Vl. 
(_B, C, B', C) 



educe 
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i^ + e-r-{e-^e-r to the form (-^^' 



,educe — to the form 

V2aa: — iB* 



«V<D-©' 



m ^ _5? 

"n\8_>| Q^n — jp n 



deduce (^'^j-^ **) ^ to the form 



2m ^2« _ 

1+ "^ 1 



Reduce -= H 7=== ^ the form -V— ^ • 

^. /■ Beduce <^{^ + ^(^ + f)-^2 + J^i^±^ to unity. 



oo; 



Reduce ^^ ^ to'the form — » 






: _2_ 

-■- 1 Vl3 

>. Reduce — == to the form 
Vl-3aj-a^ 



V-(^)' 



jjjS 1 

X. [Reduce ^ ; — r; to the form -- 

or — ar — 6 ^o 



4aj» 



^_/l-2aJ*V 



-'i3. Heduce V2 aa; — a^ to the form 

a (x—ay 



v*-M ">/'-m 



BXBBCISB E 



Find the graphs of the following sets of equations, and in 
each ease verify the principle of g 227 : 



fa^ + 4y* = 4. 



/^ + /=29. 



t2x' + 5y'>=53. 
i^ + f = 13. 



i9a^ + f = 14%. 

|iei/ = -8. " l4a!-9)/!=6. 

I. Ex. 1. Consider the equations 

fa^ + 4y= = 4, (1) 

l2x + 3!/ = -5. (2) 

The graph of if' + 4 if' = i is the ellipse 
AB. 

Tlie graph of 2k + 3^=— 5 is the 
etraighl line CD. 

It y 01 X is eliminated between these 
two equBtions, we find that the resulting 
equation containing one unknown num- 
ber is Buch that if all the terms are transposed to one member, that mem- 
ber Is a trinomial perfect square. Hence, the equation has equal roots 
and the line and curve are tangent at ^ ( 218, II). 

If in Ex. 1, §228, the second equation had been 2x + 3)/ =— 10 (2), 
the roots would have been imaginary and tlie line would not have met the 

BDVIBW OXAUPLBB 



i 




-t r't 


;^d: I 


Ni 





) '^ 


1^ 


|s 


^ 


r^ 


'i 




l-l-l-l-l 


El 


liLd 


Sii 


j±tU 


AM 







vr 


^+ 
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^^^^ tn thn fnrm 


2 


Reduce 


? 


VI- 


a 
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3. Eeduce (e' + g"')^- (e'-e"')^ ^^ ^^^ ^^^^ f — 2_ ^^ 

(e» + e-*f \^ 4- e 

4. Reduce - to the form 



—X 



^iW 



tt tn rn tn 

5. Eeduce («''+»'')'- 4 j^, ^^^ ^^^jj^ x'^-x " 

aj** —a; * aj* + aj * 



1 + 



« 1 



6. Eeduce ^ f-<^" + <^ to the form ^ J^±^ . 



ri 



7. Eeduce <^[l+x(a^ + f)'n + 2^^(^±^ to unity. 

aj+Vaj^ + ^ aj 4- Va;^ H- y* 



oa; 



8. Eeduce ^^===^============ tothe form --i^z:. 

9. >8 = vTt:^^ ifir=:^/?^HZ,find;S=v/— • 

2 

10. Eeduce — — to the form 

Vl-3aj-aj2 



v>-(^)- 



a? 1 

II. Eeduce -5 . — - to the form — 



4.0^ 



^__/l-2a^V 



13. Eeduce V2 aa? — a?^ to the form 

a (x — ay 



Vi-(^J «Vi-(^)' 
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13. 2tana? + (tanaj)* — 3 = 0; find tana?. 

1 

14. 2 cos X H = 3 ; find cos a?. 

cos a; 



1 



15. |-2cota5 = -Vl + cot^aj; findcota?. 

cot a; 2 

16. Eeduce ^(1 + a^)" > a^-^ - n(l + a^)-^ . af ^^ n^!lL_. 

(l-fa?)2* (l + aj)»+i 

17. S = -ir (12 + a;)^ - 8. Evaluate S when x = 15. 

3V3 

- aJ» /"—i^^ V 2 a; -- 2 a; Vir=a* 

18. Reduce '-^ r to the form 

ar 



^\ vi-aj*y 



2+ 2^-1 



"Sj qIj ""■ aj — 1 
19. Reduce ■■ to the form 



2a;-l+2Vaj2-a:-l Var^-a;— 1 

-2\* . 3/aj-2\-i/ 2 



'£--2Y 3 (x - 2\-t / 2 Y 



aj*— 1 
20. Reduce ^'" ' ^^ \-- n^ -/ — ^"^ ^ "'z to the form -= — 7 

^a;--2\4 ^-^ 







,a; + 2, 

jS -9 X X 



r'H^)i(^o 



21. Reduce ^ ^ ^-^^-^ ^ to the form 

X X 



2a 
4 
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^ , /V2ry-jA ' 



32. Eeduce y H ^ ^ to the form — y, 

33. Eeduce x — -^ — _4,s to 3 » + 2p when y* = 4 jmj. 



34. Reduce 9 



a' 



y 






to -^ when -, + ^ = 1. 



IX. SERIES 
ARITHMETIC PROQRBSSION 

229. An Arithmetic Progression is a series of terms in which 
each term, after the first, is obtained by adding to the preced- 
ing term a constant numbec called the Common Difference. 

Thus, 1, 3, 5, 7, 9, 11, ••• is an arithmetic progression in 
which the common difference is 2. 

Again, 12, 9, 6, 3, 0, — 3, ••• is an arithmetic progression in 
which the common difference is — 3. 

An Arithmetic Progression is also called an Arithmetic Series. 

230. Given the first term, a, the common difference, d, and the 
number of terms, n, to find the last term, l. 

The progression is a, a -{- d, a -{- 2 d, a + 3 d, •". 
We observe that the coefficient of d in any term is less by 1 
than the number of the term. 

Then, in the nth term the coefficient of d will be n — 1. 

That is, Z =« a + (n - l)d. (I) 



n 
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231. Given the first term, a, the last term, I, and the number 
of terms, n, to find the sum of the terms, S. 

>S' = a-+- (a + (f) + (a-f 2(f) + 1-(; — (|) + ;. 

Writing the tenns in reverse order, 

S = l + (l'-d) + {l — 2d)'\ h (a-hd) + a. 

Adding these equations term by term, 
2/S'=(a + + (a + + (« + 0H \-ia + l) + (a + l). 

Therefore, 2 /S = n(a + f), and /S^ = | (a + 0- (II) 

2J2. Substituting in (II) the value of I from (I), we have 

>S=|[2a + (n-l)d]. 

Ex, In the progression 8, 5, 2, — 1, — 4, •••, to 27 terms, 
find the last term and the sum. 

Here, a = 8, (J = 6 — 8= -3, tt = 27. 

Substitute in (I), ? = 8 + (27 - 1)(- 3) = 8 - 78 = - 70. 

Substitute in (H), /S' = V (8 - 70> = 27 (- 31) = - 837. 

The common difference may be found by subtracting the first term 
from the second, or any term from the next following term. 

EXEBOISB 64 

In each of the following find the last term and then the sum : 

1. 2, 5, 8, •••, to 17 terms. 

2. 3, 9, 15, •••, to 12 terms. 

3. 7, 5, 3, •••, to 24 terms. 

4. 1, ^,0, •••, to 32 terms. 

5- -h —h^ \y •••> *o ^ *erms. 

6. a, a ■- 3 6, a — 66, •••, to 15 terms. 

7. 2 a? + 5 y, a? + 4 y, 3 y, •••, to 13 terms. 
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3 2c-5d^ c^^ d-c^ ...^ ^ 20 terms. 

233. The Jirst term, common difference, number of terms, last 
term, and sum of the terms are called the elements of the 
progression. 

If any three of the five^ elements of an arithmetic progres- 
sion are given, the other two may be found by substituting the 
known values in the fundamental formulae (I) and (II), and 
solving the resulting equations. 

1. Given a = — ^, w = 20, ;5 = — | ; find d and U 
SubEttituting the given yalues in (II), 

-J = 10(-J + ?)or-J=-.H-?; then, Z = J-J = f 

Substitutmg the valaes of a, n, and I in (I), f =— | + 19 d. 

Whence, 19 <2 = } + { = Vi and d = |. 

2. Given d = — 3, Z = — 39, /8 = — 264; find a and n. 

Substituting in (I), - 39 = a + (» - 1) (- 8), or a = 3 n - 42. (1) 
Substituting the values of I, S, and a in (II), 

- 264 = ^ (3 » - 42 - 39) , or - 528 = 3 n2 - 81 n, orna - 27 n + 176 = 0. 

Whence, n = ^L^^^^^M=^^L^ = 16 or 11. 

2 2 

Substituting in (1), a = 48 - 42 or 33 - 42 = 6 or - 9. 
The solution is a = 6, n = 16 ; or, a =— 9, » = 11. 
The significance of the two answers is as follows : 

If a = 6 and n = 16, the progression is 6, 3, 0,-3, — 6, — 9, — 12, 

- 16, - 18, - 21, - 24, - 27, - 30, - 33, - 36, - 39. 
If a = — 9 and n = 11, the progression is 

- 9, - 12, - 15, - 18, - 21, - 24, - 27, - 30, - 33, -36,-89. 
In each of these the sum is — 264. 
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3. Given a = ^, (i=s — ^, ;S^ = — f; find I and n. 

Sul)6titutingm(I),i = |+(«-l)(-ij = ^. (1) 

SubEttituting the values of a, 5, and I in (II), 

2 2V3 12 '^ V 12 y 

Whence, n ^9±V^Tm ^9±16 ^ ^2 ^^ ^ 3 

' 2 2 

The value n s^ 8 must be rejected, for the number of terms in a pro- 
gression must be a positive integer. 

Substituting n =s 12 in (1), I = ^jzi? =_ X. 

A negative or fractional value of n must be rejected, together with all 
other values dependent on it. 

BXBBCISB 65 

I. Given a = 6, d = 2, Z=a65; find n and S, 
• 2. Given d = — 3, n = 42, Z= — 119 ; find a and S. 

3. Given d = |, » == 16, /S = ^J^; find a and I, 

4. Givenw = 19, ;=:^:;^, /S^=:-^; findaandd. 

7 14 

5. Given /S = — 540, a = — 23, n = 48; find ^ and d. 

6. Given d = -4,Zs=I=-???5, >S^==:=i^; findaandw. 

7. Given d=:a — l,a = 2a + 5,AS' = 44a4- 12; findZandw. 

8. Given a=-8a, Z = 8a-166,^ = -1366; findnandd, 

9. Given a = .4, Z = 34.6, n = 20 ; find d and aS. 

10. Given S = 18.15, d = .02, a = .23 ; find I and n. 

11. Given/S'ss::!^, d = — , n = 15; findaandJ. 

3 5 

12. Given n==26, d^^^-y 1= ::l^^ find S and a. 

'8' 8 ' 
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234. From (I) and (II), general formulm for the solution of 
examples like the above may be readily derived. 

Ex. Given a, d, and S ; derive the formula for n. 

By § 232, 2/8'=n[2a4-(w — l)d], or dn^ +(2a-d)n-2 8. 
This is a quadratic in n, and may be solved by the method of § 213 ; 
multiplying by 4 d, and adding (2 a — <?)2 to both members, 

4d2n2 + 4d(2a-d)n + (2a-(!)2 = 8<?/S' + (2a-<?)2. 

Extracting square roots, 2dn4-2a — <?=i VS d/S' + (2 a — d)^. 



Whence, n = ^- 2a j: V8d^ + (2a - d)«^ 

' 2d • 

EXERCISE 56 

1. Given a, ?, and w ; derive the formula for d, 

2. Given a, n, and S ; derive the f ormulsB for d and ?. 

3. Given d, r<, and /S ; derive the formulae for a and L 

4. Given a, d, and 2 5 derive the formulae for n and 8, 

5. Given d, Z, and w ; derive the formulae for a and S. 

6. Given ?, w, and /S; derive the formulae for a and d. 

7. Given a, d, and ;S ; derive the formulae for I. 

8. Given a, Z, and 8 ; derive the formulae for d and n. 

9. Given d, ?, and 8\ derive the formulae for a and n. 

235. Arithmetic Means. 

' We define inserting m arithmetic means between two given 
numbers^ a and b, as finding an arithmetic progression of 
m-\-2 terms, whose first and last terms are a and 5. 

Ex. Insert 5 arithmetic means between 3 and — 5. 

We find an arithmetic progression of 7 terras, in which a = 3, and 
Z = — 5 ; substituting n = 7, a = 3, and 1= — 5 in (I), 

— 6 = 3 + 6 d, or d = - f . 

The progression is 3, f , J, - l, - J, - Y, - 5. 
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236. Let X denote the arithmetical mean between a and b. 
Then, a;— a = & — a?, or2a? = a-h6. 

Whence, x = 2jt_ . 

That is, the arithmetic mean between two nwmbera equals one- 
half their sum, 

EXERCISE 67 

1. Insert 6 arithmetic means between 3 and 24. 

2. Insert 12 arithmetic means between — 5 and 73. 

3. Insert 20 arithmetic means between ^ and — ^. 

4. Insert 13 arithmetic means between — ^ and — ^-. 

5. Find the arithmetic mean between a* — 2 a — 9 and 
a^ — 6 a + 1. 

6. If n — 2 arithmetic means are inserted between a and 2, 
find the 4th term. 

GEOMETRIC PROaRESSION 

237. A Geometric Progression is a series of terms in which 
each term, after the first, is obtained by multiplying the pre- 
ceding term by a constant number called the Ratio, 

Thus, 2, 6, 18, 54, 162, ".is a geometric progression in 
which the ratio is 3. 

9, 3, 1, ^, ^f • . • is a geometric progression in which the ratio is \, 

— 3, 6, —12, 24, —48, •••is a geometric progression in 
which the ratio is — 2. 

A Geometric Progression is also called a Geometric Series, 

238. Given the first term, a, the ratio, r, and the number of 
terms, n, to find the last term, I, 

The progression is a, ar, an^, ar^, •••. 

We observe that the exponent of r in any term is less by 1 
than the number of the term. 

Then, in the nth term the exponent of r will be n — 1. 

That is, l^ar^-K ^ (I) 
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« 

239. Given the first term, a, the laM term, I, and the ratio, r, to 
find the sum of the terms, S. 

S = a + ar + ar^+ ••• -\- ar""'^ + ar^"^ + ar^-K (1) 

Multiplying each term by r, 

rS = ar = ar^ + ar^+ ••• -^ ar^'^ + ar^"^ + ar^. (2) 

Subtracting (1) from (2), rS '-S=ar^-a, ov S = ^^""/ • 

r — 1 

But by (I), §238, rl=ar^. 

Therefore, s^^^^- (II) 

r — 1 

The/r«* term, ratio, number of terms, last term, and sum of the terms 
are called the elements of the progression. 

240. Examples. 

1. In the progression 3, 1, J, •••, to 7 terms, find the last 
term and the sum. 

Here, a = 3, r = J, n = 7. 

Substituting in (I), 2 = 3^^ = 1 =^. 

Substituting m (II), ^ = l2^jlkp^=I^^ 

The ratio may be found by dividing the second term by the first, or 
any term by the next preceding term. 

2. In the progression — 2, 6, —18, •••, to 8 terms, find the 
last term and the sum. 

Here, a = — 2, r = = — 3, n = 8*, therefore, 

— ^ 

I = - 2(- 3)7 = - 2 X (- 2187) = 4374. 

- 3 X 4374 - (- 2) ^ - 13122 + 2 ^ 3^3^ 
-3-1 -4 
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BXBBCI8E 58 

Find the last term and sum of the following : 

1. 1, 3, 9, • • • to 8 terms. 

2. 2, 1, ^, ••• to 11 terms. 

3. 5, — 10, 20, - • • to 12 terms. 

4- -h A> ~ :^> ••• to 7 terms. 

5- hhh '" to 6 terms. 

^- -h --^y -Hy '" to 8 terms. 

241 . K any three of the five elements of a geometric pro- 
gression are given, the other two may be found by substituting 
the given values in the fundamental formulsB (I) and (II), and 
solving the resulting equations. 

But in certain cases the operation involves the solution of 
an equation of a degree higher than the second ; and in others 
the unknown number appears as an exponent, the solution of 
which form of equation can usually only be effected by the aid 
of logarithms (§ 110). 

I. Given a = — 2, w = 6, Z = — 82 ; find r and 8, 
Substituting the given values in (I), we have 

— 32=— 2r*; whence, r* = 16, orr = ±2. 

Substituting in (II), 

If r = 2, ^3: 2(-32)-(-2) =._ 64 + 2 =- 62. 

2-1 

If r=-2, ^=(-^)(--^2)-(-"2) = gi±J=-22. 

, -2-1 -3 

I 

• 

The solution is r = 2, ^9 = - 62 ; or, r = - 2, S =— 22. 
The interpretation of the two answers is as follows : 

If r = 2, the progression is — 2, — 4, — 8, — 16, — 32, whose sum is 
-62. 

If r =— 2, the progression is — 2, 4, — 8, 16, — 32, whose sum is — 22. 
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2. Given a = 3, r = — |, /S' = J^; find n and I 

a u *•* *• • /TTN 1640 — iZ — 3 Z + 9 
Substituting in (II), __ == _^__ == -^ . 

Whence, 2 + 9 = -VW; or, Z = iy^-9 =- yj^. 

Substituting the values of a, r, and I in (I) , 

- 7k = 8(- J)n-1 ; or, (- J)n-1 = -. ^^^. 

Whence, by inspection, w— 1 = 7, orw = 8. 

From (I) and (II) general formulae may be derived for the solution of 
cases like the above. 

If the given elements are n, Z, and ^S', equations for a and r may be 
found, but there are no definite formulce for their values. 

The same is the case when the given elements are a, w, and S» 

The general formulae for n involve logarithms ; these cases are discussed 
in § 110. 

EXERCISE 59 

1. Given r = 2y n = 12, S == 4095 ; find a and I, 

2. Given a = 2, r i — 3, Z = 1458 ; find n and S. 

3. Given Z = — ^^, a = — ^, n = 10 ; find and S, 

4. Given a = |, Z = 3584, S = ^^^^ ; find r and n. 

5. Given r = ^, w = 5, Z = y^ ; find a and /S'. 

6. Given S = - ^^\ a = - 64, r = |^ ; find n and Z. 

7. Given a, Z, and /S' ; derive the formula for r. 

8. Given r, Z, and n ; derive the formulae for a and /S'. 

9. Given a, n, and Z ; derive the formulae for r and S. 
10. Given S, n, and r ; derive the formulae for a and Z. 

242. Sum of a Geometric Progression to Infinity. 

The limit (§ 125) to which the sum of the terms of a decreas- 
ing geometric progression approaches, when the number of 
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terms is indefinitely increased, is called the sum of the aeries to 
infinity. 

Formula (II), § 239, may be written 

1 — r 

It is evident that, by sufficiently continuing a decreasing 
geometric progression, the absolute value of the last term may- 
be made less than any assigned number, however small. 

Hence, when the number of terms is indefinitely increased^ 
Z, and therefore rl, approaches the limit 0. 

Then, the fraction ^~^ approaches the limit ^ 



1 — r 1— r 

Therefore, the sum of a decreasing geometric progression to 
infinity is given by the formula 

S = :r^- (III) 

1 — r . 
Ex. Find the sum of the series 4, — |, y, —to infinity. 

Here a = 4, r =— -. 

3 

Substituting in (III), S= — i- = ^. 

1 + J 6 

t 

To find the value of a repeating decimal. 

This is a case of finding the sum of a decreasing geometric 
series to infinity, and may be solved by formula (III). 

Ex, Findthe value of .85161.... 

We have, .86151 ... = .8 + .051 + .00051 + .... 

The terms after the first constitute a decreasing geometric progression 
in which a = .051, and r = .01. 

Substituting in (III) , 8 = _:251_ = :251 = ^ = il . 

l-.Ol .99 990 330 

Then the value of the given decimal is ^ + ^, or HJ. 
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EXERCISE 60 

r 

Find the sum to infinity of the following : 

I- 2,1,1,.... 4' -f, -i^, -■B,•••. 

2. 1, - i, 1, .... 5- - .3, .12, - .048, .... 

Find the values of the following : 

7. .4777... 8. .8181.... 9- .5243243... 10. .207575... 

243. Geometric Means. 

We define inserting m geometric means between two numbers^ 
a and 6, as finding a geometric progression of m-\-2 terms, 
whose first and last terms are a and 6. 

Ex. Insert 5 geometric means between 2 and |ff . 

We find a geometric progression of 7 terms, in which a = 2, and 
l = m; substituting w = 7, a = 2, and Z = ^ in (I), 

IJJ = 2 r^ ; whence f^ = ^, and r = ± J. 

The result is 2, ± f, |, ± Jf , |}, ± ^S, 



244, Letoj denote the geometric between a and b. 

Then, - = -> ot ix^ = ab\ 

a X 

Whence, x = V^- 

That is, the geometric mean between two numbers is equal to 
the sqtmre root of their product. 

245. Problems. 

I. The sixth term of an arithmetic progression is |^, and the 
fifteenth term is -^/. Find the first term. 

By § 230, the sixth term is a + 5 (i, and the fifteenth term a + 14 (i. 

„«^ ^ X, ^. . fa+ 6<? = f. (1) 

Then, by the conditions, 

U + 14d=y. (2) 

Subtracting (1) from (2), 9 d = }; whence, d = \. 

Substituting in (1), « -|- j = j; whence, a = - J. 
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2. Find four numbers in arithmetic progression such that 
the product of the first and fourth shall be 45, and the product 
of the second and third 77. 



Let the numbers he z — S y, x — y, x -k- y, and x + 3 y. 

x2- 9 2/2 = 45. 
". a;2- y^ = 17. 



Then by the conditions, 



Solving these equations, sc = 9, y = ± 2 ; or, a? = — 9, y = ± 2 (§ 224) 

Then the numbers are 3, 7, 11, 16 ; or, — 3, — 7, — 11, — 15. 

In problems like the above, it is convenient to represent the unknown 
numbers by symmetrical expressions. 

Thus, if five numbers had been required, we should have represented 
them hy X — 2 y, X — y, X, X + y, and x-\-2y, 

•3. Find 3 numbers in geometric progression such that their 
sum shall be 14, and the sum of their squares 84. 

Let the numbers be represented by a, ar, and ar^. 

a + ar + af^ = 14. (1) 

a^ + a^-{- ah^ = 84. (2) 

Divide (2) by (1), a^ar + af^z^ 6. (3) 



Then, by the conditions, 



Subtract (3) from (1), 2 ar = 8, or r = - • (4) 

a 

Substituting in (1), ' « + 4 + — = 14, or a2__io a 4- 16=0. 

a 

Solving this equation, a = 8 or 2. 

Substituting in (4), r = ^ or - = - or2. 

U 2 2 

Then, the members are 2, 4, and 8. 

EXEBCISB 61 

1. The seventh term of an A. P. is |^^, the twenty-first term 
is ^. Find the fifteenth term. 

2. Show that the sum of the odd integers from 1 to 999 is 
the square of their number. 

3. The first term of an A. P. is 1, the sum of the third and 
ninth terms is 32. Find the sum of the first thirteen terms. 
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4. The sum of the first ten terms of an A. P. is to the sum 
of the first seven terms as 29 to 14. Find the ratio of the 
common difference to the first term. 

5. There are four numbers, such that the first three form a 
G. P., the last three form an A. P. The sum of the first three 
is 73, of the last three 192. The difference between the second 
and fourth is 112. Find the numbers. 

6. How many arithmetic means are inserted between — J 
and f, when their sum is ^ ? 

7. Find four numbers in A. P., such that the sum of the 
first and second shall be — 1, and the product of the second 
and fourth 24. 

8. A traveller sets out from a certain place, and goes 7 
miles the first hour, 7^ the second hour, 8 the third hour, and 
so on. After he has been gone 5 hours, another sets out and 
travels 16J miles an hour. How many hours after the first 
starts are the travellers together ? 

9. If a person saves $ 120 each year, and puts the sum at 
simple interest at 3^ % at the end of each year, to how much 
will his property amount at the end of 18 years ? 

10. A ball is dropped from a window 32 feet above the 
pavement. Assuming the ball to be perfectly elastic and that 
on each rebound it rises to within ^ of its former height, how 
far does it travel before coming to rest ? 

11. Two men travel from P to Q, leaving P at the same 
time. The distance from P to Q is 63 miles. The first 
travels 1 mile the first hour, 2 miles the second hour, 4 miles 
the third hour, and so on. The second travels 11 miles the 
first hour, 10^ miles the second hour, lOf miles the third 
hour, and so on. Which is first to arrive at Q ? 

12. Fmd the geometric mean between .0729 and .0529. 

13. Find the geometric mean between and • 

^ 2.25 576. 
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14. Find the geometric mean between — i^ and ~"^ > 

15. Find the geometric mean between a*— 4a-f-4 and 
4a2-h4a + l. 

16. The product of the first five terms of a G. P. is 243. 
Find the third term. 

17. The digits of a number of three figures are in geometric 
progression. If units' and tens' digits are interchanged, the 
number formed exceeds the original number by 36. The sum 
of the digits is 14. Find the number. 

18. A man travels 445-^ miles. He travels 10 miles the first 
day, and increases his speed one-half mile in each succeeding 
day. How many days does the journey require ? 

19. An A. P. has 19 terms such that the sum of the three 
middle terms is 3, and the sum of the first term and the last . 
two terms is — 13. Find the series. 

20. Find the number of arithmetic means between 1 and 69, 
such that the ratio of the last mean to the first mean is 13. 

21. Find an A. P. of 17 terms such that the sum of the first 
three terms is to the last term as 3 to 13, the first term being 
unity. 

22. The sum of three successive terms of a geometric pro- 
gression is 39 and the sum of their squares is 819. Find the 
series. 

23. The sum of how many terms of the series 1, 3, 9 •••, is 
3280 ? 

24. Show that in any G. P., if each term is subtracted from 
the succeeding term, the differences form a G. P. 

25. Find three numbers in A. P., such that the square of the 
first added to the product of the other two gives 16, and the 
square of the second added to the product of the other two 
gives 14. 
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